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Preface

We begin with the origin of the Dirac equation and give a brief introduction of the
Dirac operators due to Parthasarathy, Vogan and Kostant. Then we explain a conjec-
ture of Vogan on Dirac cohomology, which we proved in [HP1], its applications and
the organization of the book.

0.1 The Dirac equation. The Dirac equation has an interesting connection to
E = mc?, the Einstein’s equation from his special theory of relativity. This equa-
tion relates the energy E of a particle at rest to its mass m through a conversion
factor, the square of the speed c¢ of light. However, this way of writing the equation
obscures the underlying four-dimensional geometry. The relation for a particle in
motion is a hyperbolic equation

E?>—Pp-p=(mcH)?. 0.1)

Here the energy E is the first component of a vector (E, cp) = (E, c¢p1, cp2, cp3)
and p is the vector that describes the momentum of the particle. This more general
equation exhibits the mechanism of the conversion of mass into relative motion.

To describe relativistic spin % particles Dirac rewrote the quadratic Einstein rela-
tion (0.1) as a linear relation. This would seem impossible. But Dirac came up with
a new idea by writing the relation as follows:

3
WE +c¢Y yjpj=mcl, (0.2)
j=1
where v (k = 0,1, 2,3) are 4 x 4 matrices and [ is the 4 x 4 identity matrix.
The four matrices yp, y1, y2 and y3 are anticommutative: y;yx = —yxy; for j # k.
Furthermore, they satisfy y02 =l and y? = —] for j # 0.In quantum mechanics,
energy, and momentum are expressed by differential operators:

3
E=ihl, p=—ihv,
o PET

where £ is the Planck constant. Substituting the above differentials for £ and p into
(0.2), one obtains the Dirac equation:
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lh)/()g —lﬁc;ngj =mc“I. 0.3)

This matrix-valued first-order differential equation has had a remarkable success in
describing many elementary particles that make up matter. The various analogs of
the corresponding differential operator are called Dirac operators. The impact of the
Dirac operators on the development of mathematics is also significant. The extension
of the definition of a Dirac operator to a differentiable manifold and a proof of the
corresponding index theorem by Atiyah and Singer are one of the most influential
theories of mathematics in the twentieth century.

0.2 Group representations and discrete series. Representations of finite groups
were studied by Dedekind, Frobenius, Hurwitz and Schur at the beginning of the
20th century. In the 1920s, the focus of investigations was on representation theory
of compact Lie groups and its relations to invariant theory. Cartan and Weyl obtained
the well-known classification of equivalence classes of irreducible unitary represen-
tations of connected compact Lie groups in terms of highest weights. In the 1930s,
Dirac and Wigner initiated the investigation of infinite-dimensional representations
of noncompact Lie groups.

Harish-Chandra was a Ph.D. student of Dirac at the University of Cambridge
from 1945 to 1947. After receiving his Ph.D. Harish-Chandra began a systematic
investigation of infinite-dimensional representations of semisimple Lie groups and
laid down the foundation for further development. Let G denote a semisimple Lie
group with finite center; the discrete series representations are the irreducible repre-
sentations contained in the decomposition of the regular representations on L2(G).
In 1965 and 1966, Harish-Chandra published two papers which gave a complete
classification of the discrete series representations. Later he used this classification
to prove the Plancherel formula. This classification of discrete series is also crucial
to Langlands classification of admissible representations. However, Harish-Chandra
did not give an explicit construction of discrete series. His work was parallel to that
of Cartan—Weyl for irreducible unitary representations of compact Lie groups.

0.3 Dirac cohomology and Vogan’s conjecture. The Dirac operator was used for
construction of the discrete series representations by Parthasarathy and Atiyah—
Schmid. Denote the Lie algebras of G and K by go and €y, where K is a maxi-
mal compact subgroup of G. We drop the subscript for their complexifications. Let
g = £ @ p be the complexified Cartan decomposition. The Killing form on g, which
is nondegenerate on p, defines the Clifford algebra C(p) as an associative algebra
with unit. Given an orthonormal basis Z; of p, Vogan defined an algebraic version of
the Dirac operator to be

D=)7®7Z € U@®aCH).
i
It is easy to see that D is independent of the choice of basis Z; and K -invariant (for
the adjoint action of K on both factors). Then it can be shown that

D*=-Qy®1+Q, +C,
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where C is a constant and £ denotes a diagonal embedding of € into U(g) ® C(p).
If S is a space of spinors (a simple C(p)-module), then D acts on X ® S. The
Dirac cohomology is defined to be

Hp(X) = Ker D/ Ker DN Im D.

The following statement was conjectured by Vogan and proved in [HP1]. For any
z € Z(g) there is a unique ¢(z) € Z(ta), and there are K -invariant elements a, b €
U(g) ® C(p), such that

2®1=1¢()+ Da+bD.

Moreover, {: Z(g) — Z(€a) is an algebra homomorphism having a simple explicit
description in terms of Harish-Chandra isomorphisms.

This allows us to identify the infinitesimal character of an irreducible (g, K)-
module that has nonzero Dirac cohomology. Kostant extends this result to his cubic
Dirac operator defined in a more general setting of a pair of quadratic Lie algebras.

0.4 Applications and organization of the book. Determination of the infinitesimal
character by Dirac cohomology enables us to simplify proofs of a few classical the-
orems and even sharpen some. After some preliminaries in Chapters 1 and 2, we
explain our proof of Vogan’s conjecture in Chapter 3. In Chapter 4 we obtain a sim-
pler proof of a generalized Weyl Character formula due to Gross, Kostant, Ramond
and Steinberg as well as a generalized Bott—Borel-Weil theorem. Chapters 5 and 6
provide the necessary background of cohomological parabolic induction. In Chapter
7 we give a simpler proof of the construction and classification of the discrete se-
ries representations. In Chapter 8 we sharpen the Langlands formula on automorphic
forms and obtain the relation of Dirac cohomology to (g, K )-cohomology. Chapter
9 is on the relation of Dirac cohomology to Lie algebra cohomology. In Chapter 10
we prove an analogue of Vogan’s conjecture for basic classical Lie superalgebras.

Hong Kong Jing-Song Huang
June, 2005 Pavle Pandzi¢
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1

Lie Groups, Lie Algebras and Representations

In this preliminary chapter we will outline an introduction to basic structure and
representation theory of Lie groups and algebras. For those who are not already
acquainted with this material, the hope is that the little we will say, perhaps sup-
plementing a little from the quoted literature, could be enough to proceed without
plunging into a long and serious study of the many things involved in this theory. For
those who are already familiar with the matter, this chapter can either be skipped, or
can serve as a quick reminder of some of the main points. To keep it as simple as
possible, we will mostly explain things in the case of matrix groups, which in any
case contains the main examples.

1.1 Lie groups and algebras

Definition 1.1.1. A Lie group G is a group which is also a smooth manifold, such
that the group operations are smooth. In other words, the multiplication map from
G x G into G and the inverse map from G into G are required to be smooth.

Morphisms between two Lie groups G and H are smooth maps which are also
group homomorphisms. A Lie subgroup of G is a Lie group H together with a one-
to-one immersion ¢ : H — G (an immersion is a smooth map whose differential is
one-to-one at every point). An especially nice case is when the image of ¢ is closed:
then H is called a closed subgroup. Let us point out that it will not create confusion
to say just “closed subgroup” instead of “closed Lie subgroup” in view of Theorem
1.1.3 below.

Examples 1.1.2. Here are the main examples of Lie groups. Consider the group
GL(n, R) of invertible n x n real matrices. The space M, (R) of all n x n real ma-
trices can be identified with R” in the obvious way, by putting the matrix elements
into one vector, row by row. So we can consider the standard Euclidean topology on
M, (R). Then GL(n,R) is an open set in M, (R), because it is defined by an open
condition det g # 0. In particular, it is a differentiable manifold. Moreover, it is
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clear that both multplication and inverting are smooth operations; in fact, their com-
ponents are rational functions in the matrix entries. Thus GL(n, R) is a Lie group.
In a very similar way one sees that GL(n, C) is a Lie group, as an open subset of
cr = R¥™,

Further examples are most easily obtained via the following fundamental theo-
rem.

Theorem 1.1.3. (Cartan) Every closed subgroup of a Lie group is a Lie subgroup in
a unique way.

For a proof of this theorem see [War] or [Mi]. All of the groups we define below
are obviously closed subgroups of GL(n, C); therefore they are Lie subgroups, and
in particular Lie groups. In the following [F will stand for either R or C.

Examples 1.1.4. The group SL(n,F) of n x n matrices over F of determinant 1
is a closed subgroup of GL(n, F) and therefore a Lie group. Further examples are
obtained using bilinear forms.

Let (x, y) = ) x;y; denote the standard bilinear form on F". Then all bilinear
forms B on F”" are in one-to-one correspondence with matrices H € M, (F): the
relationship is

B(x,y) = (Hx, y), x,y € F".

The group G = GL(n, F) acts on the space of all bilinear forms on F": g € G and
sends B to the form

B%(x,y) = B(gx,gy), x,ye€[F".

(Note that this is a right action, not a left one, but it is the customary one.)

Since B(gx, gy) = (Hgx, gy) = (g*Hgx, y), where g* denotes the transpose
of the matrix g, the matrix corresponding to B¢ is g* Hg. Thus g preserves the form
Bifandonlyif g"Hg = H.

On C", we can also consider Hermitian forms B; using the standard Hermitian
form (, ), these forms correspond to matrices H in exactly the same way as above.
The only difference is that the action of g € GL(n, C) is now givenby H — g*Hg,
where g* denotes the conjugate transpose of g.

In particular, if B is a nondegenerate symmetric bilinear form on C”, then in a
suitable basis its matrix is the identity matrix /. Thus g € GL(n, C) preserves B if
and only if g¥¢g = I and the Lie group of such matrices is denoted by O (n, C). Over
R, if B has signature (p, q), the corresponding diagonal matrix H), , has p ones and
g minus ones on the diagonal. The resulting Lie group consists of matrices satisfying
g'Hy, .8 = Hp 4 and is denoted by O(p, q). In particular, O(n) = O(n,0) is the
group of (real) orthogonal matrices.

Similarly, if we consider a nondegenerate Hermitian form of signature (p, ¢) on
C", we arrive at the Lie group U (p, ¢). In particular, U (n) = U(n, 0) denotes the
group of unitary matrices.
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If, besides preserving the form, we also impose the condition det g = 1, we get
the Lie groups SO (n, C), SO(p, q), SO(n), SU(p, q) and SU (n).

By considering symplectic (i.e., bilinear, nondegenerate, skew symmetric) forms
instead of symmetric ones, we arrive at symplectic groups Sp(2n, C) and Sp(2n, R).
These can only be defined on even-dimensional spaces, and their elements are auto-
matically of determinant 1.

Other important examples are the groups B(n, F) of upper triangular matrices
and their various subgroups, in particular the groups N (n, F) of unipotent matrices,
i.e., upper triangular matrices with 1s on the diagonal. There are also abelian groups
like C*, R” or the torus T". In the context of matrix groups, these show up as diagonal
matrices.

1.1.5. The Lie algebra of a Lie group. Let G be a Lie group and let us denote the
tangent space to G at the identity by g. Then g is not merely a vector space, for
we can define an operation [, ] on g as follows. First, any g € G defines an inner
automorphism of G called Int (g):

Int (g)h = ghg™", hedg.

Taking the differential of Int (g) at 7 = e, the identity of G, we obtain a vector
space automorphism of g which we denote by Ad (g). In this way we get a Lie
group morphism Ad : G — GL(g). Differentiating Ad at g = e, we obtain a
linear map from g into End (g) which we denote by ad . Namely, as GL(g) is open
in End (g), the tangent space to GL(g) at the identity is all of End (g). Now [, ] is
defined by
[X,Y] = ad (X)Y, X,Y eg.

The operation [, ] is called the commutator or bracket. With this operation, g be-

comes a Lie algebra in the sense of the following definition.

Definition 1.1.6. A Lie algebra over F is a vector space g with a bilinear anticom-
mutative operation [, ], such that for every X € g, the operator ad X on g sending ¥
to [X, Y] is a derivation, i.e.,

(X, [Y, ZI] = [[X, Y], Z] + [Y, [X, Z]], XY, Zeg.

Another common way to formulate the last equality is the so-called Jacobi iden-
tity, [[X, Y], Z] + [[Y, Z], X] + [[Z, X1, Y] = 0. We will only work with finite-
dimensional Lie algebras in this book, so whenever we say “a Lie algebra” we mean
a finite-dimensional one.

One defines notions such as morphisms, Lie subalgebras, ideals, etc., in the usual
way.

Example 1.1.7. The vector space M, (F) with the commutator
[A, Bl = AB — BA, A, B e M, (IF)

is a Lie algebra over [F. We denote this algebra by gl(n, [F).
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Proposition 1.1.8. If G is a Lie group, then g with the operation [ ,] as defined in
1.1.5is a Lie algebra.

For a general proof of this proposition, see [Mi], pp. 46—47. We will explain it
for matrix groups, where g turns out to be a Lie subalgebra of gl(n, IF).

Examples 1.1.9. Let G be a Lie subgroup of GL(n, IF) and denote the Lie algebra of
G by g. Then g is a subspace of M,,(IF), since GL(n, IF) is an open subset of M, (F).

Let X € g. We say that a curve o in G corresponds to X if «(0) = [ and
a’(0) = X. In this case, for any g € G,

1 1

d _ _ _
Ad (@)X = ga(Ng ™|y =g/ (0)g™! = gXg™".
Namely, we interpreted the calculation in M,, (IF), where we used the Leibniz rule for
the matrix product and observed that g is constant with respect to .
Now let X, Y € g and let o correspond to X as above. Using the Leibniz rule
again, we see that

d d
[X, Y] = ad ()Y = — Ad (@®)Y|_, = ao;(:)l/oz(t)—1|t:0
/ d —
= OY +Y e _y=XY - ¥X;

namely, differentiating a(r)a(r)~! = I using the Leibniz rule, we see that
%oz(t)’1 |t=0 = —X. So we see that g is a Lie subalgebra of gl(n, IF); in particu-
lar, it is a Lie algebra.

In general, whenever H is a Lie subgroup of G, the Lie algebra f) of H embeds
into the Lie algebra g of G as a Lie subalgebra. This is a special case of the following
proposition, which asserts that the correspondence G > g is functorial. The proof is
straightforward.

Proposition 1.1.10. Let ¢ : G — H be a morphism of Lie groups and let g and by be
the Lie algebras of G and H. Then the differential do : g — b of ¢ at the identity is
a morphism of Lie algebras.

Remark 1.1.11. The Lie algebra g of G can also be defined to consist of left invariant
(smooth) vector fields on G. The left invariance condition means the following: let
lg : G — G be the left translation by g € G, i.e., [;(h) = gh. A vector field X on
G is left invariant if (dlg), X, = Xgp, for all g, h € G. The Lie algebra operation in
this setting is the bracket of vector fields: [X, Y] f = X(Yf) —Y(Xf),for X, Y € ¢g
and f a smooth function on G. Here we identify vector fields with derivations of the
algebra C*°(G), i.e., think of them as first order differential operators.

To relate the two constructions, notice that to any left invariant vector field one
can attach its value at e and conversely, a tangent vector at e can be translated to all
other points of G to obtain a left invariant vector field. One shows that this identifi-
cation also respects the commutators; see e.g., [Mi], pp. 47-48.



1.1 Lie groups and algebras 5

We now want to identify the Lie algebras of the matrix groups described in Ex-
amples 1.1.4.

Examples 1.1.12. Suppose G is one of the groups O(p, q), O(n, C), Sp(n,F). So
G is the set of matrices g such that g" Hg = H, where H is the matrix of the bilinear
form B defining G. Let X € g and let « be a curve in G corresponding to X. Then
differentiating o (¢)* Ha (1) = H att = 0 we obtain

X"H+ HX =0. (1.1)

So, if X is in g, then X is skew symmetric with respect to H. Conversely, suppose
that X € gl(n, F) satisfies (1.1). To see that X € g, it suffices to exhibit a curve « in
G corresponding to X. We claim that such a curve is given by

a(t) =e'X, teR.

Indeed, it is clear that «(0) = I and o/(0) = X, so we only need to check that
e’X e G for all ¢. But (1.1) implies that

(tX)"H = H(—tX)"

for every n > 0 and every ¢t € R, and hence

X" o | o | tX
. . \n _ _ (_ n — -
X H = Zn!(tX) H=H Zn!( tX)" | = He™'X.
n=0 n=0
This implies ¢'X" He'X = H, and since ¢'X" = (¢/*)7, this means ¢'X € G as

claimed. So we get that the Lie algebras of O(p, ¢), O(n,C) and Sp(n, F) are re-
spectively o(p, g), o(n, C) and sp(n, IF), the Lie subalgebras of gl(n, F) defined by
(1.1) for the appropriate choice of H.

In a completely analogous way one sees that the Lie algebra of U(p, q) is

u(p.q) ={X € gl(n,C)| X*H + HX =0},

where H = H), , is the matrix of the Hermitian form defining U (p, ¢) and * denotes
the conjugate transpose.

Let us now examine the condition det g = 1. Let @ be any curve in GL(n, F)
with «(0) = I. We claim that

d
T det a(1)|,_, = tra’'(0).

To see this, write
n
deta(t) =Y sgno[[a®iow.
o€ES, i=1

with S, the symmetric group on n letters. When we differentiate this expression with
respect to ¢ and set # = 0, the only nonzero terms in the above sum will be the ones
with o equal to the identity (because of «(0) = I). Thus
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d n
o deta(t)| _, = Za/(O)H = tr o (0).
i=1

We conclude that the Lie algebra of SL(n, IF) is contained in
sl(n,F) = {X € gl(n,F) | r X =0}.

Conversely, if X € sl(n, F), then ¢/X is a curve in SL(n, F) with velocity X at /.
Namely, ¢’X is in SL(n, F) for all 7, because

dete? =4, A e gl(n, F),

as is easily seen by replacing A by its Jordan form.

It now also follows that the Lie algebras of the groups SU (p, q), SO(p, q) and
SO (n, C) are respectively the Lie algebras su(p, q), so(p, q) and so(n, C), obtained
from u(p, q), o(p, ¢) and o(n, C) by imposing an additional condition tr = 0.

Finally, using similar methods it is not difficult to check that the Lie algebra of
the group B(n, F) of invertible upper triangular matrices is the Lie algebra b(n, IF) of
all upper triangular matrices, while the Lie algebra of the group N (n, F) of unipotent
matrices is the Lie algebra n(n, F) of all strictly upper triangular matrices.

Note how in understanding the examples an important role was played by the
exponentials ¢/X; a crucial property was that whenever X € g, ¢’¥ is in G. The
exponential map can be defined and also plays a crucial role in the general situation.
It is closely related to the notion of one-parameter subgroups in G; these are Lie
group morphisms from R into G.

Theorem 1.1.13. Let G be a Lie group with Lie algebra g and let X € g. Then there
is a unique one-parameter subgroup in G with velocity X att = 0.

This theorem is proved by using the theory of ordinary differential equations; in
fact, a one-parameter subgroup corresponding to X is an integral curve for the left
invariant vector field on G defined by X.!

For example, if G = GL(n, IF), we can differentiate the condition

@t +5) = p(t)p(s)

with respect to s and then set s = 0 to obtain ¢’(t) = X¢(¢). This differential
equation with the initial condition ¢(0) = I has ¢’X as the only solution.

Getting back to the general situation, we denote the one-parameter subgroup cor-
responding to X by expy. Putting all the one-parameter subgroups together, one gets
the exponential map exp : ¢ — G, defined by

exp(X) = expy (1), X eg.

IThe theorem can also be derived from the more general facts about subgroups, subalge-
bras and mappings, as in [War]. These more general facts are however again obtained using
differential equations.
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It now follows from the uniqueness of one-parameter subgroups that expy (f) =
exp(tX), for every t € R, so the one-parameter subgroups are all given as t
exp(tX) for various X. Moreover, one shows that exp is smooth and that it maps a
neighborhood of 0 in g diffeomorphically onto a neighborhood of the identity in G.

For all matrix groups, exp is just the ordinary exponential map, the one we used
in our examples. This is a special case of the following functoriality principle: if
¢ : G — H is a Lie group morphism, then the diagram

do
g —— b

expl lexp

G Y5 H
commutes. This again follows from the uniqueness of one-parameter subgroups.
If we apply this functoriality principle to ¢ = Int (g) : G — G, we get the
useful formula

geprgi1 =exp Ad (g)X, geG, X eqg.
For o = Ad : G — GL(g), we get the formula
Ad (exp X) = e X, Xeg.

1.1.14. Subgroups and subalgebras. After seeing examples, let us now mention
some general results. Most of these are in fact easy to prove assuming everything we
have mentioned above.

If H is a Lie subgroup of G, then its Lie algebra h C g can be characterized as
the set of all X € g with the property that exp(tX) € H for every ¢ € R.

If, on the other hand, b is a Lie subalgebra of g, then there is a unique connected
Lie subgroup H of G with Lie algebra ). H is generated by the image of h under the
exponential map.

If H is a normal subgroup of G, then its Lie algebra h is an ideal in g, i.e.,
[g, ] C b. Conversely, if fj is an ideal, then the connected subgroup H corresponding
to b is a normal subgroup of G.

The center Z(G) of G is a closed and therefore a Lie subgroup. If G is connected,
then the Lie algebra of Z(G) is the center of g, 3(g), consisting of all X € g such
that [X, Y] =0 forall Y € g. Also, if G is connected, Z(G) is the kernel of Ad :
G — GL(g). On the other hand, it is clear that 3(g) is the kernel of ad : g — gl(g).

It follows that a connected Lie group is abelian if and only if its Lie algebra is
abelian.

1.1.15. Some remarks about classification. Finally, let us say a few words about
classifying Lie groups and algebras.

The first question to settle is: to what extent is a Lie group G determined by
its Lie algebra g? First, if two groups G and G’ have the same identity component,
then their Lie algebras are obviously the same. For example, the group O (n) has two
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connected components, one of which is the idenity component SO (n). (It is an easy
exercise to see that SO(n) is connected, and then the above fact is clear from the
fact that an orthogonal matrix has determinant £1.) Consequently, the Lie algebras
of O(n) and SO(n) coincide, i.e., 0(n) = so(n). This is also obvious from the
algebraic point of view: a skew symmetric matrix has zeros on the diagonal, hence
its trace is automatically zero.

Second, even if G and G’ are both connected, their Lie algebras can still coin-
cide. An example of this situation is the well-known double covering map SU (2) —
SO (3), obtained by letting SU (2) (viewed as the unit quaternions) act on R3 (viewed
as purely imaginary quaternions) via quaternionic conjugation. (We will later ex-
plain this example in more detail, when we encounter the Spin group.) In the pres-
ence of a covering map, the two Lie algebras must coincide; in the above example,
su(2) = s0(3), as can also be easily checked algebraically.

This is where the ambiguity ends: a connected Lie group is determined by its
Lie algebra up to coverings. That is, there is a unique connected simply connected
Lie group G with a given Lie algebra g, and all connected G with Lie algebra g are
covered by G. Furthermore, the kernel of a covering G — G is a discrete central
subgroup of G, which can be identified with the fundamental group of G.

An important feature of simply connected groups is the following lifting prop-
erty; for a proof, see [War], p. 101, or [Mi], p. 53. The idea is that one gets the graph
of ¢ as the Lie subgroup of G x H corresponding to the graph of i, which is a Lie
subalgebra of g x .

Theorem 1.1.16. Let G be a simply connected Lie group with Lie algebra g. Let H
be any other Lie group with Lie algebraly. Let W : g¢ — b be a Lie algebra morphism.
Then there is a unique Lie group morphism ¢ : G — H with differential equal to .

1.1.17. Semisimple and reductive Lie groups. We now mention the kind of Lie
groups and algebras one wishes to study. We will formulate some relevant definitions
for Lie algebras and omit the discussion of analogous group-theoretic definitions; let
us just say that more or less a Lie group is “of the same kind as its Lie algebra”.

For a Lie algebra g, define C’g = D% = g, and inductively C'*'g = [g, Cig],
Ditlg = [Dig, D'g]. Then g is called nilpotent if C'g = 0 for large i and g is
called solvable if D'g = 0 for large i. A typical example of a nilpotent Lie algebra
is the Lie algebra n(n, F) of strictly upper triangular matrices. A typical example
of a solvable Lie algebra is the Lie algebra b(n, [F) of upper triangular matrices.
All subalgebras and quotients of nilpotent (respectively solvable) Lie algebras are
themselves nilpotent (respectively solvable). Furthermore, if § C g is a solvable
ideal such that the quotient g/s is also solvable, then g is solvable.

A Lie algebra g is called simple if it has only trivial ideals. For example, the
algebras sl(n, ), so(n, F) and sp(2n, F) are simple, except for sl(1, F) and so(n, F)
when n equals 1,2 or 4. For F = C, these almost exhaust the examples of simple Lie
algebras; there are just five more examples: the so-called exceptional Lie algebras.
For F = R, there are also the examples su(p, q) and so(p, g) we mentioned, and
some more that we have not mentioned.
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A Lie algebra g is called semisimple if it is a direct sum of simple ideals, and
reductive if it is the direct sum of its center and a semisimple ideal. For example,
gl(n, F) is reductive: it has a one-dimensional center consisting of scalar matrices,
and a direct complement to the center is the simple Lie algebra sl(n, IF).

Any Lie algebra is a semidirect product of its largest solvable ideal (the radical)
and a semisimple subalgebra. This is the so-called Levi decomposition. It means that
to some extent, understanding solvable and semisimple Lie algebras is enough to
understand all Lie algebras.

A Lie group G is called semisimple if the Lie algebra of G is semisimple. Follow-
ing Wallach [W] we define a real reductive group or a reductive Lie group as follows.
Let f1,---, fn be complex polynomials on M(n, C) such that each f; is real-valued
on M(n, R) and such that the set of simultaneous zeros of f; in GL(n, C) is a sub-
group G¢ of GL(n, C). Then G is called an affine algebraic group defined over R.
The subgroup Gg = G¢ N GL(n, R) is called the group of real points. By a real
reductive group or a reductive Lie group we mean a finite covering group G of an
open subgroup Go of Gg. For example, GL(n, [F) is reductive and every connected
semisimple Lie group with finite center is reductive. Thus, we can define a Cartan
involution on Lie algebra g of a reductive Lie group G by 6(X) = —X* = —X'.

We are primarily interested in studying semisimple or reductive Lie algebras
(and groups), and we do not mind assuming the groups are connected whenever
it is convenient to do so. One cannot however completely ignore other situations; for
example, as we will see, in the representation theory of semisimple Lie algebras, a
crucial role is played by the maximal solvable subalgebras.

1.2 Finite-dimensional representations

Definition 1.2.1. Let V be a complex n-dimensional vector space. A representation
of a Lie group G on V is a continuous group homomorphism

7:G— GL(V).

A representation of a (real or complex) Lie algebra g g on V is a morphism of Lie
algebras

o:g— gl(V).

We have already met some representations: Ad : G — G L(g) is arepresentation
of G on its Lie algebra, while ad : g — gl(g) is a representation of g on itself. Both
of these are called adjoint representations.

If r : G — GL(V) is a representation, it follows that 7 is smooth, i.e., it is a
morphism of Lie groups. Namely, any continuous group homomorphism ¢ between
Lie groups is automatically smooth, as follows from Cartan’s Theorem 1.1.3 applied
to the graph of ¢. Hence we can differentiate 7 at e and obtain a homomorphism

dr : g — gl(V)
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of Lie algebras, i.e., a representation of the Lie algebra g of G. We will often denote
dm just by m; this should not create confusion.

The main idea of passing from G to g is turning a harder, analytic problem of
studying representations of G into an easier, purely algebraic (or even combinatorial
in some sense) problem of studying representations of g. Actually, since we are only
considering complex representations, we can also complexify g and study represen-
tations of g¢. Thus we will from now on speak mostly about complex Lie algebras
and their representations. To simplify notation, and avoid writing gc many times, we
will from now on denote the (real) Lie algebra of G by go, and its complexification

by g.

Definition 1.2.2. A representation 7 of a Lie group G (respectively a Lie algebra g)
on V is irreducible if it has no nontrivial subrepresentations, i.e., V has only trivial
subspaces {0} and V which are invariant under G (respectively under g).

An important special class of representations of G consists of unitary represen-
tations. A representation 7 of G on V is unitary if V has an inner product such that
all the operators w(g), g € G, are unitary. Then for any X € gy, the Lie algebra of
G, w(X) is skew hermitian.

1.2.3. Complete reducibility. If 7 is unitary, then it is completely reducible, i.e.,
every invariant subspace has an invariant direct complement. Namely, if W C V is
invariant for G, then W+ is also invariant for G: if v € W and g € G, then

(v, w) = (v,7(g Hw) =0, weWw,

som(g)v € wt.

We will now describe the unitarian trick due to Weyl; it is a short way of show-
ing that finite-dimensional representations of semisimple Lie algebras or groups are
always completely reducible. The point is to make use of compact Lie groups, whose
representation theory is relatively easy. First, any compact Lie group K has a finite
measure dk invariant under left and right translations, i.e., satisfying

/ FKk)dk = / F(kK)dk = / Fk)dk,
K K K

for any k' € K. To see this, take a basis of the cotangent space at ¢ € G, and using
translations produce left invariant 1-forms, defining a basis of the cotangent space at
any point. Taking the exterior product of all these forms will produce a left invariant
volume form on K. (This actually works for any Lie group G, but the resulting
measure is not finite unless G is compact.)

Having a finite biinvariant measure, we can now proceed to conclude that any
finite-dimensional representation (;r, V') of K is unitary, in the sense that there is a
K -invariant Hermitian inner product on V. Namely, taking any inner product (, ) on
V, we can average it over K to produce an invariant inner product (, ):

(v, w) = / (m(k)v, T (kw)dk, v,weV.
K
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The new inner product is clearly K-invariant by the K-invariance of the measure.
Now since V is in fact unitary, it is completely reducible as we saw above.

Now let g be any complex semisimple Lie algebra. Then there exists a compact
Lie group G, whose complexified Lie algebra is g. The (real) Lie algebra go of G, is
called the compact form of g. For a proof of the existence of compact forms, see e.g.,
[He]. Moreover, G, can be taken to be simply connected, since the universal covering
group of a compact semisimple Lie group is compact. This is a fundamental theorem
of Weyl. Its proof can be found, e.g., in [Mi], Chapter 3.

For example, if g = sl(n, C), we can take G, = SU (n), while for g = so(n, C)
we can take G to be the group Spin(n), the universal (double) cover of SO (n).

Now by 1.1.16 any representation V of gy on a complex vector space, which
is the same as a representation of g = (go)c, can be lifted to a representation of
G.. It follows that the representation V of g is completely reducible. This result is
also-called Weyl’s Theorem.

In view of complete reducibility, to understand finite-dimensional representations
of semisimple Lie algebras, it is enough to understand the irreducible representations.
This is what we will outline in the rest of this section.

Example 1.2.4. The most basic example and the first one to study is the description
of irreducible finite-dimensional representations of g = s[(2, C). It is not only an
example, but also an extremely useful tool in the study of more complicated repre-
sentations of larger Lie algebras.

There is an obvious basis for g: take

R R ) A

The commutator relations in this basis are readily calculated to be

[h, e] = 2e; [h, f1=-2F; le, f1=h.

We are going to show the following: for every positive integer k, there is up to
isomorphism exactly one irreducible representation of g of dimension k. More-
over, this representation has a distinguished basis v_,, v_,+42,..., Uy—2, Uy, Where
n = k — 1 and each v; is an eigenvector of 7 (k) with the eigenvalue i. Furthermore,
7(flvp—2j =vp—j—2for j=0,1,...,n— 1, while 7(f)v_, = 0. Finally,

w(@)vp—2j=jn—j+ Dvy—2j2 (1.2)
for j = 1,2,...,n, while m(e)v, = 0. Here is a picture describing our representa-
tion V = V,:

e e e e
Cv_, Cv_p42 . Cv,—n Cu,
«— «— «— «—
f f S S
The numbers —n, —n + 2, ..., n — 2, n, i.e., the eigenvalues of 7 (%), are called the

weights of V;,. The weight n is called the highest weight, and the vector v,, which
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is unique up to scalar, is called a highest weight vector. It is characterized by the
condition  (e)v, = 0. We will see later that while in an irreducible representation of
a general semisimple Lie algebra there can be many vectors of a given weight, there
is always only one highest weight vector up to scalar.

Let us now prove the above claims. Let V be an irreducible finite-dimensional
representation of g. The operator 7 (k) on V has at least one eigenvalue A € C. Let
us fix A and a corresponding eigenvector v; in the eigenspace V.

Now let v € V be an eigenvector of 7 (/) with any eigenvalue i € C. Then since
w(h)m(e) — m(e)m(h) = m([h, e]) = 27 (e), it follows that

w(h)m(e)v = m(e)mr(h)v + 2w (e)v = (u + 2)m(e)v.

In other words, 7 (e)v, if nonzero, is an eigenvector of 7 (k) with the eigenvalue p+2.
By an analogous calculation, 7 ( f)v is an eigenvector of m (k) with the eigenvalue
u — 2. This shows that if we add up all eigenspaces of w (%) with eigenvalues o €
A + 27, we are getting a g-invariant subspace of V. This subspace is nonzero since
we assumed V; # 0; thus it has to be all of V since V is irreducible. Furthermore,
only finitely many V), can be nonzero, since V is finite-dimensional. Replacing A
with A + 2k for the largest possible k such that Vo # 0, we can thus assume that
V. # 0 implies 4 = A — 2j for some j € Z. It follows that w(e)V; = 0, and in
particular 7 (e)v, = O for our fixed eigenvector with the eigenvalue A.

Now consider the vectors n(f)jvk € Vipjfor j =0,1,2,.... Since all these
vectors are linearly independent and V is finite-dimensional, there must be some j
such that n(f)j vy = 0. We fix the smallest such j, jo > 0. On the other hand, we
claim that forany i € Z,

r@n (v =ih—i+ Da(f) . (1.3)

where the right-hand side is defined to be zero if i = 0.
This claim is proved by induction on i. It is true for i = 0. Assuming it is true
for some i, we use the relation [e, ] = h to calculate

(@) (f) v = (@(fHme) + () 7 (f) vs
=7(/) (10 =i+ DA o) + (= 2D (P
= (i + D — Dr(f) vs,

and this is the claim for i + 1.
In particular, for i = jy, we conclude that jo(A — jo + 1) =0,ie., A = jo — 1.
Denoting jo — 1 by n € Z,, we see that the vectors

—1
Vp = Up, Un—2 =T0()Vp, ..., Vopg2 = ()" 0, v_p = 7(f) vy

span a nonzero g-invariant subspace of V which thus has to be all of V. In particular,
dim V is n 4 1, and we have exhibited a basis with the required properties; (1.2) is
exactly the claim (1.3).
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We have now shown the uniqueness of a representation of given dimension. Ex-
istence can be proclaimed obvious in the sense that if we take a vector space with
the action of /1, e and f given on the basis elements as above, then one can check the
commutation relations and thus the representation is constructed. On the other hand,
these representations also arise in many concrete realizations in examples. Here is
one such realization; we invite the reader to check that this indeed is the irreducible
representation V.

Let V be the space of complex polynomials in two variables z; and z, of degree
n. Denote by 91 and 9, the partial derivatives with respect to the variables. Then

h v 220 — 2191, e = 2201, f= 2
defines an irreducible representation of s[(2, C) on V.

In order to describe irreducible finite-dimensional representations of a general
semisimple Lie algebra g over C, we first need to describe the structure of g; this can
be viewed as studying the adjoint representation. Namely, we need analogues of the
elements £, e, f of s[(2, C) and their commutation relations. All of the things we are
going to say (and omit) can be found in many books; we recommend [Kn1], Chapter
IV, [Mi], Chapter 5, or [Hum]. What we will do is state the results in general, and
illustrate them for g = sl(n, C), where everything can be seen directly.

1.2.5. Cartan subalgebras and roots. The analogues of / are the elements of a
Cartan subalgebra b of g. By definition, § is a maximal abelian subalgebra of g
consisting of semisimple elements, i.e., those H € g for which ad H is a semisimple
operator on g. This means that we can simultaneously diagonalize all ad H, H € §.
The nonzero joint eigenvalues of these are called the roots of g and the corresponding
joint eigenspaces are called the root spaces. The set of all roots is denoted by A; it is
a subset of h*. The root spaces are denoted by gy, @ € A. Thus we can decompose g

as
9=200® P
aeA
where go denotes the joint eigenspace with eigenvalue zero. In fact, one shows that
go="h.

For g = sl(n, C), we can choose h to be the Lie subalgebra of g consisting of
diagonal matrices. Let us diagonalize ad H for H = diag (hy,...,h,) € h. Let Ej;
be the matrix whose all entries are zero except for the i j entry which is equal to one.
Then a simple calculation shows that

[H, Eij] = (hi — hj)Eij.

We see that the roots are the functionals on § given by & +— h; — hj, i # j. We will
denote them by €; — €, where ¢; denotes the functional # — h; on b. The root space
corresponding to €; — € is spanned by E;;. Observe that for every root o = ¢; — €},
—o = € — ¢ is also aroot.

For general g, one shows that a Cartan subalgebra always exists (and is unique up
to an inner automorphism). It is still true in general that all g, are one-dimensional,
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and that —¢ is a root whenever « is. Moreover, for every o we can pick elements
hy € b, ey € gy and f, € g—, spanning a subalgebra of g isomorphic to sl(2, C),
with Ay, eq and f, corresponding respectively to 4, e, f under the isomorphism.

For g = sl(n, C), if « = ¢; — €, we can choose hy = E;; — Ej, eo = E;j and
Jo = Eji.

The real span of all hy, @ € A, is a real form hg of h. For g = sl(n, C), hr
consists of real diagonal matrices. The roots take real values on hr and thus span a
real form by of h*.

1.2.6. Killing form. There is a symmetric bilinear form on a semisimple Lie algebra
g called the Killing form:

B(X,Y)=tr(ad XadY), X,Y €g.
The form B is nondegenerate and invariant under any automorphism ¢ of g, i.e.,
B(pX, ¢Y) = B(X,Y), X, Y eg.

This follows immediately from the observation that ad (¢X) = ¢ o ad X o ¢! for
any X € g.

In particular, setting ¢ = ¢’ 4 Z for Z € g, differentiating with respect to 7 € R,
and setting ¢ = 0, we see that

B(ad (2)X,Y) = —B(X, ad (2)Y), X.Y,Zeg.

Also, if G is any Lie group with complexified Lie algebra g, then B is invariant under
Ad (g) forany g € G.

For g = sl(n, C), one can replace B with a simpler form with the same proper-
ties: B1(X,Y) = tr XY. In fact, By and B are proportional.

It immediately follows from the invariance that for o, 8 € A U {0},

B(gy, 9p) =0, unless o + B =0.

It follows that B is nondegenerate on gy X g for any @ € A U {0}. In particular, B
is nondegenerate on . It is also nondegenerate on hr and in fact induces a positive
definite inner product there. Since we can use B to identify hg with b, we can also
transfer this inner product to h. We denote the transferred inner product by (, ).
For g = sl(n, C), if we identify the space of all real diagonal matrices with R” in
the obvious way, the form B; becomes the standard inner product. The algebra hpr
then becomes the orthogonal of the vector (1, 1, ..., 1). The same is true for the dual
spaces.

1.2.7. Positive roots and simple roots. A system of positive roots is a subset AT
of A such that for every @ € A, exactly one of the elements +« is in AT, and if
o, B € AT, then o + B is either in AT, or is not a root at all.

One way to construct a system of positive roots is to pick some H € hr not
annihilated by any of the roots, and then proclaim « to be in AT if @(H) > 0. Such
H are called regular.
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For g = sl(n, C) (n > 2),if wetake H = diag (n —1,n—3, ..., —n+ 1), then
the positive roots are ¢; — €; withi < j.

A positive root is called simple if it cannot be written as a sum of two positive
roots. For our choice of positive roots for sl(n, C), the corresponding simple roots
are €] — €2, €2 —€3,...,€,—1 — €.

Simple roots form a basis for h*; moreover, every positive root can be written
as a linear combination of simple roots with all coefficients in Z_ . For example if
g = sl(n, C), then for any i < j

€ —€j= (€ —€i+1) + -+ (€j—1 — €)).

Every positive root system defines a positive chamber in h, consisting of all X such
that (X) > 0 for all « € A™. For example, the element H we used to define A™ is
in the positive chamber. More generally, a Weyl chamber is a connected component
of the complement in hr of the union of Ker « for o € A. Every Weyl chamber is
the positive chamber for exactly one choice of a positive root system. It is clear that
also in general the Weyl chambers are open cones with vertex at 0.

Identifying by, with hr by means of our inner product (, ), we can define Weyl
chambers also in hp; they are connected components of what is left of b after

removing the hyperplanes a’, o € A.

1.2.8. Weyl group. To each root « we can associate the orthogonal reflection s, of
by with respect to ot It is defined by

Sgh = A — o, L€ bp.

Then A is preserved by all s, @ € A. Moreover, for any «, 8 € A, the number
2(5;15) appearing in the definition of s, 8 is an integer; namely, this number is equal
to B(hy), so it is a weight in a representation of s[(2, C). (These properties say that
A is aroot system in by, in the abstract sense.)

For g = sl(n, C), the reflection Sei—¢; sends . = (Ay,...,Ay) € b]’é =

(1,...,Dt cR'to

A — (€ —ej,k)(ei —6]').

This has the same components as A, except that the i-th and j-th components
exchanged places. It is thus easily seen that A is preserved, and the numbers
(e; — €, € — €) are obviously integers.

The finite group of reflections generated by s, for o € A is called the Weyl group
of A and it is denoted by W. For sl(n, C), W is S, the symmetric group on # letters.
Namely, we saw that s, —¢; induces the transposition i <> j on the coordinates.

The group W acts simply transitively on the set of all possible positive root sys-
tems, or equivalently, on the set of all Weyl chambers.

1.2.9. Triangular decomposition. Since for any two positive roots o and § one has
[8a> 98] C ga+p and the sum of two positive roots is either a positive root or not
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a root at all, we see that the positive root spaces span a subalgebra of g which we
denote by n. The Lie algebra n is nilpotent.

The same applies to the Lie algebra n~ spanned by the negative root spaces.
These two together with h give a triangular decomposition

g=n ®hHdn.

For g = sl(n, C) with our choice of §) and of positive roots, n consists of the strictly
upper triangular matrices and n~ consists of the strictly lower triangular matrices.

After describing the structure of g, we are now ready to describe the irreducible
finite-dimensional representations (7, V') of g. We will mostly follow the approach
of [GW].

The first basic fact is that 7(H), H € b can be simultaneously diagonalized on
V. To see this, note first that there is a joint eigenspace of all 7 (H) on which each
7 (H) acts by a scalar A(H). The resulting functional A € h* is called a weight of 7,
and the joint eigenspace is denoted by V; and called a weight space corresponding
to A. It is immediate that for any root « and weight A, w(gy) V) C Viie. So if we
choose any weight A, then the sum of all the weight spaces V,, with u — A equal
to a combination of roots with integer coefficients forms a subrepresentation of V.
By irreducibility, this is all of V. Hence V decomposes as a direct sum of all weight
spaces.

Note that in this terminology, roots are nothing but the nonzero weights of the
adjoint representation.

In view of finite dimensionality, we can now choose a maximal weight A for the
following partial order on weights: A > u if A — p is a sum of positive roots. Then
A is called a highest weight for V. Let us fix a nonzero v, € V. By irreducibility, v,
is a cyclic vector for V, i.e., the elements

T(X)r(X2) ...t (Xp)vy, keZy, Xi,...Xr€g (1.4)

span V. We can assume that all X; in (1.4) are either in b, or are root vectors. In fact,
the elements of f can be skipped: if H € h and if X, are root vectors, then

T(H)m(Xg) ... 71(Xg)vp = A+ a) + -+ o)) (H)n(Xg,) ... 7(Xg, vy

Furthermore, it is a fact that whenever «, 8 and o+ 8 are roots, then [gy, gg] = gu 8-
This means that we can assume all the X; in the expressions (1.4) are actually e, or
Jfo Where « is a simple root.

We claim that in fact

7T (fay) - - T (o) Vns keZy, «ai,...a simple roots

already span V. To see this, it is enough to show that the span of these vectors—
call it Z—is a subrepresentation (Z is nonzero since it contains v ). Z is obviously
invariant under n~ and b, so we only need to see it is invariant under n. For that it is
enough to see that Z is invariant under ¢, for every simple root «.
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But if o and B are simple roots, then [ey, fg] is either 0, if o # B, or hy if
a = B. Indeed, it is clear that the difference of two simple roots cannot be a root: if
a — B =y, thenif y is positive we get « = 8 + y, so alpha is not simple, and if y
is negative, then 8 = « + (—y), so B is not simple.

So we see that in calculating 7 (eq)7 (fo,) - . - W (fo, )Ua, WE can commute e, to
the right, where it kills v;,, and the commutators that are left contain fg’s and perhaps
a few h,’s; but these we already saw can be eliminated.

Hence we conclude that all weights of V' are of the form A — ), ¢;«;, where «;
are simple roots and ¢; are nonnegative integers. In particular, A is the unique highest
weight of V,i.e., A > u for any weight u of V. We also proved that v, is up to scalar
the only vector of weight A, i.e., dim V) = 1.

The next thing we want to show is that V is uniquely determined by its highest
weight. Indeed, suppose W is another representation with the same highest weight A
and with a highest weight vector w,. Then z, = (v), w;,) generates an irreducible
subrepresentation Z of V @ W. Restricting to Z the projections of V. & W to V
respectively W, we obtain nonzero maps from Z to V respectively W. These maps
have to be isomorphisms by the following simple and basic fact, and hence V = W.

1.2.10. Schur’s Lemma. Let M and N be irreducible modules for a Lie algebra
gandlet ¢ : M — N be a nonzero map respecting the g-actions. Then ¢ is an
isomorphism. Moreover, this isomorphism is unique up to a scalar multiple. The
same is true for representations of a group.

Proof. The kernel and the image of ¢ are g-invariant, so they have to be zero respec-
tively N, by irreducibility of M and N. For the second statement, if ¢1, @2 : M — N
are isomorphisms, then ¢, o1 isan automorphism of M. This map has an eigenspace
(because our modules are always over C). This eigenspace is g-invariant, hence it
must be all of M and the map is a scalar.

1.2.11. Dominant weights. We now want to describe which A € h* can show up as
highest weights of irreducible finite-dimensional representations. It is easy to obtain
the necessary conditions using the s[(2, C) theory. Namely, the highest weight vector
v, will also be a highest weight vector for every copy of s((2, C) corresponding to a
positive root «. Thus, the corresponding eigenvalue of &, that is, A(h,) = 2(5;"(3)) , s
a nonnegative integer.

It follows that for any weight u of any finite-dimensional representation, 2&’(1"))
is an integer for every root . All u satisfying this condition are called weights for
g. The lattice of all integer combinations of weights is called the weight lattice of

g. The weights that in addition satisfy % > 0 for all positive roots « are called

dominant (with respect to our fixed system of positive roots A™). Another way to
express dominance is as belonging to the closure of the positive Weyl chamber.

1.2.12. Construction of irreducible finite-dimensional representations. The
remaining question is whether every dominant weight is the highest weight of an
irreducible finite-dimensional representation. The answer is yes, and the represen-
tations in question can be constructed in several ways. One way is to first construct
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certain universal representations with highest weight X, the Verma modules, and then
obtain the irreducible finite-dimensional modules as their quotients. This is for exam-
ple done in [Hum] and [Kn1]; we will define Verma modules in 1.4.2. In examples,
one can instead take the approach of [GW] and first construct the fundamental rep-
resentations. These correspond to the fundamental weights, which are the smallest

possible weights in the sense that if the simple roots are «1, .. ., oy, then the funda-
mental weights wy, ..., w; satisfy
200, 0) _ o
(@i, a;) v

The fundamental weights generate the weight lattice over Z, hence the name.

Once the fundamental representations are constructed, one can construct other
(larger) representations as follows. Let (3, V(A)) and (77, V (1)) be the irreducible
finite-dimensional representations with highest weights A respectively u and highest
weight vectors v, respectively v,,. We can consider the tensor product representation
V(A) ® V(w); the action of X € g is given by

7(X)(v®@w) = (@ X)v) @w +v® m, (X)w, veV,, weV,

It is quite hard to decompose tensor product representations in general; we will say
a little more about this in 1.5. There is however one obvious component, the highest
one with highest weight A + u, generated by the highest weight vector vy ® wy,. So
we get to construct V (A + w) starting from V(1) and V (w). Iterating this process, we
can start from V(wy), ..., V(w;) and obtain V (1), for an arbitrary dominant weight
A=nw+ -+ nw.

Let us show how to construct the fundamental representations for g = sl(n, C).
First, it is easy to see that in this case the fundamental weights are

n—i i
w; = (€14 +€)— —(€ir1+ -+ €n)
n n
i
e+t (et e,
fori =1,...,n—1.So w; acts on b as the restriction of €] + - - - +¢; to the subspace

b of the diagonal matrices.

To construct a representation with this highest weight, we start from the standard
representation 77 on C"; this is the representation of sl(n, C) given by its very def-
inition. Then we consider /\’ C"fori = 1,...,n — 1. The action on this space is
induced by m, using the Leibniz rule:

T(X)(WV A Av) = @X)V) Avy A= Av;

Fvi A (@(X)v) A Av;
o A A (@ (X)),

for X e gand vy, ..., v; € C".
Let ey, ..., e, be the standard basis for C". Then
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form a basis of /\i C". These are all clearly weight vectors, with weights respectively
equal to the restrictions of €, + - -+ + ¢ to .

A highest weight vector is characterized by the fact that it is annihilated by n,
or equivalently, by all simple root vectors E; ;41,7 = 1,...,n — 1. It is now clear
that among the above weight vectors the only highest weight vectoris e; A - -+ A ;.
The corresponding highest weight is the restriction of €| + - - - 4 €; to b, and this is
exactly the fundamental weight w;.

1.2.13. The case of reductive g. Let g = 3@ g, be a reductive Lie algebra with center
3 and semisimple part g; = [g, g]. Let (;r, V) be an irreducible finite-dimensional
representation of g. By Schur’s Lemma 1.2.10, 3 acts on V by scalars. These scalars
are given by some A € 3*. The action of g; and A determine the action of g. So to
understand the representations of g it is enough to understand representations of g;.
A similar argument works also for infinite-dimensional representations.

1.2.14. Integrating representations. Now let G be a Lie group with Lie algebra go
and let as usual g = (go)c. The representations of g are the same as representations
of go. We want to determine when they come from representations of the group G.
In other words, the question is which representations of gy can be “integrated” or
“exponentiated” to G.

We already know from Theorem 1.1.16 that any representation of gy can be in-
tegrated to the universal cover G of G. The condition for a representation 7 : G —
GL(V) to factor through G is that 7 is trivial on the kernel of the covering map.

To illustrate this situation (and also Theorem 1.1.16) better, let us consider the
simplest possible case of one-dimensional (abelian) Lie groups. There are two con-
nected one-dimensional groups: the real line R and the circle group T'!. Both have
the same Lie algebra R.

Consider the one-dimensional representations of the Lie algebra R. Each of them
is given by r +> tA for some A € C (we identify 1 x 1 complex matrices with
complex numbers). All of these representations exponentiate to the group R, and
give all possible characters of R:

t— ™, AreC.

However, among these characters only the periodic ones will be well defined on T!,
and e’ is periodic if and only if A € 27iZ.

In the semisimple case, the weights which parametrize the representations of G,
the so-called analytically integral weights, form a finite index subgroup (sublattice)
of the weight lattice. The quotient can be identified with the kernel of the covering,
i.e., with the fundamental group of G.

1.2.15. Some further properties of finite-dimensional representations. Let g be a
semisimple Lie algebra with a Cartan subalgebra h and let W be the Weyl group of
g (see 1.2.8). The weights of a finite-dimensional representation (i, V) of g form
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a finite set in h*, invariant under W. A distinguished role is played by extremal
weights: these are the highest weights with respect to various choices of positive
roots for (g, h), and they form one W-orbit. All of them are of multiplicity one. The
multiplicities of other weights can be expressed in terms of a partition function; this
is Kostant’s multiplicity formula, see for example [Hum], Section 24.2.

If V is a representation of a connected compact Lie group G (with complexified
Lie algebra g), then one can consider the character of V, i.e., the function x : G —
C defined as

x(g) = trm(g), g€G.

These functions are important in harmonic analysis on G. They are determined by
their restrictions to a maximal torus 7" in G. These restrictions are given explicitly
in terms of extremal weights by the well-known Weyl character formula. See for
example [Hum], Section 24.3, [W], Section 2.5, or [Kn1], Section IV.10.

1.2.16. Cartan decomposition. There is a Cartan decomposition of go:

go = € @ po.

Here £y and po can be defined as the eigenspaces of the Cartan involution 6 of go
with the eigenvalues 1 and —1 respectively.

There is also a Cartan involution ® and a Cartan decomposition G = K P on the
group level, with K the subgroup of fixed points of ®. The Cartan involution 8 of gg
is the differential of ® at the identity, g is the Lie algebra of K and P = exp(po).

In most cases we are interested in K is a maximal compact subgroup of G; for
example, this is true if G is semisimple connected with finite center.

Rather than defining the Cartan involution in general, let us note that for all the
matrix examples we have encountered so far, ®(g) = (g*)_1 , the inverse of the con-
jugate transpose. Hence for X e go, 8(X) is minus the conjugate transpose of X. So,
e.g., for G = SL(n,R), go = sl(n,R), K is SO(n), ¥ is so(n), po is the space of
symmetric matrices in go and P = exp(po) is the set of positive definite symmet-
ric matrices. Note that in this case G = K P describes the polar decomposition of
matrices.

It is clear that €y is a subalgebra, [£g, po] C po and [po, po] C €. Furthermore,
the Killing form B of 1.2.6 is negative definite on € and positive definite on po.

Finally, we will also use the complexified version of the Cartan involution on g,
denoted again by 6, and the corresponding complexified Cartan decomposition

g=Etdyp.

As part of proving the existence of Cartan decompositions, one shows that
exp : po — P is a diffeomorphism. In the example G = SL(n, R), this is clear from
the fact that symmetric matrices can be diagonalized. So P is contractible and it fol-
lows that G is homotopically equivalent to K. It also follows that a finite-dimensional
representation of g will exponentiate to G if and only if it exponentiates to K.
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1.3 Infinite-dimensional representations

In this section G is a connected reductive group with Cartan decomposition G = K P
(see 1.2.16), and we assume that K is compact. A lot of the following will however
work also for more general groups.

A representation of G is a continuous action by linear operators on a complex
topological vector space V. More precisely:

Definition 1.3.1. A representation of a Lie group G on a topological vector space V
is a group homomorphism 7 from G into the group of linear automorphisms of V),
such that the map

GxV—=>Y, (g,v) —> (g

is continuous. In particular, each 7 (g) is a continuous linear operator on V.

Typically, one puts additional conditions on V' and requires it to be at least a
Fréchet space, or even a Banach or a Hilbert space. In these cases, one can show that
the continuity requirement is equivalent to a seemingly weaker one, that for each
v € V the map g — m(g)v is a continuous map for G into V.

One can define a morphism between two representations (7, V) and (p, W) of
G to be a continuous linear map 7 : V — W which intertwines the G-actions, i.e.,
Tn(g) = p(g)T for every g € G. The category of representations obtained in this
way is however too big to be a reasonable setting to work with.

Example 1.3.2. Let X be a smooth manifold with a smooth action of G; a typical
example is a quotient G/ H where H is a closed subgroup of G and where G acts by
left translations. Then G also acts on functions on X, by

(@) H(x) = f(g™" - x), geG,xeX.

This defines many representations of G, depending on which function space we take.
For example, we can consider the continuous or smooth functions, we can in addition
require the functions to be compactly supported, or we can consider various L?-
spaces. We can also consider “generalized functions” like measures or distributions,
again with or without the compact support condition. Each of these spaces has a
natural topology, and one can check that the above defined action of G satisfies
the required continuity condition. All these spaces are quite different as topological
vector spaces and there is no chance they could be isomorphic. Still, one cannot help
feeling that there should be a strong relationship among these representations.

1.3.3. Unitary representations. An important special class of representations are
representations by unitary operators on (separable) Hilbert spaces. Two such repre-
sentations (7, H) and (p, H') are considered to be equivalent if there is a Hilbert
space isomorphism between H and H’ intertwining 7 and p. These representations
are interesting for applications to harmonic analysis. It is however a still unsolved
problem to classify irreducible unitary representations of a given group G up to
equivalence. (Irreducibility in the infinite-dimensional setting means that there are
no closed invariant subspaces.)
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1.3.4. Smooth vectors. When studying finite-dimensional representations, we made
substantial use of the fact that the Lie algebra of G acts naturally on representations
of G. We would thus like to differentiate also infinite-dimensional representations
of G to get representations of the (complexified) Lie algebra g. This is however not
quite possible in general. Actually, g does act, but only on the subspace V, of smooth
vectors, i.e., vectors v € V such that the map g +— m(g)v from G into V is smooth.
One can show that V; is dense in V.

1.3.5. K-finite vectors. For the groups we are interested in, there is a better choice
of a dense subspace on which g acts: the space of vectors finite under the maximal
compact subgroup K of G. A vector v € V is K -finite if the orbit Kv spans a finite-
dimensional subspace of V. The reason why it is a good idea to consider the action of
K is the fact that the representations of a compact group are relatively easy to study.
We already saw in 1.2.3 that finite-dimensional representations of K are all unitary
and therefore completely reducible. This is also true for any infinite-dimensional rep-
resentation (;r, /) on a Hilbert space; we can again integrate the given inner product
over K and thus make it K-invariant. Furthemore, any unitary representation of K
is a Hilbert direct sum of irreducibles, and all irreducibles are finite-dimensional.
These facts can be proved, e.g., using the basic facts about compact operators. See,
for example, [W], Section 1.4.

So if we have a representation of G on a Hilbert space H (not necessarily uni-
tary), it can be assumed to be unitary for K by changing the inner product if neces-
sary, and then decomposed as

=G0

Here K denotes the set of unitary equivalence classes of irreducible unitary repre-
sentations of K, and for each § € K , H(8) denotes the sum of all irreducible subrep-
resentations of  isomorphic to 8. The symbol & denotes the Hilbert direct sum: its
elements are the series ) 5 vs (With vs € H(8)), which are convergent in 7. Those §
for which H(8) # 0 are called the K-types of (7, H), and the space H(§) is called
the isotypic component of H corresponding to §.

The space of K-finite vectors in H is then the algebraic direct sum

Hk = P HE)

sek
of finite sums ) 5 vs. Clearly, Hg is dense in 7.

In general, if (;r, V) is a representation of G on a not necessarily Hilbert space,
it is still true that the space of K -finite vectors Vk = @;_gV(8) is dense in V. The
representation is called admissible if dim V(§) < oo for every § € V. A basic fact
(cf. [Knl1]) is

Theorem 1.3.6. (Harish-Chandra) Any irreducible unitary representation of G is
admissible.
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If V is irreducible, then the K -finite vectors are all smooth (in fact even analytic).
This follows from the regularity theorem for certain elliptic differential equations
(these equations come from the Casimir operators described in 1.4.6). It is a fact that
all finitely generated admissible representations are of finite length, i.e., have finite
descending filtrations with irreducible quotients. It follows that K -finite vectors in
any finitely generated admissible representation are smooth. This means that g acts
on Vi . The group G does not act on Vg, but of course the subgroup K does. In this
way we are led to the following concept.

1.3.7. (g, K)-modules. A vector space V is a (g, K)-module if it is simultaneously a
representation of g and a finite representation of K, in such a way that the two actions
of £y agree: one obtained by differentiating the K -action and the other by restricting
the g-action.

In case we want to allow disconnected groups, we also need the g-action to be
K-equivariant, i.e., 7 (k)r(X)v = w(Ad(k)X)m(k)v, for all k € K, X € g and
v € V. One usually also requires some finiteness conditions, like finite generation,
or admissibility defined in the same way as above.

Morphisms of (g, K)-modules are linear maps which intertwine the actions of g
and K. Submodules, direct products and sums etc., are defined in the obvious way.

The (g, K)-module corresponding to a finitely generated admissible representa-
tion (7, V) of G is called the Harish-Chandra module of 7.

1.3.8. Infinitesimal equivalence. Two representations of G are said to be infinitesi-
mally equivalent if their (g, K )-modules are isomorphic. This is a much weaker con-
dition than the existence of a continuous G-intertwining isomorphism. On the other
hand, Harish-Chandra proved that if two unitary representations are infinitesimally
equivalent, then they are in fact unitarily equivalent (cf. [Kn1]).

1.3.9. Globalizations. Going back from (g, K)-modules to representations of G is
hard. We call a representation (7, V) of G a globalization of a Harish-Chandra mod-
ule V, if V is isomorphic to V. Every admissible V has globalizations. In fact there
are many of them; one can choose, e.g., a Hilbert space globalization (not necessarily
unitary), or a smooth globalization. There are also notions of minimal and maximal
globalizations (cf. [S4]). A few names to mention here are Harish-Chandra, Lep-
owsky, Rader, Casselman, Wallach and Schmid. We will not use globalizations in
this book; in fact, for the most part we will work only with (g, K)-modules.

1.3.10. Irreducible (s[(2, C), SO(2))-modules. To finish this section, let us de-
scribe an example where it is easy to explicitly write down all irreducible (g, K)-
modules. This is the case G = SL(2,R), whose representations correspond to
(s1(2, C), SO(2))-modules. The approach is taken from [V1].

We cannot start like we did for finite-dimensional representations, by diagonaliz-
ing the action of the basic element /2. Namely, there is no reason for / to act semisim-
ply. In fact, one can see from the description of representations given below that A
actually never acts finitely on infinite-dimensional irreducible representations. We
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are however assuming that K is acting finitely, and thus we will be able to diagonal-
ize the action of £ which is another Cartan subalgebra of g.
We choose a basic element W of £ and root vectors X and Y for (g, £) as follows:

0 —i IT1 1M1 =i
W‘[io}’ X_E[i—1:|’ Y‘E[—i—l]'

In this way we got another basis of g satisfying the same commutation relations as
h,eand f:

[W, X] =2X, [W, Y] =-2Y, [X,Y]=W.

Let us now define a large family of (g, K)-modules. For a fixed choice of A € C and
€ € {0, 1}, we define a (g, K)-module V, . as follows: a basis of V; . is given by vy,
n € Z of parity €. The action of g is given by

T(W)v, = nup; T (X)v, = %(k + (n+ 1)vpyo;
n(Y)v, = %(K —(n—=1)vy.
The action of K is then determined by the action of W:
([ ) o=
We leave it as an exercise for the reader to check that in this way we indeed obtained
a (g, K)-module.

The picture is similar to the one that we had for finite-dimensional representa-
tions of s[(2, C), but now it is infinite:

X X X X
- — — LN
Cvp—n Coy, Cupyo
«— «— — «—
Y Y Y Y

Also, note that we changed normalization for the v,’s; now we do not have a natural
place to start, like a highest weight vector, so it is best to make 7 (X) and 7 (Y) as
symmetric as possible.

Proposition 1.3.11. Assume A is not an integer of parity € + 1. Then V) ¢ is irre-
ducible.

Proof. Let U C V be a nonzero g-invariant subspace. Since U is invariant under W,
it must contain an eigenvector v, of W. Namely, from any linear combination x of
two or more v,’s which lies in U, we can obtain a shorter one by combining x and
m(W)x. If we now act on v, by X and Y, we get all vy, as the scalars in the formulas
defining the action can never be zero. Hence U = V.
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If A = k— 1 where £ > 1 is an integer of parity €, then Vj  contains two
irreducible submodules, one with weights k, k + 2, k + 4, ... and the other with
weights —k, —k — 2, —k — 4,.... If k > 1, these are called the discrete series
representations, as they occur discretely in the decomposition of the representation
L*(G). The quotient of V; . by the sum of these two submodules is an irreducible
module of dimension kK — 1. For £ = 1 the two submodules are called the limits
of discrete series, and their sum is all of Vj ;. Irreducibility of all these modules is
proved as in the above proposition.

If . = k+ 1, where k < —2 is an integer of parity €, then we get the same sub-
quotients as for —k — 1, but the finite-dimensional representation is now a submod-
ule, and the quotient decomposes into the sum of two discrete series representations.
Also, if A is as in Proposition 1.3.11, V) . is isomorphic to V_, . Namely, one can
define ¢ : V_, ¢ = Vj by sending v into the analogous vector v, and then adjust
scalars p, so that ¢ (v,) = pu,v), defines a g-morphism.

This means that it is enough to choose only one representative for each pair
A, —A

1.3.12. The Casimir operator. For a (g, K)-module (i, V) we define the Casimir
operator Q2 =4 (X)m(Y) + 7(W)2 =272 (W) on V (See 1.4.6.). It is easy to check
that 2 commutes with the representation 7, hence it must act as a scalar if 7 is
irreducible. This is a variant of Schur’s Lemma; see 1.4.5 below. An easy calculation
shows that Q2 acts by the scalar 22 —1on Vie.

Theorem 1.3.13. Any irreducible (s1(2, C), SO (2))-module (7, V) is isomorphic to
a subquotient of some V) .

Proof. Let A € C be such that  acts on V by the scalar A> — 1. Clearly, the K -types
of V are either all even or all odd: let € be 0 or 1 accordingly.

On the K-type Vi of V, i.e., the eigenspace of mw (W) with eigenvalue k, the
operator 7 (X)m (Y) acts as

T(X)n(Y) = La- T(W)? 4+ 27(W)) = L _w—y
T4 T4 )

The operator 7 (Y)n(X) = n(X)m(Y) — w (W) then also acts as a scalar on each
V. This means that if we take any nonzero v, in Vj,, then m (X )k v, and T (Y )k Un,
k € Z+, span a nonzero submodule of V and hence all of V.

If A2 # (k — 1)? for all K-types Vi of V, i.e., A is not an integer of parity € + 1,
then 7 (X)*v, is different from zero for all k. Namely, assuming k is the smallest
positive integer such that 7 (X Yev, = 0, we get a contradiction since 7 (Y)m (X Yeu,
is a nonzero multiple of T(X)k1v,. Similarly, we see that n(Y)kvn # 0 for all .
One can now construct an isomorphism of V onto V) ¢ similarto ¢ : V_ ¢ = Vj ¢
mentioned above.

If A2 = (k — 1)? for some k > 1 of parity ¢, then there are three possibilities
for our fixed n such that v, # 0: n > k,n < —k or —k < n < k. Examining
each of these cases separately, using similar reasoning as above, one concludes the
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following. If n > k, then V is isomorphic to the lowest weight discrete series rep-
resentation; if n < —k, then V is isomorphic to the highest weight discrete series
representation, and if —k < n < k, then V is isomorphic to the k-dimensional irre-
ducible representation.

Let us remark here that for finite-dimensional modules, all that we said about
finite-dimensional s[(2, C)-modules (Example 1.2.4) obviously also holds with W,
X and Y in place of A, respectively e, respectively f.

1.4 Infinitesimal characters

Recall that a representation of a Lie algebra g on a vector space V is a Lie algebra
morphism from g into the Lie algebra End (V) of endomorphisms of V. Note that
End (V) is actually an associative algebra, which is turned into a Lie algebra by
defining [a, b] = ab — ba; this can be done for any associative algebra. In fact, it is
possible to construct an associative algebra U (g) containing g, so that representations
of g extend to morphisms U(g) — End (V) of associative algebras. The algebra
U (g) is called the universal enveloping algebra of g.

1.4.1. Universal enveloping algebra. The construction goes as follows: consider

first the tensor algebra T (g) of the vector space g. This is an associative algebra

with 1 generated by the monomials X| ® --- ® X, with n running over positive

integers and X; running over g. The only relations correspond to linearity in each

variable; thus one can think of 7'(g) also as a free associative algebra on a basis of g.
Then one defines the universal enveloping algebra of g as

U(g) =T(9)/1,

where I is the two-sided ideal of T (g) generated by elements X®Y —-Y ® X —[X, Y1,
X, Y € g.Itis easy to see that U (g) satisfies a universal property with respect to maps
of g into associative algebras. Namely, let ¢ : g — U (g) be the obvious morphism
mapping elements of g to corresponding linear monomials. Then for any Lie algebra
morphism ¢ : g — A, where A is an associative algebra considered as a Lie algebra,
there is a unique associative algebra morphism ¢ : U(g) — A such that ¢ ot = ¢.
This universal property determines U (g) up to isomorphism.

Loosely speaking, one can think of U (g) as “noncommutative polynomials over
g,” with the commutation laws given by the bracket of g. If we think of elements of
g as left invariant vector fields on G, then U (g) consists of left invariant differential
operators on G.

In particular, we see that representations of g (i.e., g-modules) are the same as
U (g)-modules. This enables one to study representations by applying various con-
structions from the associative algebra setting. For example, there is a well-known
notion of “extension of scalars”: let B C A be associative algebras and let V be a
B-module. One can consider A as a right B-module for the right multiplication and
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form the vector space A®pg V. This vector space is an A-module for the left multipli-
cation in the first factor. So we get a functor from B-modules to A-modules. Another
functor like this is obtained by considering Hom p(A, V); now the Hom is taken
with respect to the left multiplication action of B on A (and the given action on V),
and the (left!) A-action on the space Hom g (A, V) is given by right multiplication
on A.

1.4.2. Verma modules. A particular example of the above situation is obtained for
A =U(g) and B = U(b), where g = n~ @ h @ n is a triangular decomposition
and b = ) @ n is the corresponding Borel subalgebra (a Borel subalgebra of g is by
definition a maximal solvable subalgebra). Let C; be a one-dimensional b-module
on which b acts by A € h* and n acts as 0. Then

M) = U(g) ®up) C

is a highest weight g-module via left multiplication, called a Verma module. It can
also be viewed as U (n™) ® C,, but then only the actions of n™ and ) are obvious,
and to understand the action of the elements of n, one has to commute them through
the first factor.

Verma modules are universal objects in the category of highest weight g-modules:
if V is any g-module with a highest vector x, of weight A (i.e., x, is annihilated by
n, and f acts on x; via 1), then there is a unique g-morphism M(1) — V mapping
1 ® 1 to x;,. It is easy to see that each M(A) has a unique maximal submodule, and
these facts lead to a classification of irreducible highest weight g-modules as unique
irreducible quotients of Verma modules. In particular, one can in this way obtain the
finite-dimensional representations, as mentioned in 1.2.12.

1.4.3. Filtration by degree. The main tool for studying U(g) is the filtration by
degree. In fact, the tensor algebra T (g) is a graded algebra, if we set the degree of a
monomial X1 ®---®X, (X; € g) to be equal to n. The ideal I is not homogeneous, so
this grading of 7 (g) does not induce a grading on U(g) = T(g)/I. It does however
induce a filtration of U (g):

F,U(g) = span {X;... Xx|k <n, X1,..., Xy € g}.

Here and in the future we denote by X . .. X the image of the monomial X1 ® - --®
X under the projection T (g) — U (g). The main properties of U (g) are given by
the following theorem; its proof can be found for example in [Hum].

Theorem 1.4.4. (Poincaré—Birkhoff-Witt) The graded algebra associated to the
above filtration of U(g) is the symmetric algebra S(g). Furthermore, if X1, ..., X,
is a basis of g, then the monomials

X\ Xy, ijely

Jform a basis of U(g).
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1.4.5. The center of U(g). A further advantage of introducing the algebra U (g) is
the fact that as opposed to g which has no center if g is semisimple, U (g) has a rela-
tively large center Z(g). Z(g) has a nice structure of a finitely generated polynomial
algebra. For example, if g = sl(n, C), there are n — 1 generators and their degrees
are 2,3,...,n.

The importance of the center follows from a simple observation that is often
used in linear algebra: if two operators commute, then an eigenspace of one of them
is invariant under the other. This means that we can reduce representations by taking
a joint eigenspace of Z(g).

Furthermore, if X is an irreducible (g, K)-module, then every element of Z(g)
acts on X by a scalar. For finite-dimensional X this follows from Schur’s lemma
1.2.10. For infinite-dimensional X the same argument is applied to a fixed K-type
in X: since Z(g) commutes with K, it preserves each K-isotypic component X (§)
of X. On the finite-dimensional space X (§), z € Z(g) has an eigenvalue. The corre-
sponding eigenspace in X is therefore a nonzero submodule and hence must be all
of X.

All the scalars coming from the action of Z(g) on X put together give a homo-
morphism

xx:Z(@ — C

of algebras, which is called the infinitesimal character of X. We are going to describe
such homomorphisms in more concrete terms below.

1.4.6. Casimir element. There is an element of Z(g) that can easily be written down.
It is the simplest and most important element of Z (g) called the Casimir element. Its
degree is two—the lowest possible if g is semisimple. The definition involves the
Killing form B from 1.2.6. Let (X;) be a basis of g, orthonormal with respect to B.
Then the Casimir element is
Q=> X7
1

An easy calculation shows that € is invariant under any linear transformation T
of g orthogonal with respect to B, i.e., such that B(T(X),T(Y)) = B(X,Y)
for all X,Y € g. (Here T acts on U(g) by sending a monomial Y;...Y, into
T (Y1) ...T(Y};).) In particular, €2 does not depend on the choice of a basis (X;).

Moreover, since every automorphism ¢ of g is orthogonal with respect to B, 2 is
invariant under ¢. In particular, taking ¢ = e’ ® Z for Z € g and differentiating with
respect to ¢ € R, we see that 2 commutes with g and hence it is in Z(g).

It is also possible to write 2 as Y _ e; f; where (¢;) and (f;) are dual bases with
respect to the Killing form. In examples like sl(n, C), one can replace B by the
proportional trace form, and get the same €2 up to a scalar.

A particular choice of a basis is obtained if we choose orthonormal bases Wj, for
o and Z; for po, so that

B(Wi, Wi) = =y B(Zi,Z)) = éi;.

The Casimir element is then
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2 2
Q= Xk: W2 + Z 72,
1

One can calculate the action of €2 on a highest weight vector v, of weight & € h* in
a g-module. Here b is a Cartan subalgebra of g. Namely, choose a system of positive
roots AT of g with respect to b, let e, @ € AT be root vectors, and let f, € g_q
be the dual vectors with respect to the Killing form. If 4y, ..., A, is an orthonormal
basis for h with respect to B, we can write

Q= Xr:h? + Z (eq fo + Juta)-

i=1 aeAt

If we write ey fo = fyeq + ho Where hy denotes [eq, fy], then since each e, anni-
hilates v, , we see that

Qu; = (Z Mhiy* + ) A(ha)) V3.
i=1

aeAt

Since Y /_; A(hi)* = [|*||* and since Y weat AMhe) = (A, 2p), where p as usual
denotes the half sum of positive roots, we conclude that

Quy = |IAMIF+ 200, 0) = lIA + pl1* = lIpll*.

1.4.7. Harish-Chandra homomorphism. Let g = n~ @ § @ n be the triangular
decomposition of 1.2.9 and let b = ) @ n be the corresponding Borel subalgebra
of g. Let us build a Poincaré—Birkhoff-Witt basis from bases of n~, § and n. In
particular, we see that

U@ =U®® (n Ug) +Ugn),

with the first summand spanned by monomials with all factors in h and the second
summand spanned by monomials that contain a factor which is not in h. Let up be
the projection of U(g) to the first summand in this decomposition. We claim that
the restriction of up to Z(g) is an algebra homomorphism. To see this, note that
any element of Z(g) must have weight O with respect to h and hence must consist
of monomials of weight 0. Therefore each of these monomials is either in U (), or
contains both factors in n (of positive weight) and in n~ (of negative weight). In
other words,

Z@Nm U@ +U@n) =Z(@ NU@n=Z@ Nn~U(g).

It is now clear that this last space is a two-sided ideal in Z(g) and thus uy : Z(g) —
U (h) is indeed an algebra homomorphism. Notice also that z € Z(g) acts as wp(z)
on any highest weight vector in a representation of g.

Note that the homomorphism pp depends on the choice of n, that is, on the choice
of a positive root system for g. It turns out that this dependency can be eliminated
by composing pp with the so-called p-shift. Denote by p the half sum of all positive
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roots, and consider the automorphism s, of U () = S(h) defined on the generators
X € hby
sp(X)=X—p(X)-1.

The homomorphism yp = s, o wp : Z(g) — S(h) is called the Harish-Chandra
homomorphism. One shows that yy is independent of the choice of a positive root
system, that it is one-to-one, and that the image is equal to S(h)", the Weyl group
invariants in S(h). A proof of these facts can be found, e.g., in [KV], Section IV.7.
See also [Hum], Section 23.3.

1.4.8. Characters of Z(g). Using the Harish-Chandra isomorphism Z(g) = S(h)",
one can describe all characters of Z(g), i.e., algebra homomorphisms from Z(g) into
C, in a nice way. First, we can identify S(h) with the algebra P (h*) of polynomials
on h*, and recall that any algebra homomorphism from P(h*) into C is given by
evaluation at some A € h*. With a little more work, it follows that the homomor-
phisms from Z(g) into C correspond to W-orbits WA in h*. See [KV], Section IV.8,
or [Hum], Section 23.3

So, infinitesimal characters are parametrized by the space h*/ W. They are impor-
tant parameters for classifying irreducible (g, K)-modules. It turns out that for every
fixed infinitesimal character, there are only finitely many irreducible (g, K)-modules
with this infinitesimal character.

1.5 Tensor products of representations

We have already mentioned tensor products of finite-dimensional modules in 1.2.12.
The definition for general (g, K)-modules is analogous.

Definition 1.5.1. If V and W are (g, K)-modules with actions 7y and wy, then the
vector space V ® W is a (g, K)-module, with the actions 7 of (g, K) defined by

7(X)v®w) =@y (X)) @w+v® (T (X)w), X eg
7 (k)(v ®@ w) = (wy () @ (Tw (Kw), ke K

forve Vandw e W.

In general, assuming V and W are irreducible, it is hard to analyze V ® W even
when both V and W are finite-dimensional. If V and W are both infinite-dimensional,
V ® W is usually not of finite length. The situation is better if at least one of the
factors is finite-dimensional. This is the setting of the important translation principle:
to “translate” V of infinitesimal character A € h*, we can tensor it with a finite-
dimensional W of highest weight w, and consider the component with (generalized)
infinitesimal character A + . We will formulate some of the relevant statements in
1.5.6 below; before that, let us consider some s[(2)-examples for illustration.

1.5.2. Tensor products of finite-dimensional s[(2, C)-modules. Let V and W be
the finite-dimensional s[(2, C)-modules with highest weights n and k respectively,
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and assume that n > k (if not, use the obvious fact VQ W = W ® V). We denote
the bases for V and W as in 1.2.4 by v;, respectively w ;.

The module V ® W is a direct sum of irreducibles, and we can find these irre-
ducibles by examining the weights of V ® W and their multiplicities. It is clear that

all the weights that appear are n+k, n+k—2, n+k—4, ..., —n—k. The multiplicity
of a weight of the form n + k —2r for 0 < r < kisr 4 1. Namely, the corresponding
weight vectors are v, ® Wi—_2r, Un—2 @ Wk—2r42, - - ., Up—2r @ wg. Symmetrically,

a weight of the form —n — k 4 2r for 0 < r < k also has multiplicity r + 1. The
remaining weights are between —n + k and n — k, so of the form n — k — 2r for
1 <r < k. These all have multiplicity k + 1: the corresponding weight vectors are
Un—2k—2r+2s ® wi—ps for 0 < s < k. The point here is that n — 2k — 2r 4+ 2s is a
weight of V for every choice of r and s.

We thus see that V ® W is the direct sum of representations with highest weights
n+kn+k—2,...,n—k.

1.5.3. Tensor products of irreducible highest weight (s[(2, C), SO(2))-modules.
As we know from 1.3.10-1.3.13, there are two kinds of irreducible highest weight
(s1(2, C), SO(2))-modules: the finite-dimensional ones, and the highest weight dis-
crete series (or limits of discrete series) representations. We already worked out
the case when both factors are finite-dimensional. Suppose that V is an irreducible
(infinite-dimensional) module with highest weight —n and that W is an irreducible
finite-dimensional module with highest weight k, where n and k are positive integers.
It is clear that the weights of V ® W are —n + k, —n + k — 2, .... The multiplicity
of the weight —n +k —2risr + 1forO <r < kand k + 1 for r > k; this is seen
just as in 1.5.2 above.

This time it is however in general not sufficient to calculate the multiplicity of
each weight, as V ® W is not necessarily a direct sum of irreducibles. The situation
is easy to handle if —n + k& < 0, so that all the weights of V ® W are negative.
In this case, V ® W is the direct sum of irreducible modules of highest weights
—n+k,—n+k—2,..., —n—k. To see this, one first observes that 7 (Y) is injective
on V ® W; this is true for any » and k. Second, if z is a vector in V ® W of highest
weight A < 0, then we see using 1.3 that the space spanned by all 7(Y)%z, s a
positive integer, is an irreducible submodule of V®W. Namely, this space is invariant
under 7 (X) (and obviously also under 7 (Y) and 7w (W)), and the kernel of 7 (X) on
this space is just Cz, which implies there are no nontrivial submodules. We will
therefore be done with proving the above assertion, if we can produce a highest
weight vector z, for each of the weights —n + k — 2r, 0 < r < k, in such a way
that for every r, the vectors v, m(Y)vy_1, ..., w(¥Y) vo are linearly independent.
Namely, the injectivity of 7 (Y') will then imply that the sum of submodules generated
by these vectors exhausts V®W. The reader is invited to complete these calculations;
if the general case is too hard, one can try to handle the case k = 3.

The case —n + k > 0 is also left as an exercise, and so is the case of two infinite-
dimensional highest weight modules.

1.5.4. Tensor products of highest weight modules and lowest weight modules.
This is one of the bad cases we mentioned above. Namely, it is quite clear that if V
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is irreducible of highest weight —n and W is irreducible of lowest weight k, where
n and k are positive integers, then every weight of parity —n + k appearsin V @ W,
and all the multiplicities are infinite. So V ® W certainly cannot have finite length.
The reader is invited to study this interesting example further.

1.5.5. Weights of the tensor product of finite-dimensional modules. Let us get
back to the general setting of modules over a reductive Lie algebra g. Assume V and
W are finite-dimensional irreducible g-modules, and let A denote the highest weight
of V. Then every highest weight of V ® W is of the form A + v, where v is some
weight of W. For a proof of this, see [V1], Proposition 3.2.12.

In general, it is difficult to see which of these possible weights actually appear,
and with what multiplicity. The only obviously appearing weight is A + v with v
being the highest weight of W. This weight of V ® W clearly has multiplicity one.
We already noted and used this in 1.2.12. The famous PRV conjecture, proved by
S. Kumar, asserts that A 4 v also appears in V ® W whenever v is an extremal weight
of W.

1.5.6. Translation principle. Let us now briefly describe a very important appli-
cation of tensoring representations, the so-called translation functors. The basis for
their construction is the following result of Kostant. Assume that V is a Z(g)-finite
g-module, that is, the annihilator of V in Z(g) has finite codimension in Z(g). Let F'
be a finite-dimensional g-module. Then the g-module V ® F is Z(g)-finite.

In particular, let A € h*, and assume that V has generalized infinitesimal char-
acter x»: Z(g) — C. In other words, there is a positive integer N such that
(z — x,.(z))V annihilates V for every z € Z(g). Then V is Z(g)-finite, and if
is an extremal weight of F one can consider the largest direct summand of V ® F
with generalized infinitesimal character A 4+ p. This direct summand is denoted by
¥tV and called the translate of V by . It is easy to check that in this way we get

a functor wi\ 1 The most basic result about this functor is the following.

Assume that A and A+ are both dominant, i.e., lie in the closure of the dominant
Weyl chamber. Moreover, assume that A +  is at least as singular as A, i.e., if ¢ is a
root orthogonal to A, then « is also orthogonal to A+ . Under these assumptions, if V
is irreducible, then wi‘ *1V is irreducible or zero. If A + y is in fact equally singular

as A, i.e.,, A + p and A are orthogonal to precisely the same roots, then wi\” Vis
irreducible (and nonzero).

The dominance condition in the above statement can be replaced by the weaker
condition of integral dominance. For many more details including the proofs, one
can study Chapter VII of [KV].
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Clifford Algebras and Spinors

In this chapter we study real and complex Clifford algebras and their representa-
tions —the spin modules. This setting is essential for the definition of Dirac operators.
We will also discuss the construction of Spin groups, which are certain subgroups of
the groups of units in Clifford algebras.

2.1 Real Clifford algebras

Let V be an n-dimensional real vector space with an inner product (| ). The Clifford
algebra C' (V) over V is defined similarly as the universal enveloping algebra of a Lie
algebra: it is generated by V, but instead of requiring that the commutators be given
by the brackets, one requires the anticommutators be given by the inner product.

We are going to give three equivalent descriptions of C(V): by a universal prop-
erty, as a quotient of the tensor algebra of V, and a very concrete description using a
basis.

2.1.1. Definition by a universal property. The Clifford algebra C(V) over V is an
associative real algebra with unity, together with a canonical mapi : V — C(V),
such that the following universal property holds. Let A be any associative real algebra
with unity and let ¢ : V — A be a linear map such that

P =—@) wveV @.1)

in A. Then there is a unique algebra homomorphism $ : C(V) — A extending ¢,
i.e.,suchthatg oi = ¢.

Applying the condition ¢ (v)?> = —(v|v) to v, w and v 4+ w, one immediately
sees that this condition is equivalent to the seemingly stronger condition

WP (w) + ¢ (w)p(v) = —2(v|w), v,welV. 2.2)

As usual, the universal property determines C (V') up to isomorphism, if we can
show existence, i.e., construct C (V).
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2.1.2. Construction using the tensor algebra. Let 7 (V) be the tensor algebra over
V (see 1.4.1). Consider the ideal 7 in 7'(V') generated by all v ® v + (v|v) forv € V.
Equivalently, / can be generated by all v ® w + w ® v 4 2(v|w) for v, w € V. Then
the quotient algebra

cV)y=17T\V)/I

satisfies the universal property of 2.1.1, and therefore is the Clifford algebra of V.
This fact is quite obvious, since 7 (V) satisfies a universal property for linear maps
from V into associative algebras with unity, and the ideal I exactly matches the
condition 2.1.

It is clear now that C (V) is generated by all v € V, subject to the relations (2.1)
or equivalently (2.2). (Here and in future we identify v € V with its image i (v) under
the canonical morphism i; this is justified by Theorem 2.1.5 below.)

Moreover, we can choose any orthonormal basis Z; of V with respectto (|) as a
set of generators of C (V). The relations then become

ZiZj=-Z;Zi, i # J; Z? = -1. (2.3)
It is thus clear that the set
ZiZi, ... 2y, l1<ij<ip<---<ifp<n=dimV 2.4
(together with element 1 regarded as an “empty product”) spans C (V).

2.1.3. Z-grading. Although the Z-grading of T (V) does not induce a Z-grading of
C(V), it does induce a Z;-grading. That is, one can decompose C (V') as cCO'Wy @
cL(v), where C%(V) (respectively C L(v)) is the span of all products of an even
(respectively odd) number of elements of V. The elements of C°(V) (respectively
C'(V)) will be called even (respectively odd).

The summands C%(V) and C!(V) are disjoint (namely no nonzero element can
be simultaneously even and odd), and they indeed define a Z,-grading: a product of
two even or two odd elements is even, while the product of an even element and an
odd element is odd. All this follows immediately from the fact that the relations (2.3)
identify monomials whose degree in 7' (V) is either equal, or differs by 2.

Let us define k¥ : C(V) — C(V) by setting k(v) = —v for v € V, noting
that x (v)2 = (—v)? = v? = —1, so k extends to C(V) by the universal property.
It is clear that « is an automorphism of C(V) and that it is equal to the identity
on C%V) and to the minus identity on C 1(V). Thus we could have alternatively
defined C°(V) and C'(V) as the +1-eigenspaces of k. We will refer to « as the
parity automorphism.

We can now describe the construction corresponding to taking orthogonal direct
sums of inner product spaces: it is the graded tensor product of Clifford algebras. If
A and B are Z,-graded algebras, their graded tensor product, AQ B is equal to AQ B
as a vector space, and the multiplication on AQB is defined by

(@a®@b)a @b) = (—1)deebdeed ;0 o pp/

for homogeneous a,a’ € A and b, b’ € B.
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Theorem 2.1.4. Let V = U & W be an orthogonal decomposition. Then C(V) =
C(U)RC(W).

Proof. We can choose an orthonormal basis Z1, ..., Z, for V as a union of or-
thonormal bases Z1, ..., Z; for U, respectively Zy41, ..., Z, for W. The required
isomorphism is then given on generators by

Zi...2iZj...2j <>Ziy...2iy®Zj ...Zj,

forl <ij <---<i <k < j1 <---< jg <n. This clearly satisfies the relations
in both directions.

The following consequence is an analogue of the Poincaré—Birkhoff—Witt Theo-
rem 1.4.4 for C(V).

Theorem 2.1.5. The elements (2.4) form a basis of the real vector space C(V). In
particular, the_ canonical morphismi : V. — C(V) is one-to-one, and the dimension
of C(V) is2dmV,

Proof. Since V =RZ| & --- ® RZ,, Theorem 2.1.4 enables us to reduce the state-
ment of Theorem 2.1.5 to the one-dimensional case, which is obvious.

We now see that we could have defined C (R") very explicitly, as a 2" -dimensional
vector space with basis (2.4), where Z; is the standard basis for R", and with mul-
tiplication determined on the basis elements by (2.3). This description is good for
explicit computations.

Examples 2.1.6. It is quite obvious that C(R!) = C, with Z; <> i. It takes a small
computation to see that C (R?)is isomorphic to the quaternion algebra H. The space
H has a basis 1, i, j, k over R, where 1 is the unity, and 7, j, kK multiply by the rules

it=jt=k=-1; ij=—ji=k  jk=—kj=i;  ki=—ik=].

The identification C(Rz) Z Histhen Z; < i, Zy < jand Z1Z, < k.
For n > 3, C(R") is not a division algebra, as follows immediately from the fact
(Z1Z>73)* = 1 which implies

(1 —2Z1227Z3)(1 + Z12,Z3) =0,

so C(R") has zero divisors. In fact, for n = 3 it is easily checked that %(1 =V AVAYAY)
are central idempotents which add up to 1, and break up C (]R3 ) into a direct product

of two copies of H. It is possible to describe all C (R") in terms of matrix algebras
over R, C and Hi see e.g., [LM], Chapter I, §4.

2.1.7. Filtration by degree. The Z-grading of the tensor algebra 7 (V) does not in-
duce a Z-grading of C(V), since the ideal / is not homogeneous; e.g., Z% + lisin
I, but the homogeneous components of le + 1, le and 1, clearly cannot be in /.
However, the associated filtration does descend to C (V); explicitly,
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F,C(V) = span {v; ... vk < p, vy, ..., v € V]

In particular, FoC(V) = R =Rl and F;C(V) = R@ V. This filtration is analogous
to the filtration of U (g) defined in 1.4.3.

The graded algebra corresponding to the above filtration is the exterior algebra
/A (V). This is obvious from Theorem 2.1.5 and the well-known analogous result
for the exterior algebras. Note also that taking the top degree terms of the relations
(2.3) gives the defining relations for /\(V). One can also turn things around and
approach Theorem 2.1.5 starting from the above filtration and showing directly that
the corresponding graded algebra is /\ (V'); for this approach, see e.g., [LM], Propo-
sition 1.2.

2.1.8. Chevalley map. As is well known, the canonical projection 7(V) — A(V)
has a linear right inverse given by linearly embedding A (V) into the tensor algebra
T (V) as the skew-symmetric tensors:

1
VA Avg — — E sgn (0) V(1) ® - -+ ® Vo (k)
k! =

where S; denotes the group of permutations on k letters, and sgn (o) € {£1} is
the sign of a permutation o. The Chevalley map j is obtained by composing this
“skew symmetrization” map with the canonical projection 7(V) — C (V). Using
an orthonormal basis Z; of V, this map is determined on the corresponding basis of
/A(V) simply by

Zi N NZjy—Zi ... Zj, (and 1 — 1),

where 1 < ij < ip < --- < iy < n. This map is clearly a linear isomorphism,
and for each p > 0 it gives a right inverse to the canonical projection F,C(V) —
Gr ,C(V) = AP (V). It is often referred to as the Chevalley identification, or, as in
[AM], the quantization map. We will say that the elements of C (V') which are in the
image of /\k(V) under j are of pure degree k. Of course, the obtained grading of
C (V) does not make C (V) into a graded algebra.

2.1.9. Embedding so(V) into C (V). Let us consider the image j(/\z(V)) c C(V)
under the Chevalley map. This space is a Lie subalgebra of C(V), if we consider
C (V) to be a Lie algebra in the usual way, by setting [a, b] = ab —ba,a,b € C(V).
Indeed, if Z; is an orthonormal basis for V, then Z;Z; for i < j form a basis for
j(/\z(V)). Obviously, [Z;Z;, ZxZ;] = 0 if {i, j} and {k, [} are either disjoint or
equal. If {i, j} and {k, [} have exactly one element in common, we can assume (by
skew symmetry) that j = k. Then

[2:Z;,Z;Z2)] = Z,’Z?Z] —Z;2/Z;Z; =—Z;Z1+ Z,Z; = -2Z;7Z,.

On the other hand, /\Z(V) is linearly isomorphic to the Lie algebra so(V), with Z; Z ;
corresponding to the operator with matrix E;; — E j; in basis Z;. A small computation
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of matrix commutators shows that apart from the factor of -2, the rule is the same as
above, i.e., that

1

is an isomorphism of the Lie algebras so(V') and j(/\z(V)).

The copy of so(V) we have just identified in C (V) will be the Lie algebra of the
groups Pin (V) and Spin (V) introduced below. In fact, since we will see that these
groups are double covers of O (V) respectively SO(V), this will give another proof
of j( /\Z(V)) = s0(V). Nevertheless, it is nice to have a direct algebraic proof of
this fact, and also the map we have constructed will play an important role later on.

2.1.10. The group Pin (V). Let us begin by observing that if v € V has length 1,
then it is invertible in C(V); its inverse is —v, another vector of length 1. We can
therefore consider the conjugation

x> vxv = —vXxv, x e C(V).
Restricting our attention to x € V,let x = Av + w where w L v. Then vw = —wv
and thus
—vxv =M —vwv=v—w = —(—Av +w);

i.e., the conjugation by v preserves V. C C(V), and the operation it induces on V
is minus the reflection with respect to vL. To eliminate the minus sign, instead of
conjugation by v one can consider the twisted conjugation:

X K(v)xv_1 = VXV, x e C(V).

This twisted conjugation again preserves V, and the induced transformation on V is
now exactly the reflection with respect to v-. Moreover, if we denote by Pin (V) the
subgroup of the group of units in C(V) generated by all v € V of length 1, then we
get a homomorphism p from Pin (V) into the orthogonal group O(V'), defined by

p(u)x = /c(u)xu_l, xeV,

for u € Pin (V). The point is that p is a group homomorphism because « is an
algebra homomorphism.

It is well known that the group O (V) is generated by hyperplane reflections, and
hence p is onto. Let us identify the kernel of p.

Proposition 2.1.11. The kernel of p consists of the scalars 1 and —1.
Proof. Let u € Pin (V) be such that p () is the identity operator on V, i.e., such that
k(u)x = xu, xeV.

Write u = ug 4+ u; with ug even and u odd. Then x(#) = up — u; and it follows
that
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UQX = XUg; UIX = —xuq, xeV. 2.5)

Setting x = Z; and writing u¢ and u; in terms of the basis (2.4), we see that (2.5)
can be true only if neither ug nor u; contain any terms with Z;. Since this holds for
any i, we see that # must be a constant.

We will be done if we prove that the only constants contained in Pin (V) are 1
and —1. This can be proved by using another piece of structure that we describe in
the following.

2.1.12. The principal antiautomorphism of C (V). We denote by « the unique an-
tiautomorphism of C (V) equal to the identity on V. In terms of the basis (2.4), « is
given by a(1) = 1 and

(X(Zil "'Zik) = Zik "'Zil‘

This implies that « is the scalar (—1)@ on the elements of pure degree k (i.e., on
the image of /\k (V) under the Chevalley map). In particular, it follows that o is the
identity, i.e., that « is an antiinvolution. Note also that « clearly commutes with the
sign automorphism «, as both are scalars on each pure degree element.

It is clear that for v € V of length 1, va(v) = v> = —1. Hence for any u €
Pin (V), ua(u) = 1. More precisely, ua(u) is —1 if u# is odd and 1 if u is even.

In particular, if u is a (real) scalar, then o(u) = u and thus u? = 1, which is only
possible if u = %1. This finishes the proof of Proposition 2.1.11.

2.1.13. Pin group as a Lie group. Since C (V) is a finite-dimensional vector space,
we can consider it as a topological vector space in a canonical way. This topology can
be defined by a suitable norm, for example the one coming from the scalar product
for which the basis (2.4) is orthonormal. It is clear that the multiplication is not only
continuous but also smooth with respect to the usual differentiable structure on the
vector space C(V).

The group of units C(V)* is open in C (V). There are several ways to see this;
for example, one can embed C (V) into the algebra End R (C(V)), by identifying
a € C(V) with the operator on C (V) given by the left multiplication by a. Then
since C (V) is finite-dimensional, u € C(V) isin C(V)* if and only if u is invertible
in End p(C(V)), and the last condition is equivalent to the open condition det u # 0.

So C(V)* is a Lie group in the obvious way. Consider the relative topology on
the subgroup Pin (V). Since p : Pin (V) — O(V) is continuous, onto, and has
finite kernel {1}, and since O (V) is compact, it follows immediately that Pin (V)
is compact. In particular, it is a closed subgroup of C(V)* and hence a Lie group.

We claim that the Lie algebra of Pin (V) is exactly j(/\z(V)) considered in
2.1.9. To see this, let Z; as before denote an orthonormal basis of V', and consider
the curve

@(t) =cost +sintZ; Z; = (costZ; +sintZ;)(—Z;),

for a fixed pair i # j. Since costZ; +sintZ; and —Z; are unit vectors in V, ¢(t) €
Pin (V) for all #. Since ¢(0) = 1, ¢'(0) = Z; Z;, this shows that the Lie algebra of
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Pin (V) contains the span of all Z; Z;, and this is the Lie algebra j(/\z(V)). On the
other hand, the existence of the double covering p : Pin (V) — O(V) shows that
the Lie algebra of Pin (V) is isomorphic to o(V) = so(V), hence their dimensions
are equal, and it follows that the above containment must be equality.

Clearly, Pin (V) cannot be connected since it maps onto the disconnected group
O(V). We will see below that it has exactly two connected components, just like
o).

2.1.14. The group Spin (V). Since the group Pin (V) is generated by odd elements
v € V, it can be decomposed as (Pin (V)N C%(V)) U (Pin (V)N C!(V)). The even
part is a subgroup called the spin group and denoted by Spin (V). It is a subgroup of
index 2, hence it is normal. It is clearly also compact. Its elements are products of an
even number of v € V of length 1. Hence p(u), u € Spin (V) are characterized as
products of an even number of hyperplane reflections. In other words, Spin (V) =
p 1 (SO(V)). Since 1 and —1 are even, the map p : Spin (V) — SO(V) is again a
double covering.

To see that Spin (V) is connected (and hence that Pin (V) has two connected
components), it is enough to connect 1 and —1 by a path within Spin (V). This
path will then give a path between u# and —u for any u € Spin (V). Soif uy,us €
Spin (V), then we first construct a path between p (#1) and p(u»), lift it to Spin (V)
to get a path from u; to either u» or —u», and finally continue it from —u» to us if
necessary.

A path between 1 and —1 can be obtained by taking a path v(¢) fromv € §"~!
V to —v, and multiplying this last path by v.

Finally, one can also show that Spin (V) is simply connected, or equivalently
that SO (V) has fundamental group Z,. We omit the proof of this fact and refer the
reader to [FH], Proposition 23.1.

2.1.15. The case of indefinite form. If B is any symmetric bilinear form on a real
vector space V, we can replace the inner product in the definition of C(V) by B and
thus get a Clifford algebra C(V; B). In particular, if B is a nondegenerate form with
signature (p, q), we will denote the resulting Clifford algebra by C(p, q).

It is quite clear that everything we said in 2.1.1-2.1.8 remains unchanged in the
present situation, except that the examples now look different. For example, for a
negative definite form on R', we do not get C, but rather the algebra R[X]/(X? —
1) = R x R, with quite different algebraic properties. Note that in case B = 0, the
Clifford algebra is equal to the exterior algebra A (V).

It is easy to see that as in 2.1.9 one gets an embedding of the Lie algebra so(p, q)
into the Clifford algebra C(p, ¢). The groups Pin (p, g) and Spin (p, g) are defined
similarly as in 2.1.10 — 2.1.14; Pin (p, q) is the group generated by v € V of
norm %1, and Spin (p, ¢) is the subgroup consisting of even elements. The groups
Pin (p, g) and Spin (p, g) are double coverings of the indefinite orthogonal groups
O(p, q), respectively SO (p, gq). Of course, none of these groups is compact if p and
q are both different from 0.
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2.2 Complex Clifford algebras and spin modules

Let V be a complex vector space with a symmetric bilinear form B. The Clifford
algebra C (V) is defined in complete analogy with the real case:

Definition 2.2.1. The (complex) Clifford algebra C (V) is an associative complex al-
gebra with unity, with a canonical linear map i : V — C(V), such that the following
universal property holds. Let A be any associative complex algebra with unity and
let ¢ : V — A be a linear map such that

p()?=—-Bw,v), veV

in A. Then there is a unique algebra homomorphism $ : C(V) — A extending ¢,
i.e., suchthat¢ oi = ¢.

As in the real case, the above condition can be replaced by the seemingly stronger
condition analogous to (2.2). As always, the universal property determines C (V) up
to isomorphism, and the construction is

C(V)=TV)/I

where T (V) is the (complex) tensor algebra of V and I is the ideal generated by all
v@u+B(v, v),v € V. (Equivalently, / is generated by all vQw+w®@uv+2B(v, w).)

Most of the things we said about the real Clifford algebras in Section 2.1 hold
also for complex Clifford algebras in exactly the same way. That is, C(V) can be fil-
tered by degree, the associated graded algebra is /A (V), and there is an analogue of
the Chevalley map j : /\(V) — C(V). One can construct a basis of C (V') analogous
to (2.4), starting from an orthonormal basis Z; of V with respect to B. The algebra
C(V) is Z,-graded and has a sign automorphism «, as in 2.1.3. It also has a prin-
cipal antiautomorphism « as in 2.1.12. The complex Lie algebra so(V) = so(n, C)
embeds into C (V) in analogy with 2.1.9. One can also construct the complex groups
Pin (V) = Pin (n,C) and Spin (V) = Spin (n, C) and the double coverings
Pin (V) — O(V) and Spin (V) — SO (V) asin2.1.10 —2.1.14: the group Pin (V)
is the subgroup of C(V)* generated by elements v € V with B(v, v) = %1, while
Spin (V) is the subgroup of Pin (V) consisting of even elements. In this case, one
cannot vary the choice of B as in 2.1.14, as there is only one nondegenerate symmet-
ric bilinear form on C" up to isomorphism.

Note that if we start from a real vector space V; with a symmetric bilinear form
B and then complexify Vp and B to a complex vector space V, then the Clifford
algebra C (V) is the complexification of the Clifford algebra C (Vp). (The complex
Pin and Spin groups are also complexifications of their real analogues.)

2.2.2. Spin module for dim V even. Assume that dim V = 2n and that the form
B is nondegenerate on V. Let U and U* be a pair of complementary n-dimensional
isotropic subspaces, dual to each other under B. To see the existence of U and U™,
one can construct them explicitly starting from an orthonormal basis Z1, ..., Z,, of
V with respect to B. Namely, if we set
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Zri1+iZy; Zoi1 —iZyj
uj = 2j—1 2j; uj: 2j—-1 21’ j=1,...,n,
V2 V2
then it is trivial to check that the subspaces U and U* of V spanned by u ;’s respec-
tively ujf’s are isotropic and complementary, and moreover, B(u j, uf) = 6 j;.
One can now define a spin module S = S(V). It is equal to /\(U) as a vector
space, and C (V) acts on it as follows: u € U and u* € U* actonuj A - - Auy €

AW) by
u- (U A---ANug) =uANujp A--- A Ug;

(U A Aug) = Z(—l)iZB(u*,ui)ul A A g,
i

where the hat on u; indicates that u; is omitted. This defines the action of V on S,
and this action extends to all of C(V). To see this, one can simply check that the
relations are satisfied. Let us instead embed S into the algebra C (V) as a left ideal,
in such a way that the above action corresponds to left multiplication.

Denote by u”{op any nonzero element in /\top (U*), viewed as an element of
C (V) via the Chevalley map. Then since u*u’gop =0in C(V) for any u™ € U*, and
since C(U) = A(U) as B is 0 on U, we see that the left ideal of C(V) generated
by u',, can be identified with A (U)u?,, , which is isomorphic to S in the obvious
way. To understand the action of V by left multiplication on this ideal, note that
u € U simply Clifford multiplies or equivalently wedge multiplies on the left, while
u* € U* has to be commuted through A (U) to reach Uop » Where it finally gets
killed. This gives exactly the action defined above on S.

The action we defined looks even simpler when described in a basis: choose a
basis u; of U and let u] be the dual basis of U* with respect to B. The basis u;
induces a basis of § consisting of monomials u;; A --- A u;, with indices iy, ..., i
increasing. Then the action of u; sends a basic monomial u;, A --- A u;, to 0if i
is among the indices iy, ..., ik, and to the monomial u; A u;; A --- A u;, (which is
basic up to sign) if i is not among the indices iy, ..., ix. The action of u} sends the
same basic monomial to O if i is not among the indices i1, ..., ik, and to twice the
contracted monomial u;, A ... l//l.,\/ -+ A uj, with the appropriate sign if i =i;.

Lemma 2.2.3. The C(V)-module S = S(V) constructed above is irreducible.

Proof. This is most easily seen using bases u;, u} and u;; A --- A u;, for U, respec-
tively U*, respectively S as in the last paragraph above.

Let x € S be any nonzero element. Suppose that x is of degree £ > 0 with respect
to the standard grading of S = /\ (U). Write x in terms of the basis and suppose the
coefficient of a basic monomial u;; A--- Auj, is A # 0. Then uj; .. .u;.k]x = (=2)kx,
as the term Au;, A --- A u;, gets contracted to a constant and all other terms of x are
annihilated by ul*k cee u;"l. Hence the submodule generated by x contains a nonzero
constant; this is of course true also if x is of degree 0.

It is clear that the element 1 generates S. Hence also x generates S. Since x was
an arbitrary nonzero element of S, this implies that § is irreducible.
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Similar ideas can be used to prove

Lemma 2.2.4. The algebra C (V) is isomorphic to the algebra End (S) of all endo-
morphisms of the vector space S = S(V).

Proof. For any subset I = {iq, ..., it} of {1,..., n}, denote by u; the basic element
ui, A+ - - Auj, of S. We will denote by the same symbol u; the corresponding element
Ujp ... U, of C(V).

We have to show that for any / and J there is an element of C(V) sending
uy € Stouy € S and all other basic elements #; of S to 0. This will mean that the
homomorphism C (V) — End (S) given by the action is onto, and since both spaces
have the same dimension 22", it then has to be an isomorphism.

To see this, note first that obviously

1

prl=——u,...ujui...u, € C(V) (2.6)

(=2)"
sends 1 = ug to itself, and all other basic elements u; to 0. It follows that uj p; €
C(V)sends 1touy and all u; # 1 to 0. Moreover, for I = {iy, ..., i}, let
* 1 * *k
uy = W”ik"'uil e C(V).

Then clearly u} maps u; € S to 1, and all other u either to O (when I” does not
contain /) or to un; up to sign (when I’ contains 7). Consequently, pju} maps u;
to 1 and all other u ;s to 0. Finally, our element mapping #; to #; and other up to O
is

uyprpiuy =uypiuy € C(V).
(An easy calculation shows that p% = p1.)
Corollary 2.2.5. The algebra C (V) is simple.

Proof. 1t is quite well known that the algebra End W is simple for any vector space
W. We give a proof of this fact for the convenience of the reader.

Let I be a nonzero ideal of End (W), and let x € I be nonzero. Fixing a basis of
W and passing to matrices, we can write

x = Z ojjEij,
ij
where as usual E;; denote the matrices with all entries O except the i j entry which is
1. Using the obvious identity
Ey Ers = iy Exs,

we see that E;;xE;; = a;;E;;. So, picking i and j such that «;; # 0, we conclude
that E;; € I. But then also Ey; = EyE;jjE; € I for any k and [, so [ is all of
End (W).
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It is well known that W is up to isomorphism the only irreducible module for the
algebra End (W). We sketch a proof of this fact for C (V') below, since it fits nicely
into the other calculations of this section.

Proposition 2.2.6. Let C (V) be a complex Clifford algebra, and let S be a spin mod-
ule for C (V). Then S is the only irreducible C (V)-module up to isomorphism.

Proof. Let S’ be any irreducible C(V)-module. We will again make use of the ele-
ment p; € C(V) defined by (2.6). Since p% = p1, it can only have eigenvalues 0
and 1 on §’. Moreover, since C (V) is simple, S’ cannot have a nonzero annihilator
in C(V) and hence p; is not identically 0 on S’.

Let us take some nonzero x € S’ such that pjx = x. Then all «} annihilate x,

since u} p; = :t%uj . (u;“)2 ...ufur...u, =0.Now define ¢ : § — S’ by
d(uy) =ujx, Ic{l,...,n}.
To see that ¢ is a homomorphism, it is enough to check that

d(uuy) = up(uy), duur) =u*¢(ur)

forall u € U,u* € U* and I C {1,...,n}. The first of these two equalities is
obvious, while the other follows from the fact that all #* annihilate x.

Since ¢ is obviously nonzero, it must be an isomorphism by irreducibility of §
and §’. (This is a variant of Schur’s lemma 1.2.10; it follows from the fact that Ker ¢
and Im ¢ are submodules of S respectively S’.)

2.2.7. Spin modules for dim V odd. Now let V be a 2n + 1-dimensional com-
plex vector space with a symmetric bilinear form B. As before, choose an orthonor-
mal basis Zi, ..., Za,1 of V with respect to B. Let us denote by V the span of
Zi,....2m;80V =V&CZy4.

Let S be a spin module for C (V). We want to make S into a C(V)-module, i.e.,
define an action of Z5,1 on S, in such a way that the relations of C (V') are satisfied.
First, since Z%ﬂ 41 = —1, any action of Z,,4+; will have two eigenspaces, corre-
sponding to the eigenvalues i and —i. Furthermore, since Z; Z>,+1 = —Z2,+1Z; for
i =1,...,2n, each of the Z;’s for i < 2n should interchange the two eigenspaces
of Zan+1. An obvious choice for the two eigenspaces of Z,4 1 is thus ST, the even
and odd part of S with respect to the natural grading of S = A (U). This gives us
two choices: Z5,41 can act as i on St andas —i on S~,oras —i on ST and as i on
S™.

It is clear from the above analysis that for each of the two choices we are getting
a C(V)-module structure on S. In either case, the C (V)-module S is irreducible, as it
is already irreducible for C (V). Moreover, the two C(V)-module structures are not
isomorphic: any C(V)-automorphism of S must be a scalar by Schur’s Lemma and
hence cannot intertwine the two actions of Z,4.

Let us now assume that M is any irreducible C (V)-module. The key observation
is that in our present case the center of C(V) does not consist only of scalars, but
also contains the element Z o, = Z1 ... Z2,41. A direct calculation shows that Z (o)
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commutes with each Z;. It now follows from Schur’s Lemma that Z o, must act on
M by a scalar. Since a scalar operator leaves every subspace invariant, and since
obviously
C(V)=(CoCZp)C(V),
it follows that M is irreducible as a C (V)-module. Hence M = S as C(V)-modules.
To determine the possible actions of Z (), , note that

(Zwop)? =21 Zogi1 Z1 .. Zaggr = (=)@ FDF2E2H L — (pyntl,

Soif n is even, Zp acts as i or as —i, and if n is odd, Z,p acts as 1 or as —1. In
any case, we are getting exactly two inequivalent irreducible C (V)-modules, hence
they must be the two we constructed above.

In fact, it is not very difficult to relate the actions of Z,, and Z,41 explicitly;
we leave this as an exercise for the reader.

Denoting the two spin modules we have constructed, one can identify C (V') with
End S; @ End S,. This decomposition can be obtained using the orthogonal central
idempotents %(1 +intlz top )- The details are left to the reader.

2.2.8. Graded spin modules. Since the algebra C (V) is Z,-graded, it also makes
sense to study the Zj-graded modules over C(V). In the case dim V is even, the
spin module S is clearly Z;-graded. One can however change the grading of S by
exchanging the even and odd parts. One shows that the two graded modules obtained
in this way are not isomorphic (as graded modules), and that they are the only irre-
ducible graded C(V)-modules up to isomorphism.

In case dim V = 2n + 1, the spin modules we constructed are not graded, since
the odd element Z»,, 41 preserves the odd and even parts instead of exchanging them.
To obtain a graded module, one can embed V into a (2n + 2)-dimensional space
V=Va® CZ3;42, consider the spin module S (V) for C(V), and restrict it to C(V)
embedded into C(V) = C(V)®C(CZ2,42) as C(V) ® 1. This module is irreducible
in the category of graded C(V))-modules, but as an ungraded module it splits into the
direct sum of S7 and S5, the irreducible ungraded modules for C (V). One shows that
S(V) is the unique irreducible graded C (V)-module.

A good approach to proving the above facts (taken from [LM]) is to consider any
n-dimensional space W embedded into an n+1-dimensional space W = W®CZ,, 1,
and to consider C (W) embedded into C(W) as the even part, CO(W), via the map
defined on generators by Z; — Z,11Z;. Then the functor

M=M &M — M

from the category of graded C ( W)-modules into the category of ungraded C(W) =
C O(VT/)-modules is an equivalence of categories. Namely, M +— MO has an inverse,
the functor N

Mr— C(W)®cw) M,

with the grading of C(W) ®c(w) M coming from the first factor.

Let us also mention that one can define tensor structures on the category of graded
modules over a Clifford algebra C (V). Namely, C (V') has a family of graded coprod-
ucts constructed in [Pan3].
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2.3 Spin representations of Lie groups and algebras

Since the Clifford algebras contain many Lie groups and algebras, as for example
the spin groups and their subgroups, as well as their Lie algebras, we can restrict
the spin modules we have constructed to these groups and algebras. We will only
consider the Lie algebras; since the spin groups are simply connected, there is no
problem in passing to the groups if required.

2.3.1. Spin representation of so(V). Let V be a finite-dimensional complex vector
space with a nondegenerate symmetric bilinear form B. Complexifying the construc-
tion of 2.1.9, we identify the Lie algebra so(V) with the space of degree 2 elements
in the Clifford algebra C(V), that is, with the image of /\2(V) under the Cheval-
ley map. As in 2.2.2 and 2.2.7, we fix a pair U, U* of maximal (n-dimensional)
isotropic subspaces of V, dual under B, with dual bases u; and u?‘ If dim V = 2n,
then V = U & U*, while if dim V = 2n + 1 we pick an element Z complementary
toU @ U*, with B(Z, Z) = 1.
We choose a Cartan subalgebra h for so(V) as the span of the elements

hi =uju; +1, i=1,...,n.

It is obvious that #; commute with each other; moreover ad /; can be simultaneously
diagonalized on so(V'), as we can check by commuting /; with the elements of the
obvious basis of so(V), consisting of elements u;u ;, u;u* and u;“uj‘ As aresult, we
get that the roots of so(V) with respect to b are as follows:

. a;j, i # j, sending h; to —2, h; to 2, and other 4y to 0; the corresponding root
vector is u’u j;

2. Bij, i < j,sending h; and h; to 2, and other /; to O; the corresponding root
vector is u;u j;

3. —Bij, i < j; the corresponding root vector is u,*u’;,

4. in the case V is odd-dimensional, there are also roots y; sending 4; to 2 and other
hi to 0, with the corresponding root vector u; Z, and —y; with the corresponding
root vector u; Z.

We choose the roots «;; with i < j, B;j, and y; in case V is odd-dimensional,
to be positive. Note that o j; = —a; ;. The corresponding simple roots are then «; ;11
fori =1,...,n— 1, and in addition 81, if V is even-dimensional, respectively y;, if
V is odd-dimensional.

It is an easy exercise to check all of the above assertions. Another exercise is
to see how to pass to the more usual interpretation of so(V) as the space of linear
operators on V which are skew-symmetric with respect to B.

Let us now consider the spin module S = A (U) for C (V) as a module for so(V)
by restricting the action. In the case V is odd-dimensional, S carries two different
actions of C(V), however they restrict to isomorphic representations of so(V). It is
easy to check that € : S — S given as id on the even part ST of S, and as — id on
the odd part S~ of S, intertwines the two actions of so(V).

It is obvious that all the standard basic monomials in S,
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uy, I1C{l,...,n} 2.7

are weight vectors for . Here as usual, u; = u;; A--- Aw;, if I = {iy, ..., i} with
l1<ij<---<ip <n,and ug = 1.

In fact, it is obvious from the definition of the C(V')-action on § that &j fixes
uy if k € I, and acts on it as multiplication by —1 if £ ¢ I. So we see that all the
weights of the so(V)-module S have multiplicity one, and they are all possible n-
tuples with entries +1. In particular, all the highest weight vectors must be among
our basic elements (2.7).

It is clear that the basic element u o, = u1 A --- A uy, is a highest weight vector,
as it is annihilated by all the positive root vectors, ufu; fori < j, uju; fori < j,
and also u; Z in case dim V is odd. (Note that in fact this vector is also annihilated
by the negative root vectors ufu; fori > j.) In case dim V is odd, no other basic
monomial can be a highest weight vector, since if the monomial does not contain u;,
it is not annihilated by u#; Z. So S is irreducible in this case. If dim V is even, then
there is another highest weight vector, uy A u3 A --- A u,. Clearly, this last vector
generates S~ , the odd part of S (i.e., the span of elements of odd degree), while u top
generates ST, the even part of S.

We have proved the following proposition.

Proposition 2.3.2. If dim V is even, the restriction of the spin module S for C (V)
to s0(V) decomposes into a direct sum of two irreducible submodules, ST and S™.

If dim V is odd, the two actions of C (V) on the spin module S restrict to the
same irreducible action of so(V).

2.3.3. Quadratic Lie algebras. A quadratic Lie algebra is a Lie algebra g with a
nondegenerate invariant symmetric bilinear form B. A quadratic subalgebra of g is
a Lie subalgebra v C g, such that the restriction of B to v x t is nondegenerate.
We will be interested in cases when g and v are both reductive and complex. If g is
reductive, then it is always quadratic; indeed, if g is semisimple, we can take B to
be the Killing form, and if g is only reductive, B can be extended over the center by
any nondegenerate symmetric bilinear form. Of course, not all reductive subalgebras
will be quadratic subalgebras; for example, CX with X nilpotent is not a quadratic
subalgebra of g, but it is abelian and thus reductive.
If v is a quadratic subalgebra of g, then it is clear that

g=tDs,

where s = v is the orthogonal complement to t with respect to B. Moreover, the
restriction of B to s x s is nondegenerate. Furthermore, the invariance of B immedi-
ately implies that

[t,s] Cs.

The proofs of the above facts are easy and left to the reader.
By the invariance of B, the adjoint action of t on s defines amap ad : t — so0(s).
This map is clearly a Lie algebra homomorphism. Composing it with the embedding
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of the Lie algebra so(s) into the Clifford algebra C(s) from 2.1.9, we get a Lie
algebra map
a:t— C(9).

We note that Kostant denotes this map by v, in his papers.
If we pick an orthonormal basis Z; for s, then the embedding so(s) < C(s) is
explicitly given as

1
Eij — Eji = —EZiZj.

Here E;; is (as usual) the matrix in the basis Z; having all entries equal to 0 except
the ij entry which is equal to 1. Since the matrix entries of ad X, X € t, in the basis
Z; are

(ad X);; = B(ad X(Z)), Z;) = B([X, Z;], Zi) = —B(X, [Zi, Z;)),

we get an explicit formula for « in this basis:

a(X) = %ZB(X, (Zi, Z,)Z:iZ;, Xer. (2.8)
i<j

Since the above sum over i < j is twice the same sum over i # j, and since

> B(X.Z;).Z0Zi =Y _ B(X. Z). Z)Zi = [X. Z,].
i#j i

the map « can also be written as
1
a(X)=—7 ;[X, Z,1Z;. 2.9)

If b; is any basis of 5, and if d; is the dual basis with respect to B, i.e., B(d;, b;) = §;;,
then we can substitute Z; = ), B(d;, Z;)b; = ) _; B(dk, Z;)by into (2.9), and after
a short calculation obtain

1
a(X)=—7 ;[x, djlb;. (2.10)
Finally, substituting [X, d;] = >_; B([X, d,], d;)b; into (2.10) leads to

1 1
a(X) = 1 ZB(X, [di,d;)bibj = 3 ZB(X, [di,d;])(bib; + B(b;, bj))
i,j i<j

@2.11)

The extra constant in the last expression when compared with (2.8) comes from
bibj = —b;b; — 2B(b;, b;); this is not just —b ;b;, unless the basis b; is orthogonal.
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2.3.4. The spin module for C(s) as an v-module. In view of the map @ : vt —
C (s) defined above, any C (s)-module can be viewed as an t-module. To describe the
structure of the spin module(s) for C (s) restricted to t, we need some more notation
related to the decomposition g = t @ s.

Let t be a Cartan subalgebra of ¢ and let ) be a Cartan subalgebra of g containing
t. Since the restrictions of B to h and t are nondegenerate, h = t @ a, where a C s
is orthogonal to t. Let A denote the set of roots of g with respect to b, and let Ay
be the subset of those roots that vanish on t. Let H € t be an element which is
maximally regular, in the sense that it is not annihilated by any roots outside of Ag.
We can choose H so that it is also hyperbolic, i.e., the operator ad H on g has real
eigenvalues. It is now clear that the centralizer of H in g is equal to t @ s, where s°
is the subspace of s spanned by a and all g5, 6 € Ap. The same subalgebra is also the
centralizer of t in g. Moreover, H defines a parabolic subalgebra of g, with a Levi
subalgebra equal to t @ s, and with nilradical equal to the span of those root spaces
gs for which §(H) > 0.

We will call any t-weight of g positive if it is positive on the element H; clearly,
these consist of the restrictions to t of the roots positive on H. In particular, the
nonzero t-weights of v are the roots of v with respect to t, and we have defined a
positive root system A™(, t). The t-weights of s also get divided into positive and
negative ones; denote the positive ones by f;, repeated according to multiplicity.
(Of course, some of B; can also appear in A (r, t), but this does not increase the
multiplicity which is meant only relative to s.) By invariance of B and nondegeneracy
of s, it easily follows that the weight spaces in s with respect to the weights 8; and
—pB; must be nondegenerately paired. In particular, negative weights are exactly the
—pB;, and the — B ;-weight space has the same dimension as the §;-weight space, for
every j.

We choose a basic element u; for every positive root «;, and denote by u the
dual element with respect to B, which lies in the —a;-root space. Similarly, v; will
be B;-weight vectors in s, with dual elements v;‘f. Inside 5°, we choose a pair of dual

maximal isotropic spaces W and W*, with dual bases wy and w,’f, and if dim s is
odd, we also choose a vector Z orthogonal to W & W*, with B(Z, Z) = 1.

We can now choose a basis b; for s, consisting of v}, v;’f, Wy, w,f, and possibly Z.
The dual basis d; then consists of v*, v s w,’g, wy, and possibly Z. Since t commutes
with sg, the formula (2.10) applied to X € t gives

1 1
a(X) = ~1 Z[X, Uj]vjf +[X, U;‘f]vj = ~7 Zﬂj(X)Ujv; — ﬂj(X)vjfvj.
J J

. ks S
Since Vjvi = =5, 2, this implies

1
aX) =5 Y B +1)., Xet (2.12)
j

A spin module S for C (s) can be constructed as the exterior algebra over the isotropic
subspace of s spanned by the vectors v; and wy. In other words, S = A(V)® A (W),
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where V and W are the spaces spanned by the vectors v; respectively wy. The action
of ton A (W) is zero. Also, each of the standard monomials

vy, I C{l,..., dimV}

(where as usual v; = viy A--- A v, if T = {iy,..., i} withiy < --- < i, and
vg = 1) is a weight vector for t, of weight

%Zﬂk_%zﬂk, 2.13)

kel kel

This follows immediately from (2.12). Each of these weight vectors can be combined
with any element of A (W) to get a vector of the same weight. Therefore, each of

the weights has multiplicity at least dim W = [% dim 50]. These multiplicities can

further increase if some of the weights (2.13) are equal. This can happen even in the
equal rank case; for example, if ¢ is a Cartan subalgebra of g = 5[(3, C), then §; are
simply the positive roots, and enumerating them so that 8; 4+ B> = B3, we see that
v1 A vp and v3 are both of weight zero.

If ¢ has the same rank as g, then t is a Cartan subalgebra of g, the space s
disappears, and the «; and B are (all) positive roots of g with respect to t.

Getting back to general ¢, it is clear that the weight

0

1 dim V

3 > B (2.14)

of the vector v is the highest of all t-weights of S, in the sense that it has the largest
possible value on our fixed element H € t. This implies that this is a highest weight
of § for v with respect to our choice «; of positive roots for (t, t) corresponding to
H. In other words, the vector v is annihilated by all a(#;). Moreover, since o
maps t into the even part of C(s), it follows that in case s is even-dimensional, the
decomposition S = ST @ S~ of Proposition 2.3.2 is t-invariant. It follows that the
s50(s)-highest weight vector of S™, v A - -+ A Vgim v 1s also a highest weight vector
for v. The corresponding highest weight is

dim V

11
LEE ; Bi. (2.15)

If we change H in such a way that the positive roots for (¢, t), the «;, stay the
same, but the positive weights of s, the 8;, change, and thus also the space V changes,
we get another highest weight of S for t, given by (2.14) for the new g;. In case s is
even-dimensional, we get in addition a highest weight analogous to (2.15). This will
be made more explicit in 2.3.6 below in case t is symmetric. The results we have
obtained in the general case are summarized in the following proposition.

Proposition 2.3.5. Let ¢ = t @ s as above, and let S be a spin module for C(s)
viewed as an t-module. Then all weights of S are of the form (2.13). Among these
weights, the weight (2.14) is always a highest weight of an v-submodule of S. In case
dim s is odd, the weight (2.15) is another such highest weight.
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2.3.6. The case when t is symmetric. Let us now assume that v is a symmetric subal-
gebra of g, i.e., there is an involution o of g such that v is the fixed point set of 0. We
further assume that o is orthogonal with respect to B. In the examples we are inter-
ested in, B is essentially the Killing form, which is invariant under all automorphisms
of g and hence o is orthogonal. It follows that s is exactly the (—1)-eigenspace of o.
It is then clear that [s, s] C t.

The main example of this situation comes from a real reductive G with Cartan
involution ® such that the fixed points of ® form a maximal compact subgroup K
of G. If g is the complexified Lie algebra of G and 6 is the complexified differential
of ®, then the complexified Lie algebra £ of K is a symmetric subalgebra of g,
corresponding to the involution 6. In fact, every symmetric subalgebra is of this form
for suitably chosen G; we will therefore change notation and denote o by 6, t by £
and s by p in the following.

As in 2.3.4, let t denote a Cartan subalgebra of ¢ and let h = t @ a be a Cartan
subalgebra of g with a C p. Such a Cartan subalgebra is called fundamental, or
maximally compact. We claim that the set A of roots of g with respect to fj vanishing
on t is empty. Indeed, if a root § vanishes on ¢, then 86 = —§; here we view 6 as
operating on h* by duality:

OM(X) =r0X), Areh*, Xebh.

Therefore, if we choose a nonzero element xs spanning the root space gs, then 6x;
spans g—s. Then xs + 0xs is in €, and it commutes with t since both § and —§ vanish
on t. On the other hand, x5 + 6x; is linearly independent from b, hence cannot be in
t, and this is a contradiction with the fact that t is a maximal abelian subalgebra of €.

This means that our hyperbolic element H of t is now g-regular, its centralizer
is b, and it defines a system of positive roots A™: a root § is positive if and only if
8(H) > 0. This positive root system is 9-stable, i.e., a root § is positive if and only if
04 is positive. This is immediate from the fact that 9 H = H (note also that for any
root 8, 88 is a root). The Borel subalgebra corresponding to A" (spanned by b and
the positive root spaces) is thus also 6-stable.

We choose the t-weights «; and B8; as in 2.3.4. Clearly, «; form a positive root
system for £ with respect to t.

A root § is called imaginary if 8 ‘ . = 0, orequivalently, 65 = §. For other choices
of f-stable Cartan subalgebras, one also has the notion of real roots, the ones that
vanish on t, or equivalently such that 66 = —4. In our present situation however, real
roots cannot exist, as shown above. Finally, if € has smaller rank than g, there are also
the complex roots, which restrict nontrivially to both t and a, or equivalently, satisfy
05 # £4. Note that § and 66 always have the same restriction to t.

An imaginary root § is called compact if g5 C ¢ and noncompact if g5 C p. We
can now conclude the following about our weights o; and §;:

1. o; consist of
e compact imaginary roots;
e the restriction 8| ¢ = 048], for every pair 8, 63 of positive complex roots;
namely, if we choose x5 € gs, then Oxs € 0gs = gos, and x5 + Oxs € tis of
weight 8|, = 65],.
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2. B; consist of
e noncompact imaginary roots;
e the restriction 8| ¢ = 98|t for every pair 8, 88 of positive complex roots;
namely, with notation as above, xs — 6xs € p is of weight 8| (= 06 } ¢

Note that «; are of multiplicity one, since they are exactly the roots of € with
respect to t. It follows then that 8; are also of multiplicity one. All this can be found
with more details and in greater generality in [KV], Section IV.4.

For every choice of a 8-stable positive root system as above containing a fixed
positive root system «; for (£, t), we get a highest weight vector v, for the £-action
on the spin module S(p), of weight (2.14). In our present situation, the weight (2.14)
is equal to pg— pg, where as usual pg and pg denote the half sums of positive roots for
(g, b), respectively (£, t). This follows easily from the above relations of «; and §; to
the roots of g and £. Moreover, each of these highest weights clearly has multiplicity
exactly [% dim a].

If b = hPn is a f-stable Borel subalgebra corresponding to our choice of positive
roots, then the t-weight pg — pg is often denoted by o (n N p), or by p,. In case g and
¢ have equal rank, this is the half sum of noncompact positive roots.

We want to show that in this way we have obtained all the highest weights of
the #-module S(p). The point of the approach we take (from [W], 9.2.7 and 9.3)
is that we can calculate the action of the Casimir element Q¢ of the center Z(¥)
of the universal enveloping algebra U (¥), and see that it acts on S(p) by the scalar
[log] |> — || pgl|?. This is done in Proposition 2.3.7 below. Once we prove this, we can
finish the argument as follows. Let A be any £-highest weight of S. Then ¢ acts on
the corresponding highest weight vector by the scalar ||A + pg| 12— Pl |2 (see 1.4.6).
It follows that

1A+ pell = llpgll-

On the other hand, we know from (2.13) that X, being a weight of S, must be equal
to pg — pg minus a sum of some of the B;’s. Since all B; are restrictions to t of
positive roots for (g, ), we obtain a sum y of distinct positive roots such that || og —
wll = llpgll. Since pg — w is a weight of the irreducible finite-dimensional g-module
with highest weight pg, this shows that it must be an extremal weight, and thus it
is a highest weight for another choice of positive roots for (g, ). Hence pg — u is
pé, the half sum of the positive roots for this other positive root system. Moreover,
[log— Il = lpgll, hence  is in t* and it follows that this new positive root system is
0-stable and compatible with our fixed positive root system for (¥, t). In other words,
A is one of the highest weights we already described above.

The following proposition will imply that the Casimir element 2 really acts on
S(p) by the scalar ||,og||2 — ||pel|>. We will use this result again in Section 3.1 to
calculate the square of the Dirac operator.

Proposition 2.3.7. Let g = t @ p be a Cartan decomposition and let o : U () —
C (p) be the map defined in 2.3.3. Then the image of the Casimir element Q¢ under o
is the scalar || pg|)* — || pel|*.
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Proof. Let Wi be an orthonormal basis of € with respect to —B, and let Z; be an
orthonormal basis of p with respect to B. Then Q¢ = — ), sz and o () =
— 3", a(W)?. It follows from (2.8) that

1
Ol(X):Z E B(X, [Z,',Zj])ZiZj, X et
i,J

Thus

1
deWoP = 3 B |Zi. Z))BWe. |2y, ZNZi 2,2, Zs.
k ki, j,r,s
Since Y" B(Wi. [Zi, Z;1) B(Wi. [Zr, Z)) = —B((Zi. Z;1.1Z. Z]), this can be
rewritten as
daWr= Y RijZiZiZ, Zs,
k

i,j,r,s
where R;jrs denotes the scalar —11—63([2,-, Z;l,1Z;, Zs)).

The scalars R;j,¢ are easily seen to satisfy the conditions of Lemma 2.3.8 below;
condition (2.18) follows from invariance of B and the Jacobi identity. It follows that

1
D a(W)? =2 Riji = g > B(1Zi. Zj1.1Zi. Z;)).
k i,j i,j

In particular, o (€2g) is a constant. Rather than calculating directly what this constant
is, we can note that it follows that Qg acts by a constant on the spin module S(p). On
the other hand, we know from 2.3.6 that one of the highest weights of S(p) for £ is
pg — pg (relative to the choice of positive roots made in 2.3.6). Therefore the action
of Q¢ on the corresponding highest weight space is ||(og — p¢) + oell> — llpel? =

[log] 1> — || pe||? (see 1.4.6). Since we already know that Q¢ acts on S(p) by the scalar
a(S2¢), this proves the proposition.
Lemma 2.3.8. Suppose that R;js, i, j,r,s € {1,..., dim p} are complex constants
satisfying
Rijrs = Rrsij; (2.16)
Rijrs = _Rjirs; (2.17)
Rijrs + Rrijs + Rjris = 0. (2.18)
Then

Z RijrsZiZ;Z, Zs =2 (Z R,»j,-,-> 1.
i.j

I, ],rss
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Proof. Let S denote the left-hand side of the asserted equality and let R denote the
sum on the right-hand side; so we are to prove that S = 2R- 1. The idea is to rewrite S
with indices j and r interchanged, and then use the relation Z; Z, + Z, Z; = —2§ ;.
However, this does not immediately work, as R;.j; # R;jrs. Rather, by (2.18) and
(2.17), Rirjs = Rijrs + Rjris. So we get

2S =Y RijrsZiZjZ:Zs + Rirjs Zi Z, Z Zs

i,j,r,s
= Y RijrsZi(ZjZr + 2, Z)Zs + Rjris Zi 2, 2, Z
i,j,r,s
= —22 RijjsZiZs + S/,
i,j,8
where S’ denotes the sum Zi’j,m RjrisZiZ,Z;Zs. By (2.16) and (2.17), R;jjs =
stji’ hence
2 Z RijjsZiZs = Z Rijjs(ZiZs + Z5Z;) = =2 Z Rijji = —2R.
ij.s ij.s i

Thus we have obtained
2S =2R+S'. (2.19)

Now we apply a very similar reasoning to §” as we did to S; this time we interchange
indices i and r. As before, R ;s = Rjirs + Rirjs, and hence

28'= Y RjrisZiZe ZiZs + Rjirs Z2: Zi 2 Zs

i,j,r,s

D Rjirs(ZiZy + 2, Z)Zj Zs + Rirjs Zi 2, 2, Z
i,j,r,s

:_ZZRjiistZs+S=2R+S-

i,j.s

Together with (2.19), this gives S = 2R, as asserted.

2.3.9. Unitary structure on the spin module. Let Vj be a real vector space with
inner product (, ) and let V be the complexification of V. We denote the conjugation
of V with respect to Vj by a bar, the unique extension of (, ) to a bilinear form on V
by B, and the unique Hermitian inner product on V extending (, ) again by (, ). Thus
clearly

(v, w) = B(v, w), v,weV.

We choose complementary maximal isotropic subspaces U and U* of V as in 2.2.2,
starting from an orthonormal basis Z; of V. Thus U* = U. Furthermore, V = U®U
if dim V iseven, and if dimV =2n + lisodd,then V =U & U ® CZyp+1.

The restriction of (, ) to U is a Hermitian inner product on U. We multiply this
inner product by 2 and then extend it to the spin module S = A(U) by using the
determinant. In other words, /\i(U ) is orthogonal to /\j (U) ifi # j, while



54 2 Clifford Algebras and Spinors
(Ui A Aug uy A Aug) = det (2(ul-,u’j)), (2.20)

foruy,...,ug, u), ..., u), € U.Finally, we define (1, 1) = 1. It is easy to check that
this defines a Hermitian inner product (, ) on S. The point of introducing the factor
two is to avoid this factor appearing elsewhere. If u1, ..., u, denotes the basis of U
from 2.2.2, then the monomials u;; A --- A u;, together with 1 form an orthogonal
basis of S, with the squared norm of u;; A --- A u;, being 2. Namely, note that
(ui, ui) = B(ui, u;) = B(u;, uj) = 1.

Let us find the adjoint of # € U with respect to (, ), where u is understood as
an element of C(V) acting on S. Let us assume u = uy is a basis element. Denoting
the adjoint of uy by u : 4 , we first note that since uy is of degree 1, u ,f 4 must be of
degree —1 with respect to the grading of S. Furthermore, we have

adj
(U ANsiy N s ANl Uy AN Al ) = Uy A A, 1y, J(ujl Ao Al ).

The left-hand side of this equality is clearly zero unless {k, i;, ..., i} = {ji,...,
Jjr+1}, in which case it is £2"*!. Comparing with the action of the dual basis element
ui from 2.2.2, we see that
adj * -
up = —up = —lj.
It now follows that (u}) adj — (—u,fdJ yadi = —yy = —u_z, so that v = —¢ for
every v € U @ U*. If V is odd-dimensional, then it is trivial to check that this is also
true for Zo,41, SO we get:

Proposition 2.3.10. Let S be a spin module for C (V') with the above inner product.
Then the adjoint of any v € V acting on S is v adj — 9. In particular, all elements
of the real form Vo of V act on S by skew-symmetric operators.

One can also start from a complex V with a Hermitian inner product (, ). Then a
real form Vy can be obtained as the real span of an orthonormal basis. Similarly, if
we are given a nondegenerate bilinear form B on V, we can again obtain a real form
Wo as the real span of an orthonormal basis with respect to B. Of course, such Vj is
highly nonunique in each of the two cases.

Let us now consider the following situation. Let go be a real reductive Lie algebra
with complexification g, and let 6 denote a Cartan involution on gop and g. As usual,
the corresponding Cartan decompositions are denoted by go = to@Dpo and g = EDp.

Let g = t @ s be a decomposition as in 2.3.3. Let g. = €9 @ ipo be the compact
real form of g corresponding to the conjugation

X 60X, X eg,

where the bar denotes conjugation with respect to go. Since B is negative definite on
@c, we can start with the inner product —B on g, and extend it to a Hermitian inner
product

(X,Y) = —B(X, 0Y)

on g. We restrict this inner product to s and consider the corresponding inner product
on the spin module S for C(s) as in 2.3.9. The conclusion of Proposition 2.3.10 then
becomes
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Corollary 2.3.11. With notation as above, the adjoint of any X € s on the spin
module S for C(s) is X 4 = —0X.



3

Dirac Operators in the Algebraic Setting

Dirac operators were introduced into representation theory by Parthasarathy [Par] as
a tool to construct the discrete series representations. The final results, which applied
to all discrete series, were obtained by Atiyah and Schmid in [AS]. In this chapter
we study an algebraic version of Parthasarathy’s Dirac operator, due to Vogan. In
particular, we explain the notion of Dirac cohomology of Harish-Chandra modules,
and Vogan’s conjecture which predicts the infinitesimal character of modules with
nonzero Dirac cohomology [V3]. We present a proof of this conjecture following
[HP1].

3.1 Dirac operators

Dirac defined his operator in [D] as a square root of the D’Alembert wave opera-
tor, which is an analogue of the Laplace operator on the Minkowski space R>!. The
main point for his and all subsequent applications was the fact that taking the square
root gives more eigenvalues. In other words, if D? = A, then the eigenspace de-
composition for D is finer than the eigenspace decomposition for A, as two opposite
eigenvalues for D square to the same eigenvalue for A. We first illustrate the defini-
tion of Dirac operators on R” and then move on to the Lie algebra setting we actually
need.

3.1.1. Dirac operator on R". Let us consider the differential operator

32
1

i

on R". If we try to find a square root of this operator of the form
d
D= i —,

then D? = A leads to equations
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el-2=—1 and eiej—i-ejei:O
for the coefficients ¢;. If we insist on having only real or complex coefficients, then
this is of course impossible. If we however allow e; to be in the Clifford algebra
C(R™), then we can take ¢; simply to be the vectors of the standard basis of R” C
C(R™).

Note that we can also view d_ as corresponding to e; under the obvious identi-
fication of left invariant vector fields on R” with R” itself. Thus we can define the
Dirac operator as an element

DZZé,’@é‘,’
i

of the algebra D(R") ® C (R") of differential operators on R” with coefficients in
the Clifford algebra C (R"). Such operators operate on functions from R” into some
module for C (R")—for example a spin module S, or the Clifford algebra itself.

It is quite obvious that all this can be extended with only minor changes to the
setting of an indefinite form B. Assuming B is diagonal in the standard basis, the
natural operator A would then be

82
- Z,: B(e;, ei)ﬁg

i

the Clifford algebra would also be defined with respect B, and D would still be given
as Zi e Qe;.

We are now getting back to the setting of a connected real reductive Lie group
G with a maximal compact subgroup K and a corresponding Cartan decomposi-
tion go = ¥ @ po. Here as usual g, respectively €y, denote the Lie algebras of G
respectively K, and the complexifications are denoted by omitting the subscript O;
thus g = € @ p. As before, B will denote a nondegenerate invariant symmetric bi-
linear form on g, which is negative definite on ¥y and positive definite on po; if g is
semisimple, one can take B to be the Killing form (or the trace form) of 1.2.6, and if
g is reductive, one can easily extend this form to all of g.

We consider the algebra U (g) ® C(p), where U(g) is the universal enveloping
algebra of g (see 1.4.1) and C (p) is the (complex) Clifford algebra of p with respect
to B (see Definition 2.2.1).

Definition 3.1.2. The Dirac operator D is an element of the algebra U(g) & C (p)
defined as

D=3 7;®7,
i

where Z; is an orthonormal basis of p with respect to B.
This operator was introduced and studied by Parthasarathy [Par] in the geometric
setting of the symmetric space G /K. The algebraic version is due to Vogan [V3].
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Lemma 3.1.3. The operator D does not depend on the choice of an orthonormal
basis Z; of p. Furthermore, it is K -invariant for the action of K on U(g) ® C(p)
given as the tensor product of adjoint actions on the factors.

Proof. Let T be an orthogonal operator on p with matrix (7;;) in the basis Z;. Then

Y TZi®@TZi=) TiZj®TuiZi= Y (Y TiTk)Z; ® Z.
i i,j,k Jkoi

Since T is orthogonal, Zi Tji Txi = d jk, and the above sum is equal to D.

This immediately implies both claims of the lemma, since any orthonormal basis
of p can be obtained from Z; via an orthogonal transformation, and since operators
Ad (k), k € K are orthogonal on p.

The main reason why the Dirac operator D is useful is the fact that its square is
nice and simple. In order to formulate the result, we need some more notation.

3.1.4. Diagonal embedding of ¢ into U (g) ® C(p). Recall from 2.3.3 that there is a
homomorphism of Lie algebras

a:t— C(p),

given by the formula
1
a(X) =5 ;B(X’ (Zi. Z,)ZiZj, Xet. 3.1)

Here Z; is an orthonormal basis of p with respect to B.
Using a we can embed the Lie algebra £ diagonally into U (g) ® C (p), by

Xr— XA=XQ1+1Qa(X).
This embedding extends to U (£); moreover it is still one-to-one on the level of U (¥):
Lemma 3.1.5. The map o : U(¥) — U(g) @ C(p) defined above is one-to-one.

Proof. We define a filtration of the algebra U(g) ® C(p) as the usual filtration by
degree of U (g) from 1.4.3, tensored with the trivial filtration of C(p), i.e.,

Fp(U(g) ® C(p) = (FpU(g) ® C(p).

This filtration will play a major role in Section 3.3. If we equip U (£) with an anal-
ogous filtration by degree, we see that « is compatible with filtrations; in fact, if
u € U(¥) is a PBW monomial relative to some ordered basis of €, then «(u) is equal
to u® 1 up to terms of lower filtration degree. This immediately implies the statement
of the lemma.
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We denote the image of £ by £, and then the image of U () is the enveloping
algebra U (£a) of €. In particular, the image of the center Z(€) of U (¥) is the center
Z(EA) of U(EA)

We denote by 2 and Q¢ the Casimir elements for g, respectively €. The image
of Q¢ under A is denoted by ¢, ; this is the Casimir element for £4.

We denote by ) = t @ a the fundamental Cartan subalgebra of g, i.e., t is a
Cartan subalgebra of €, while a C p (see 2.3.4 and 2.3.6). As usual, we denote by
pg the half sum of positive roots for (g, h). Of course, pg depends on the choice of
a positive root system, but its norm || pg|| (with respect to the usual inner product on
h*, induced by the Killing form) does not. Analogously, p¢ denotes the half sum of
positive roots for (£, t), and || pg|| is independent of the choice of positive roots.

The following formula for D? was first obtained in [Par], Section 3. We adopt
the approach of [W], 9.2.7 and 9.3.

Proposition 3.1.6. The square of the Dirac operator D is given by
D*=-Qg®1+Q, +C1®1,
where C is the constant || pg||* — ||,og||2.

Proof. Let Z; be an orthonormal basis of p with respect to B and let Wj be on
orthonormal basis of € with respect to —B. Then using the relations Z; Z; = —Z; Z;,
i # j,and Z} = —1is C(p), we see
D? = (ZZ,' ®Zi)(ZZj ®Zj) = ZZiZj ®ZiZ;
i j i.j

:ZZ?®Z,~2+Z(Z,'ZJ'—Z]'ZZ')®Z,'Z]-
i

i<j
= _Zz,?(g) 1 +Z[Z,-,zj]®z,~zj.
i i<j
On the other hand,
Qel=—) WRl+) Z/®]l,
k i
and

Qo =—Y Wi ®1+1®a(Wi)?
k

—Y WER1-2) Wi®a(Wi) — Y 1 ®a(W).
k k k

So we see it suffices to prove

Y21 ZA® ZiZj =2 Wi ® a(Wp) (3.2)
k

i<j
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and

> a(Wi)* = llpel* — [l oglI*. (33)
k

The equation (3.3) was proved in Proposition 2.3.7. To prove (3.2), we use (3.1) to
write

—2ZWk ®a(Wy) = _ZZB(W"’ [Zi, ZiDWr ® Zi Z
3

k i<j
=12, Z]1® ZiZ};
i<j
namely, as [Z;, Z;] € ¢, [Z;,Z;] = — Zk B(Wy, [Z;, Z;])Wi. This finishes the

proof of the proposition.

3.2 Dirac cohomology and Vogan’s conjecture

As in the previous section, G is a connected real reductive group with a maximal
compact subgroup K, go = ¥y @ po is the corresponding Cartan decomposition of
the Lie algebra of G, and g = € @ p is the complexified Cartan decomposition.

Let X be a (g, K)-module. We would like to get an action of the Dirac operator
D, but in order for the algebra U (g) ® C(p) to act, we need to replace X by X ® S,
where S is the spin module for C (p). It is clear that U(g) ® C(p) acts on X ® S; the
definition of the action is

@ ®a)(x®s) =ux Qas,

foru e U(g),a € C(p),x € X and s € S. The group K however does not act on S.
We do have a map K — SO (po) defined by the adjoint action; however it is not the
group SO (pg) that acts on S, but rather its double cover, the group Spin (o). What
we need is a corresponding double cover of K :

3.2.1. The spin double cover of K. We define the spin double cover K of K by the
following pullback diagram:

K —— Spin (o)

l l

K —2. s0@).

In other words, K is the subgroup of K x Spin (pg) consisting of all pairs (k, s) such
that Ad (k) = p(s), where Ad : K — SO(po) is defined by the adjoint action, and
p : Spin (pg) — SO(po) is the double covering map of 2.1.14. The arrows from K
are the restrictions of the projections from K x Spin (o) onto each the factors.

It is a standard fact that in this situation K — K is a double covering; it may be
split or not; for example, if K is simply connected, then the covering must be split.
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It is now clear that we can make K act on X ® S: the action on X is through K
while the action on S is through Spin (pg).

Moreover, we can define an action of K on U (g) ® C (p) using the adjoint action
of K. The differential of this action is the adjoint action of the Lie algebra £y of K
on both factors U (g) and C (p). This last action can be viewed as the action of the
diagonal copy £ya of €y by commutators in the algebra U(g) ® C (p). Thus we can
define the notion of a (U(g) ® C(p), K) module: it is a module for U(g) ® C(p)
and for K, such that the differential of the K -action coincides with the action of the
diagonal algebra €y, and such that the action of U (g) ® C (p) is K- -equivariant. Then
we have the following simple fact:

Lemma 3.2.2. If X is a (g, K) module and if S is a spin module for C (p), then X ® S
isa (U(g) ® C(p), K)-module.

Proof. The differentiated version of the pullback diagram defining K is

b —— soa(po)

idl lid
to —< s0(po).

It follows that the spin action of €y on S is given exactly by the map « : & — C(p)
from 3.1.4. This implies that the differential of the K -action coincides with the action
of the diagonal algebra £y, and it is obvious that the action of U(g) ® C(p) is K-
equivariant.

In panjcular, the Dirac operator D acts on X ® S, and D commutes with the
action of K by Lemma 3.1.3.

Definition 3.2.3. The Dirac cohomology of a (g, K)-module X is the K-module
Hp(X) = Ker (D)/ Im (D) N Ker (D),
where D is considered as an operator on X @ S.

Another way to define Dirac cohomology is as follows. Consider the K -submodule
Ker (D?) of X®S. On this space, D defines a differential, and the Dirac cohomology
of X is the cohomology of this differential. By Proposition 3.1.6, if X has infinites-
imal character, then the subspace Ker (D?) of X ® S consists of the K-isotypic
components with value of the Casimir element Q¢, equal to a fixed constant. Since
the Casimir element for ¢ has value ||« + pgl]*> — || pgl|* on the K -type with highest
weight /1, and since the possible 1 form a lattice in t*, it follows that Ker (D?) is
finite-dimensional for any admissible X with infinitesimal character. In particular, if
X is irreducible, then the Dirac cohomology of X is finite-dimensional.

Remark 3.2.4. Assume that X is a unitary (g, K)-module, and let (, ) x be the corre-
sponding inner product. On the other hand, there is an inner product (, )5 on S, such
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that all Z € po are skew Hermitian with respect to (, )s. To construct (, )g, recall
the setting of 2.2.2: U and U* are maximal isotropic subspaces of V' = p, u; and u]
are dual bases of U respectively U*, and we can assume that u; and ;" are obtained
from an orthonormal basis Z; of pg as in 2.2.2. Now (, ) g is the inner product such
that the elements

1 .
Uiy A Ay, 1<ij<---<ifg<dimU

2k
form an orthonormal basis of S. Equivalently, we define (u;, u;) = 26;; and then
extend this inner product to all of S = A\ (U) in the usual way, using the determinant.
By an easy calculation, the adjoint of the operator u; on S (i.e., the left multi-
plication by u;) is the operator —u. It thus follows that the Z; are skew-Hermitian,
since they can be expressed from the u ; and u’]‘ as

In case p is odd-dimensional, the extra basis element Z has eigenvalues i, hence it
is also skew-Hermitian.

Let us denote by (, ) the tensor product of the two inner products (, )x and (, )s.
Then (, ) is an inner product on X ® S, and

Zyj—1 =

(x®s,x' ®s") = (x,x)x(s,5)s

for all x,x’ € X and s, s’ € S. Since our orthonormal basis Z; of p can be chosen
to be in py, it follows that each Z; is skew Hermitian with respect to (, ) x and with
respect to (, )s, so every Z; ® Z; is Hermitian with respect to (, ). Hence D is
Hermitian (i.e., self-adjoint) with respect to (, ).

Similarly, if X is finite-dimensional, we can consider the admissible inner prod-
uct (, )x on X; with respect to this inner product, all elements from €y are skew-
Hermitian, while all elements of py are Hermitian. (This is the inner product giving
unitarity of X with respect to the compact form €y @ ipg of g.) It follows that D is
skew-Hermitian in this case.

In both these cases, Ker (D) and Im (D) intersect trivially, and the Dirac coho-
mology of X is simply Ker (D) = Ker (D?).

To formulate Vogan’s conjecture from [V3], note thatif h = t®a is a fundamental
Cartan subalgebra of g, then we can view t* as a subspace of h*: if u is a functional
on t, we extend it to b by setting | o« = 0. Moreover, we fix a choice of positive roots
for (&, t).

Theorem 3.2.5. (Vogan’s conjecture) Let X be an irreducible (g, K)-module. As-
sume that the Dirac cohomology of X contains a K-type E, of highest weight
w € t* C b*. Then the infinitesimal character of X is A = i + pg.
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Note that the infinitesimal character of E,, is exactly i + pg, so the theorem
says that the €-infinitesimal character of Hp(X) is the same as the g-infinitesimal
character of X under the identification t* C h* explained above.

For unitary modules X, the Dirac cohomology is just the kernel of D on X ® S,
so it follows

Corollary 3.2.6. (Vogan’s conjecture) Ler X be an irreducible unitary (g, K)-
module. Assume that the kernel of the Dirac operator D on X ® S contains a K-
type E,, of highest weight w € t* C b*. Then the infinitesimal character of X is
A =+ pe.

Vogan has shown in [V3] how Theorem 3.2.5 follows from the following two
results that he conjectured. The first result is about the structure of the algebra U (g) ®
Cp).

Theorem 3.2.7. (Vogan’s conjecture) For any z € Z(g), there is a unique {(z) €
Z(¥p) and there are some a, b € U(g) ® C(p) such that

z2®1=1¢(z)+ Da+bD.
The second result complements Theorem 3.2.7 by describing ¢ (z) explicitly.

Theorem 3.2.8. (Vogan’s conjecture)The map ¢ : Z(g) — Z(EA) = Z(®) is a
homomorphism of algebras, and it fits into the following commutative diagram:

Z(g) ——  Z®

| l

() LA VPN

Here the vertical arrows are the Harish-Chandra isomorphisms, and the map Res
corresponds to the restriction of polynomials on b* to t* under the identifications
SOV = PO"HY and Sk = PV, As before, we view t* as a subspace of
b* by extending functionals from t to b, letting them act by 0 on a. Finally, W and
Wk are the Weyl groups of (g, ), respectively (€, t).

Proof that Theorem 3.2.7 and Theorem 3.2.8 imply Theorem 3.2.5. Let x € (X ®
S)(y) be nonzero, in Ker (D), but not in Im (D), where y is some IZ—type. Then
z ® 1 acts on x by the scalar A(z), where A is the infinitesimal character of X. On
the other hand, since x is of I%-type ¥, £(2) acts on x by the scalar (y + pp)(£(2))
(that is, by the ®-infinitesimal character of y applied to ¢ (z)).

Since by Theorem 3.2.7, (z®1—¢(z))x = Dax+bDx = Dax,and x ¢ Im (D),
it follows that (z®1—¢(z))x = 0. Hence A(z) = (Y +0¢)(¢(2)). In view of Theorem
3.2.8, this means precisely that A is the extension of y + pg to b, given as O on a.

It therefore remains to prove Theorem 3.2.7 and Theorem 3.2.8. This will be the
focus of the next two sections.



3.3 A differential on (U(g) ® C(p))X 65

3.3 A differential on (U (g) ® C(p))X

Since the algebra C(p) has a Z,-grading (see 2.1.3), the same is true for the alge-
bra U(g) ® C(p), if we proclaim elements of U (g) to be all even. In other words,
U(g) ® C(p) is an associative superalgebra. The grading is obviously preserved
by the adjoint action of K. For each homogeneous (i.e., even or odd) element
a € U(g) ® C(p), we will denote by ¢, its sign with respect to the Z,-grading.
In other words, ¢, = 1 if a is even and €, = —1 if a is odd.

We denote by d the operator from U (g) ® C (p) to itself given by supercommuting
with the Dirac operator D:

d(a) = Da — €,aD, a € U(g) ® C(p) homogeneous.
Since D is of degree 1, we see that for any homogeneous a € U(g) ® C(p),
d*(a) = d(Da — €,aD)
= D% — ép,DaD — & (DaD — é,paD?)
= D?a —aD>.
So d?a = 0 if a is in the centralizer of D? in U(g) ® C(p).

Lemma 3.3.1. The operator d on U(g) @ C(p) is K-equivariant and defines a dif-
ferential on the algebra (U(g) @ C(p))X. Moreover, d is odd, i.e., if a is even, d(a)
is odd, and if a is odd, d(a) is even.

Proof. Since D is K-invariant by Lemma 3.1.3, it follows that
d(Ad (k)a) = D Ad (k)a — € ad (v)a Ad (k)aD
= Ad (k)(Da — €,aD) = Ad (k)d(a)

for any homogeneous a € U(g) ® C(p), so d is K-equivariant.

By Proposition 3.1.6, D*> = —Qy ® 1 + ¢, + C1 ® 1, where C is a constant.
Clearly, —Qy ® 1 + C1 ® 1 is central in U(g) ® C(p). So commuting with D? is
equivalent to commuting with g, . Since all elements in (U (g) ® C (p))K commute
with the Lie algebra £5 of K, they commute with D? and so d> = 0 on (U(g) ®
C(p))X. The last statement is obvious since D is clearly odd.

The main result of [HP1] is the following theorem.

Theorem 3.3.2. Let d be the differential on (U(g) ® C(p))X defined by supercom-
muting with the Dirac operator D as above. Then

Kerd = Z(tA) ® Imd.

In particular, the cohomology of d is isomorphic to Z (€p).
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The proof of Theorem 3.3.2 will occupy the rest of this section. Before pro-
ceeding, let us show that the main claim of Vogan’s conjecture, Theorem 3.2.7, now
follows.

3.3.3. Proof that Theorem 3.3.2 implies Theorem 3.2.7. Since Z(g)®1 is central in
U@@ecC (p))K , in particular it commutes with the Dirac operator D. Also, Z(g)® 1
is even with respect to the Z;-grading, and so it is in the kernel of d. So for every
z € Z(g), Theorem 3.3.2 implies that we can write

z®1=2¢(z2) +d(a),

for some odd a € (U(g) ® C(p))K. Since d(a) = Da + aD, we conclude that the
statement of Theorem 3.2.7 holds with b = a.

We assumed here that the elements of Z(g) are all K -invariant. This is certainly
true if K is connected, but it is also true under milder assumptions, for example if
the group G is in the Harish-Chandra class.

The main idea for the proof of Theorem 3.3.2 is a standard one: we introduce
a filtration of the algebra (U(g) ® C (p))K , consider the associated graded algebra,
prove an analogue of the theorem in the graded setting, and then come back to the
filtered setting by an induction on degree. (We will be lucky in that we will not need
a spectral sequence to come back.)

We consider the filtration of U(g) ® C(p), which we already used in the proof
of Lemma 3.1.5: the standard filtration of U (g) by degree, tensored with the triv-
ial filtration of C(p). The associated graded algebra associated to this filtration is
S(g) ® C(p). Moreover, the filtration is K -invariant, so it also defines a filtration of
(U(g) ® C(p)X, by

Fp((U(g) ® Cp)™) = (F,(U () ® C(p)¥,

with associated graded algebra (S(g) ® C(p))X. It is also clear that this filtration is
compatible with the Z,-grading.

Since obviously the Dirac operator D is in Fi (U (g) ® C(p))X, the differential d
raises the filtration degree by 1. We denote the corresponding graded differential by
d. Then d maps each Gr ,(U(g) ® C(p)X = (57(9) ® C(p))X into Gr 11 (U(9) ®
C(p))X, and it is given on Gr ,(U(g) ® C(p))X by

d(a) = Da — ezaD, (3.4)

where we denote by a the image of a € F,(U(g) ® C(p))K in Gr ,(U(g) ® C(p))K
and by D the image of D in Gr (U (g) ® C(p))X.

Note that d is actually defined on all of U (g) ® C (p), although it is not a differen-
tial there, and it still raises the filtration degree by one. Then d: Gr U (@RC(Hp) —
Gr, 11 (U@ ® C(p))K is also defined by (3.4).

Lemma 3.3.4. Upon decomposing S(g) as S(¥) @ S(p), and identifying C(p) with
A\ (p) via the Chevalley map of 2.1.8, the operator d : S(g) ® C(p) — S(g) ® C(p)
is equal to
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(=2)id ®dp : SO ® (S(p) ® A(p) = S®) @ (S(p) ® A\(P)).

Here dy : S(p) ® A\(p) — S(p) ® \(p) denotes the Koszul differential, given by

k
dp(s @ X1 A AX) =Y (=DsXi @ X1 A Xi A A X (35)

i=1
fors € S(p) and X1, ..., Xk €.

Proof. Let Z; be an orthonormal basis of p. If a is an element of S(g) ® C(p) of the
foma =s® Z;, ... Z,thend(@) = Da — (—)*aD is

d@=3" (Zis ® ZiZi ... Zi — (~1'sZ; @ Zi, .. .ZikZ,-) . (36)

1

There are two kinds of summands in this sum: i can be equal to one of iy, ..., i, or
can be different from all of them. If i is different from all i}, then Z;, ... Z; Z; =
(—=Dkz; Zi, ... Z; and hence the i-th summand in (3.6) is 0. On the other hand, for
i=1ij,
ZiZiy.. . Zi= (V72 (Zi)? . Ziy = ()2 2, 2

and similarly Z;, ... Z; Z; = (—l)k_«"_lZ,-1 ... Z; ... Zi;. So the i j-th summand of
(3.6) is

((—1)f _ (—1)"(—1)k*f*‘)sz,-j ®Zi ... 71

i

VAN
=-2(-1)""52;,® 2, ... Z;, ... Z;,.

This proves the lemma, since the Chevalley map identifies Z;, ... Z; in C(p) with
Zj AN---NZj in \(p).

The following facts about Koszul differentials are very well known. We will how-
ever prove them for convenience of the reader. The proof we present is slightly more
elegant than the usual ones because it replaces computations with some superalge-
bra language. Along the way, we will introduce some notions from the superalgebra
language. We took this proof from [GS].

Proposition 3.3.5. Let V be a vector space and let the Koszul differential dy on
S(V) ® \(V) be defined by a formula analogous to (3.5). Then dy is a differential,
ie., d%, = 0. Moreover,

Kerdy =C1® 1@ Imdy.

In particular, the cohomology of dy is isomorphic to C1 ® 1.
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Proof. Consider the Z;-grading of the algebra S(V) ® /A (V) induced by the grading
of A(V). It is clear that S(V) ® A(V) is generated by V ® 1 & 1 ® V, with the
only relations (except for linearity in each variable) being the commutation relations:
elements of V ® 1 commute with each other and with elements of 1 ® V, while the
elements of 1 ® V anticommute with each other.

An operator L on S(V) ® A (V) is called even if it preserves the Z,-grading and
odd if it maps even elements to odd and vice versa. Furthermore, L is called an even
(respectively odd) derivation if it is even (respectively odd) and

L(xy) = (Lx)y + (= 1) deLdeexyp (y),

for any homogeneous x, y € S(V) ® A\(V). Here deg L isOif L isevenand 1 if L
is odd. As usual, any derivation annihilates the unity 1 ® 1.

It is clear that an even derivation is uniquely determined on the generators, where
it can be defined by any two linearmaps V® 1 - V®land I QV — 1 Q V.
Likewise, an odd derivation is uniquely determined on the generators, where it can
be defined by any two linear maps interchanging V ® land 1 ® V.

It is now clear from the definition that dy is an odd derivation defined on the
generators by

dy(v® 1) =0, dy(1Qv)=v®1, veV.

Since the even derivations d‘z, and 0 obviously agree on the generators, it follows
dy =0.

To check the other claim of the proposition, define an odd derivation 2 on S(V)®
/A (V) by setting

h(v®1l) =1Qv, h(l®v) =0, veV.

Note that 4% = 0; in fact, upon identifying S(V') with polynomials on V*, & is exactly
the de Rham differential on differential forms on V* with polynomial coefficients.

Finally, let us note that the (total) degree operator deg on S(V) ® A (V), which
multiplies any monomial by its degree, is an even derivation defined by

deg(v®1)=v®1, deg (1 ®@v)=1®0v, veV.

Then it is obvious that the even derivations hdy + dyh and deg agree on the
generators, hence

hdy +dyh = deg .

In other words, / is a homotopy of deg and 0. In particular, ifa € S(V) ® A(V) is
homogeneous of degree different from 0, then dya = 0 implies a = %gadvh(a) €
Im dy. Moreover, dy annihilates C1 ® 1, and C1 ® 1 cannot be in Im dy since dy
maps any homogeneous element either into an element of the same (total) degree, or
into 0.

Note that one can use the same calculation to prove the analogue of the proposi-
tion for the de Rham differential /; now dy is a homotopy of & and 0, and it follows
that the cohomology of % is also C1 ® 1.
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Getting back to our d given as supercommuting with the Dirac operator D, we
see that in fact d defines a differential on the whole algebra Gr U(g) ® C(p) =
S(g) ® C(p), even before passing to K -invariants, and that

Kerd=S®®1®1@® Imd C S Q Sp) ® C(p). (3.7)

Since d is K -equivariant, the kernel of d on (S(g) ® C(p))X is the same as the
K -invariants in the kernel of d on S(g) ® C(p). Analogously, the image of d on
S(g) ® C(p))K is the same as the K-invariants in the image of d on S(g) ® C(p).
Using (3.7), we can therefore conclude:

Lemma 3.3.6. For the above defined differential d on (S(g) ® C(p))X, we have
Kerd=S®fX®1®1 ® Imd.
In particular, the cohomology of d on (S(g) @ C (p))X is isomorphic to S®X @1 1.

3.3.7. Proof of Theorem 3.3.2. It is clear that Z(£A) is contained in Ker d, since it is
even and commutes with the Dirac operator D; D is K -invariant and thus commutes
with £A. Moreover, Im d C Ker d because d is a differential. Also, the sum Z(£5) +
Im d is direct, because its graded version in Lemma 3.3.6 is direct. (Namely, the top
term of any element of U (£ ) with respect to our filtration by degree is in S()X @1,
and the top term of any element of Im d is in Im d.)

It remains to prove that a € Ker d implies a € Z(£5) + Im d. We will prove
this by induction on the filtration degree of a. If a is of degree —1, then a = 0 and
there is nothing to prove. Assume that a is of degree n and that the statement holds
for all a of degree n — 1. Since d(a) = 0, it follows that d(a) = 0, where a denotes
the image of a in Gr ,(U(g) ® C(p))X. Thus Lemma 3.3.6 implies that

a=s®1+db,

for some s € S(£)X and some b € Gr ,_1(U(g) @ C(p))X.

Note that by Lemma 3.1.5, there is a unique z € Z(£a) such that s ® 1 = Z.
Moreover, let b € F,_1(U(g) ® C(p))K be any representative of b. (For example,
one can take b to be the symmetrization of b.) Then

a—z—dbh=a—7—db=0,
sothata —z —db € F,_1(U(g) ® C(p))X. Moreover,
d(a—z —db) =da — dz — d*b = 0;

namely, da = 0 by assumption, dz = 0 since Z(¢p) C Ker d as remarked above,
and d2b = 0 since d is a differential on (U(g) ® C(p))X by Lemma 3.3.1.

So the induction hypothesis implies that a —z—db = z'+dc for some 7' € Z(Ea)
and ¢ € (U(g) ® C(p))X, hence

a=(z+7)+db+c) e Z(tp) + Imd.
This finishes the proof of Theorem 3.3.2.
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3.4 The homomorphism ¢

In this section we want to determine the map ¢ : Z(g) — Z(ta) = Z(¥) more
explicitly, i.e., prove Theorem 3.2.8. For this, we need a large enough collection of
representations for which we know the infinitesimal character and a K -type in the
Dirac cohomology. We will use finite-dimensional representations of g with highest
weight A € t¥, i.e., A restricts to 0 on a.

We start by proving that ¢ is a homomorphism of algebras. For this we need a
simple lemma:

Lemma 3.4.1. The differential d on (U (g) @ C(p))X introduced in the previous sec-
tion is an odd derivation of the superalgebra (U(g) ® C (p))X.

Proof. We need to show that
d(xy) =d(x)y + €xxd(y),

for any two homogeneous elements x and y of (U(g) ® C(p))X. This is a straight-
forward calculation:

d(x)y + exxd(y) = (Dx — exxD)y + €xx(Dy — €,y D)
= Dxy — €xeyxyD = d(xy).

Proposition 3.4.2. The map ¢ : Z(g) — Z(€p) from Theorem 3.2.7 is an algebra
homomorphism.

Proof. Letz, 7' € Z(g). Then by Theorem 3.3.2, one can choose odd a, a’ € (U(g)®
C(p)X such that

®1=¢@+d@, Fe1=¢E)+da).
Multiplying these two equations, we get
27 ®1=£(2)5(E) +¢(@d@) + d(@)¢ (@) + d(a)d(a).

By Lemma 3.4.1, taking into account that d((z)) = d(¢(z)) = d*(a’) = 0, we see
that this can be rewritten as

22 ®@1=0@)¢E)+d(C@)ad +at@) +ad@d)).

Since ¢(zz') is the unique element of Z(€4) such that zz' = ¢(zz') + d(c) for some
c e (U(g) ® Cp)X, we see that £(zz') = ¢(z2)¢(2)). So ¢ is indeed a homomor-
phism.

Now let V(1) be the irreducible finite-dimensional (g, K)-module with highest
weight A and assume A € t*. Let £ € t* be a highest weight for . By Proposition
3.1.6 and by the formula for the action of the Casimir element from 1.4.6,
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D?* = —||x + pgll* + 1€ + pell? (3.8)

on the K -isotypic component (V (1) ® S)(&) of type &.

Let b = h & n be the #-stable Borel subalgebra corresponding to a g-regular
element H € itp, so that b is the O-eigenspace of ad (H) while n is the sum of
eigenspaces of ad (H) with positive eigenvalues (see 2.3.4 and 2.3.6). The element
H defines compatible systems of positive roots for (g, h) and (¥, t): a root is positive
if it has positive value on H. Then pg, the half sum of positive roots for (g, ), is in t*,
i.e., vanishes on a. Namely, since 8 H = H, the positive root system corresponding
to H is f-stable, and hence pg = pg, s0 pg € t*.

Obviously, pg is also in t*, and so & = A + pg — p¢ is a highest weight for €.
Moreover, since pg — pg is a highest weight of the £-module § (see 2.3.6), (V(1) ®
$)(&) # 0. On the other hand, by (3.8), D?>=00n (VL) ®S) (§). By Remark 3.2.4,
D is skew Hermitian, so this means that (V (1) ® S)(£) is in the Dirac cohomology.
For any z € Z(g) we can therefore use the fact that z = ¢{(z) on Dirac cohomology
(by Theorem 3.2.7) to conclude

A+ pg)(2) = (§ + pe)(£(2)) = (A + pg)(£(2)); (3.9

namely & + pg = A + pg by our choice of &.

Let ¢ : P(h*)"Y — P(t*)"k be the homomorphism induced by ¢ : Z(g) —
Z(€) under the identifications via Harish-Chandra isomorphisms. To show that ¢ is
the restriction of polynomials on h* to t*, we can alternatively prove that the cor-
responding morphism of algebraic varieties £ : t*/Wx — h*/W is the inclusion
map, i.e., that c(u) = pforall u e t*/ Wg. It is enough to check this for an al-
gebraically dense set of . However, (3.9) says that this is true for all © = A + pg
where L € t* C bh* is a highest weight for g. Such A form a lattice in t*, hence an
algebraically dense subset. This finishes the proof of Theorem 3.2.8.

3.5 An extension of Parthasarathy’s Dirac inequality

We first indicate how to check if a unitarizable (g, K)-module X has nonzero Dirac
cohomology. If X is unitarizable, then each Z € gg acts on X by a skew-symmetric
operator. It follows from Proposition 2.3.10 that D is self-adjoint on X ® S. In this
case, Ker D N Im D = 0 and the Dirac cohomology of X is Ker D = Ker D?.

Proposition 3.5.1. Let X be an irreducible unitarizable (g, K)-module with in-
finitesimal character A. Assume that X®S contains a K -type y, i.e., (X®S)(y) # 0.
Then the Dirac cohomology Ker D contains (X ® S)(y) if and only if ||A|| =
Iy + pcll-

Proof. Note that D is self-adjoint on X ® S and the Dirac cohomology Ker D =
Ker D?. The formula of D? implies that D? acts on (X @ S)(y) by the scalar

—(AIP=11pI+ Ul +pel > =1lpel )+ Uloel > = 11117 = —=IA IR +1ly + el I*.
It follows that D = 0 on (X ® S)(y) if and only if [|A]| = ||y + pcl]. O
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We note that all irreducible unitary representations with nonzero Dirac cohomol-
ogy and strongly regular infinitesimal characters were described in [HP1]. They are
all Aq(A)-modules (cf. Chapter 6). We remark that in the above theorem the condi-
tion ||A|| = ||y + pcl| is equivalent to the condition that the infinitesimal character A
is cojugate to ¥ + p.. Thus, we obtain an extended version of Parthasarathy’s Dirac
inequality:

Theorem 3.5.2. (Extended Parthasarathy’s Dirac Inequality) Let X be an irre-
ducible unitarizable (g, K)-module with infinitesimal character A. If (X ® S)(y) #
0, then

HAI =< 1ly + pcll-

The equality holds if and only if some W conjugate of A is equal to y + pe.

Proof. Since D is self-adjointon X ® S, D? actson (X ® S)(y) as a semi-positive
definite operator. It follows that

—(IAIP=1oIP) Uy +oc 1P =lloc D)+l P =11p11%) = =IIAIP+ly+ocl* = 0.

Therefore, one has ||A|| < ||y + pc||l. The equality ||A|| = ||y + pc|| holds if
and only if the Dirac cohomology Ker D contains (X ® S)(y). As we remarked,
X ® S(y) € Ker D is equivalent to that A is conjugate to y + p.. Therefore, the
theorem is proved. ]
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A Generalized Bott—Borel-Weil Theorem

The Borel-Weil Theorem gives a geometric realization of each irreducible repre-
sentation of a compact connected semisimple Lie group G. Equivalently, this is a
realization of each irreducible holomorphic representation of the complexification
G¢ of G. The realization is in the space of holomorphic sections of a holomorphic
line bundle over the flag variety of G.

The Bott-Borel-Weil Theorem, which includes the Borel-Weil Theorem as a
special case, is a statement about the cohomology of holomorphic line bundles over
complex homogeneous space X = G/R, where R is a centralizer of a torus in G.
This is equivalent to the determination of how the subgroup R operates on the coho-
mology of a certain nilpotent Lie algebra of an arbitrary irreducible representation
of G. Upon replacing the complex structure by a space S of spinors, the Bott—Borel—
Weil Theorem is equivalent to determination of Dirac cohomology of the irreducible
G-module V, with highest weight A. Then the complex structure is eliminated and
the setting can be extended to any subgroup R of maximal rank. For the purpose of
constructing all irreducible finite-dimensional representations on vector bundles over
G /R, it is necessary for R to be of the same rank as G. A special case is when R is
the centralizer of a torus; then one gets a version of the Bott—Borel-Weil Theorem.

In this chapter we first define the cubic Dirac operator due to Kostant. Then we
show that Vogan’s conjecture for symmetric pairs can be extended to the cubic Dirac
operators. Using this proved conjecture, we determine the Dirac cohomology of
finite-dimensional representations. Our calculation is independent of the Weyl char-
acter formula. As a consequence of determination of Dirac cohomology, we obtain
the generalized Weyl character formula of [GKRS] and a generalized Bott—Borel-
Weil theorem.

4.1 Kostant cubic Dirac operators

Let G be a compact semisimple Lie group and R a closed subgroup of G. Let g and
 be the complexifications of the Lie algebras of G and R, respectively. Let g = t@®s
be the corresponding orthogonal decomposition with respect to the Killing form B.
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4.1.1. The cubic Dirac operator We choose an orthonormal basis Zy, ..., Z, of s
with respect to the Killing form B. Kostant [Ko2] defines his cubic Dirac operator
to be the element

n
D=3 2®Z+18veU@®CH),
i=1

where v € C(s) is the image of the fundamental 3-form w € /\3 (s%),
1
w(X,Y,Z)= EB(X’ [y, Z)

under the Chevalley identification /\ (s*) — C(s) and the identification of §* with s
by the Killing form B. Explicitly,

1
v=2 ) BUZiZj) Z0ZiZ; 2k

1<i,j,k=<n

(Note that Kostant uses an exterior product in place of the Clifford product to define
v. For an orthonormal basis these are however the same.)

Kostant’s cubic Dirac operator reduces to the ordinary Dirac operator when (g, t)
is a symmetric pair, since @ = 0 for the symmetric pair. Note that for the nonsym-
metric pair (g, v) the square of Y '_, Z; ® Z; is not similar to what it looks like for
a symmetric pair. The cubic term can be viewed as a necessary modification in the
nonsymmetric case, so that the associated Dirac operator has a good square as in
the symmetric case. With the cubic term correction, Kostant ([Ko2], Theorem 2.16)
shows that
D?*=—-Qy®1+Q, +C, (5.1)
where C is the constant || p¢||> — || ogl 2. This is a generalization of Proposition 3.1.6.
The sign is different in [Ko2]; this change comes from the fact that Kostant uses a
slightly different definition of C(s), requiring Zl.2 to be 1 and not —1. Over C, there
is no substantial difference between the two conventions.

4.1.2. Extension of Vogan’s conjecture We can define a differential of the complex
(U(g) ® C(s)) R using Kostant’s cubic Dirac operator exactly as in Chapter 3, i.e., by
d(a) = Da — e,aD. As before, d> = 0 on (U(g) ® C(s))®. Since the degree of the
cubic term is zero in the filtration of U (g) ® C (s) used in Chapter 3, the proof goes
through without change and we get

Theorem 4.1.3. Let d be the differential on (U(g) @ C (s)% defined by Kostant’s
cubic Dirac operator as above. Then Ker d = Im d @ Z(vp). In particular, the
cohomology of d is isomorphic to Z(tp).

Here v is a diagonally embedded copy of v, in analogy with 3.1.4. Furthermore,
as in Chapter 3, the projection of Z(g) C Ker d to Z(ra) = Z(tr) obtained by
Theorem 4.1.3 is a homomorphism of algebras ¢ : Z(g) — Z(t), given explicitly as
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follows. Let h = t @ a be a Cartan subalgebra of g containing a Cartan subalgebra
t of t. Embed t* into h*, extending functionals from t to h by defining them to be
zero on a. Then under the identifications Z(g) = P(h*) and Z(r) = P(t*) given by
Harish-Chandra homomorphisms, ¢ is given by restricting polynomials from h* to
t*. Thus all parts of Vogan’s conjecture generalize fully to our present setting. All
this was proved by Kostant [Ko4]. To summarize

Theorem 4.1.4. Let ¢ : Z(g) — Z(¥) = Z(xa) be as above. Then for any z € Z(g)
one has
z—¢(z) = Da+aD

Jor some a € U(g) @ C(s).

The proof of the above theorem follows exactly the line for the case when (g, t)
is a symmetric pair in Chapter 3. For any g-module V and a spin module S for C(s),
one can consider the map
D:V®S—-V®S.

We define the Dirac cohomology of V to be the t-module
Hp(V) = Ker D/Im DN Ker D.

If V is a finite-dimensional g-module, then D is skew self-adjoint on V ® S.
(See Lemma 4.2.1.) It follows in this case that Hp(V) = Ker D. For the case
rank g = rank, it is clear that any finite-dimensional g-module has nonzero Dirac
cohomology, and it follows that the map ¢ is indeed induced by the Harish-Chandra
isomorphisms as above. However, in the general case when rank g need not be equal
to rank t, then pg need not be in t* and a finite-dimensional g-module may have zero
Dirac cohomology. The detailed proof for the general case was given by Kostant in
[Ko4], by constructing a sufficiently large family of highest weight modules with
known infinitesimal characters and nonzero Dirac cohomology.

We note that for the case rankg = rankr it is much easier to prove that ¢ is
determined by the Harish-Chandra homomorphisms as above. This is due to the fact
that any finite-dimensional irreducible g-modules V) contains a nonzero t-module
with highest weight A + pg — pr in Dirac cohomology.

It follows immediately from the above theorem that there is a connection between
the infinitesimal character of a g-module V and the infinitesimal character of its Dirac
cohomology Hp (V). This is seen in exactly the same way as we saw that Theorem
3.2.5 follows from Theorem 3.2.7 and Theorem 3.2.8.

Theorem 4.1.5. Suppose V is a g-module with an infinitesimal character. If an ir-
reducible t-module W with infinitesimal character u € t* is contained in the Dirac
cohomology Ker D/ Im D N Ker D of V, then the infinitesimal character of V is
conjugate to (L.

The extension of the Vogan’s conjecture to the cubic Dirac operator setting was
first obtained and pointed out to us by Kostant. He observed that the original proof
of Vogan’s conjecture in [HP1] can be applied to the cubic Dirac operator as well.



76 4 A Generalized Bott—-Borel-Weil Theorem

Moreover, Kostant pointed out that the homomorphism ¢: Z(g) — Z(r) makes
Z(v) a Z(g)-module, which has topological significance. Namely, Kostant [Ko4] has
shown that from a well-known theorem of H. Cartan [Ca], which is by far the most
comprehensive result on the real (or complex) cohomology of a homogeneous space,
one has

Corollary 4.1.6. There exists an isomorphism

H*(G/R,C) = Tor29(C, Z(v)).

4.2 Dirac cohomology of finite-dimensional representations

Let G be a connected semisimple Lie group and R a closed subgroup of rank equal to
that of G. We can always choose a Cartan involution 6 so that R is 6-stable. Denote
by go and vo the Lie algebras of G and R, respectively. We remove the subscripts for
their complexifications. As usual, the Cartan decompositions with respect to 6 are
denoted by go = o D poand g = ¢ P p.

The cubic Dirac operator D is defined in association with the pair of complex
Lie algebras (g, v) and is independent of the real forms. We assume that the Killing
form B of g restricts to v nondegenerately and let s be the orthogonal complement
to v with respect to B. Note that just like t, s is also the complexification of its real
form 59 = s N go.

We choose a maximal isotropic subspace s of s. Since

(X,Y)=—2B(X,0Y7)

(with ™ denoting conjugation with respect to go) defines a positive definite Hermitian
form on g and hence also on s, the subspace s~ = 6st intersects sT trivially.
Let S = /\'s™ be the spin module for the Clifford algebra C(s) corresponding to
this polarization. We extend the form (,) to all of S in the usual way, using the
determinant. The explicit formula was given in (2.20).

Let V be a finite-dimensional g-module. We consider D as an element in
End (V ® §). Recall that by Proposition 2.3.11 the adjoint of the operator X €
s C C(s) on S with respect to the form (, ) is 9 X. On the other hand, V is a unitary
module for a compact group G, with Lie algebra equal to the compact real form
gc = Bo @ ipo of g. Denoting the corresponding form on V by (, ), it follows that
all operators X € g, are skew self-adjoint with respect to (, ). In other words, any
X € ¥ is skew self-adjoint, while any X € po is self-adjoint with respect to (, ).
This implies that the adjoint of any X € g on V with respect to (,) is —6X. The
form (, ) on V is often called the admissible form on V.

Let us choose bases Z; of s9 N £y and Z,. of s9 N po orthonormal with respect
to (,). Then the linear part of D, Y Z; ® Z; + >_Z| ® Z,, is skew self-adjoint
with respect to the form (, ) on V ® S obtained by combining the forms on V and §
described above. Namely, 0Z; = Z; and 0 Z| = —Z,.. Hence the adjoint of Z; ® Z;
with respect to (, ) is (—0Z;) @ 0Z; = —Z; ® Z;, while the adjoint of Z| ® Z/. is
(—0Z))®0Z = —Z, ® Z.. In fact, we have the following lemma.
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Lemma 4.2.1. Kostant’s cubic Dirac operator is skew self-adjoint with respect to the
form (,)onV ® S described above.

Proof. Tt remains to prove that the cubic part v of D is skew self-adjoint with respect
to the form (, ) on S. As we already noted above, by Proposition 2.3.11 the adjoint
of Z; on S is 0Z; = Z;, while the adjoint of Z is 0Z = —Z.. Moreover, the dual
bases of Z;, Z,. with respect to B are —Z;, Z/., and so

1
v=> ( Z B([—Zi, —Z;], —ZZiZ; Zx + Z B([—Z;i, Z)], Z;)Ziz;Z;)
i<j<k i;r<s
1
=-3 ( Z B([Zi, Z;), ZW) Zi Z; Zy + Z B((Zi, Z.1, Z;)Ziz;Z;)
i<j<k iir<s
(the other terms are zero). Since the adjoint of Z; Z; Zy is Zy Z j Z; = —Z;Z j Zy, the
adjoint of Z; Z Z}, is (—Z\)(—Z))Z; = —Z; Z| Z}, and the coefficients are real, we

see that v is skew self-adjoint.

Since D is skew self-adjoint, it follows that Ker D N Im D = 0. Thus the Dirac
cohomology of V is simply Ker D.

We now determine the Dirac cohomology of any irreducible finite-dimensional
g-module. Let W! ¢ W be the subset of Weyl group elements that map the positive
Weyl chamber for g into the positive Weyl chamber for t. Thus, the multiplication
(w, 7) — wt withw € W! and T € W, gives a bijection

Wl x W, > W.

Let V) denote the irreducible (finite-dimensional) representation of g with highest
weight A, and let Uy, denote the irreducible (finite-dimensional) representation of ©
with highest weight w . A.

Theorem 4.2.2. Let G be a compact semisimple Lie group. Let R C G be a closed
subgroup with rank R = rank G. Then the Dirac cohomology of V), is equal to

Ker D = Ker D* = @ Uy,

weWw!

and
Ker D1 = @ Up.., Ker D™ = QB Uiy

weWl weWwl

where W}r is the subset of W' of all even elements and W' is the subset of W' of all
odd elements.

Proof. 1f A is a dominant weight for g, then A + pg lies in the interior of the Weyl
chamber for g. It follows that w(A + pg) lies in the interior of the Weyl chamber
for v for any w € W!. Thus, w . A = w(A + Pg) — pr is a dominant weight for t.
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Clearly w(A + pg) — pr = wA + (wpg — o) is a sum of extreme weights in V and
S, respectively. They are both in the dominant t-chamber. It follows that U, is an
t-submodule of V ® S, and it is contained in Ker D.

Conversely, if y is the highest weight of an t-module contained in Ker D, one has
Y + pr = w(A + pg) for some w € W due to the infinitesimal character condition.
It remains to show that the weight y = wA + wpg — pr occurs with multiplicity one
in V), ® §. Recall from Section 2.3 that any weight in S is of the form p, — (®) for a
subset ® C Z;‘. If the highest weight is y = 6 + pp — () for some weight § in V),
one has

lly + ocll> =118 + pg — (D)1

On the other hand, there exists a w € W! such that
3+ pg — (®P) = wk + pg).

fA=x—w!sand B = Pg — w’l(pg — (®)), then both A and B are the sum
of (possibly empty) positive roots. But A + pg = A+ B + w (S + pg — (D). It
follows that A = B =0 and 6 = wA and pp — (®) = wpg — pr. Hence, the highest
weight vector v, occurs with multiplicity one in the weight space of V) ® § and the
proof is completed.

4.3 Characters

In this section we review the definition and some of the basic properties of characters
of finite-dimensional representations of compact Lie groups. The character theory
provides some deeper insights into the struture of representations.

4.3.1. Definition of characters. The character y of a finite-dimensional representa-
tion (7, V) of G is the map xy: G — C defined by

xv (g) = trace(m (g)).

We may fix a basis of V and identify m(g) with the corresponding matrix. Let
A1, ..., Ay be the eigenvalues of (g); then

xv (@) =Ar+ -+ Ay

Clearly, this computation of xy (g) is independent of the choice of a basis; for chang-
ing to another basis, the eigenvalues remain the same.

Proposition 4.3.2. Let yy be the character of a finite-dimensional representation
(mr, V) of a compact Lie group G. Then

(i) xv (e) is the dimension of V.

(ii) xv(8) = xy(hgh™") forall g, h € G.

(iii) xv+(g) = xv(g) = xv(g~") forall g € G.

(iv) If xy- is the character of another representation (n’, V'), then the character
of m®a', VOV )is xv + xv.

(v) The character of (m @ ©', VQ V') is xv - xv'.
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Proof. We fix a basis and may regard m(g) as a matrix. Property (i) is true since
x(e) = trace I = dim V. Property (ii) follows from the fact that rr(hgh_l) =
w(h)m(g)m(h~") and therefore

trace n(hghil) = trace n(h)n(g)n(hil) = trace 7w (g).

To prove the property (iii), we note that V* = V, since V is unitary. This implies that
the eigenvalues of 77*(g) are the same as the eigenvalues of the complex conjugate of
(g). Hence xy+(g) = xv(g). Since the matrix for my=(g) is the transpose inverse
of the matrix for 77(g), we have xy+(g) = xv(g~"). To prove the properties (iv) and

(v) we fix a basis of V' and assume that 77/(g) has eigenvalues w1, ..., un. Then
the eigenvalues of (w @ 7’)(g) are Ay, ..., Ay, i1, ... , im, and the eigenvalues
of (m ® 7')(g) are {Aip;} withi = 1,...,nand j = 1,...,m. Therefore, the

character of w @ 7’ evaluated at g is equal to

xvev (@ =M+ -+ A+ = xv(Q) + xvi(g)

and the character of 7 ® 7/ at g is equal to

Xvev(@) =D hipj = Oa+-+ )@+ A+ pm) = xv (@) - xv ().
i=1 j=1

A complex function ¢: G — C which is constant on each conjugacy class is
called a class function. It may be described as a function on the set of conjugacy
classes. It follows from the property (ii) of the above proposition that characters
are class functions. We define a Hermitian inner product on the set of all the class
functions by

oK) = /G X@x' (8)ds.

Here the invariant integral over G is normalized so that [ dg = 1. This Hermitian
product defined for the characters turns out to be extremely useful for us.

Theorem 4.3.3. Let G be a compact Lie group. Let V and W be finite-dimensional
representations of G. Then we have
(i) [ xv(9)dg = dim VE.
(it) (xv. xw) = dim Homg (V, W).
lLif VvEW
ii) If V and W are irreducible, then , =
(iit) If (xv, xw) {OifV%W.
Proof. 1If (mr, V) is a representation of G, then the set of G-fixed points defined by
VGz{ve V]gv=vforall g € G}

is a subspace of V. Here we write the action of the w(g) by g for simplicity. We
define a map

¢: V>V, v|—>/gvdg.
G
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Then ¢ is G-equivariant in the sense that
x¢ = ¢x, forall x € G,

since the measure dg is G-invariant. Thus both the kernel and the image of ¢ are
subrepresentations of V.

We claim that ¢ is a projection of V onto the G-invariant subspace V. Assum-
ing that v = ¢ (w), we have

hv = f hgwdg = / gwdg = ¢(w) = v,
G G

forany h € G.If v € VY, then ¢ (v) = fG gv = v. So VY is contained in the image
of ¢ and ¢ o ¢ = ¢. This proves the claim. It follows from the claim that

dim VY = trace ¢ = / trace w(g)dg = / x(g)dg. (a)
G G

This proves (i) of the theorem.
Let V, W be two representations of G. Note that

Hom(V, W)G = {G — equivariant homomorphisms from V to W}.

This space is usually denoted by Homg (V, W). If both V and W are irreducible,
then by Schur’s lemma, we have

1 ifv=w
dim Homg (V, W) = ! (b)
0 ifV2W.

Note that Hom (V, W) = V* ® W is a representation of G. It follows from the
properties (iii) and (v) of the Proposition 4.3.2 that its character is given by
XHom(v,w) = Xv (&) - xw(g).

Note that V = W is equivalent to xy = xw. Applying the formulas (a) to this case,
we obtain

(xv, xw) = /GXV(g)XW(g) = dim Homg (V, W).
This proves (ii) of the theorem. Then it follows from (ii) and (b) that

1 fv=w

(Xv, xw) = {0 VW,

which proves the orthonormal relations of irreducible characters.

Corollary 4.3.4. Any finite-dimensional representation (7, V') of G is determined by
its character xy. More precisely, if we decompose V into a direct sum of irreducible
representations

V=mVi&®&---&nV,

then the multiplicity n; of Vi in V is equal to (xv, xv,) fori =1,...,r.
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Proof. The character xy = nixy, + --- + n,xv,. Then the identity (xv, xv;)
(i =1,...,r)follows from (iii) of Theorem 4.3.3, which says that the characters of
irreducible representations are orthonormal.

Corollary 4.3.5. A representation (, V) of G is irreducible if and only if its char-
acter xy satisfies the condition {xy, xv) = 1.

Proof. If xy = nixv, +---+n,xv,, then (xv, xv) = n% + -+ nf This gives
value 1 if and only if a single n; is 1 and the rest are zero.

4.4 A generalized Weyl character formula

Let G be a connected compact Lie group and R a connected closed subgroup of the
same rank as G. The following generalized Weyl character formula first appeared in
[GKRS]. This formula includes the Weyl character formula as a special case when
R is a Cartan subgroup 7. The proofs of this formula given in [GKRS] as well as
in [Ko2] use the Weyl character formula. Our proof given here is independent of the
Weyl character formula.

Theorem 4.4.1. Let G be a connected compact Lie group. Let R be a connecetd
closed subgroup of G of maximal possible rank. Then one has

V@St —vies = Y (~)™U,,

weW!

as R-modules. It follows that

Ywewt (=DM ch(Uy.z)
Zwer (= I)I(U))Ch(Uw.O) ’

ch(Vy) =

Proof. We consider the R-equivariant homomorphism
D:V®S—->V®S.
Since Ker D N Im D = 0, one has the direct sum decomposition
VS= KerD® Im D.

Then DY: V® ST — V ® §~ maps Im D~ isomorphically onto Im D*. Hence,
one has
Vi®StT—V, ®S™ = Ker DT — Ker D™
It follows that
Vi@ST -V, @S = Z (_l)l(w)Uw.)u
wew!

Then one has
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ch(Vi)(ch(ST) —ch(ST) = Y (=)™ ch(Uy.).

weWw!

In particular, if A = 0 and V), correspond to the trivial representation, then the above
identity gives
ch(ST) = ch(S7) = Y (=)™ ch(Uw.o).
weW!
Hence, we have
Y wewt D' eh(Uwa)
Y wewt (DI ch(Uo)

When R is a Cartan subgroup, this reduces to the Wey! character formula.

ch(Vy) =

4.5 A generalized Bott—Borel-Weil theorem

We retain the notation that G is a connected compact Lie group and R is a closed
subgroup of maximal rank. The Borel-Weil Theorem gives a first geometric realiza-
tion of each irreducible representation of G. Equivalently, this is a realization of each
irreducible holomorphic representation of the complexification G¢ of G. The real-
ization is in the space of holomorphic sections of a holomorphic line bundle over the
flag variety G/ T, where T is a maximal torus. The Bott—Borel-Weil Theorem, which
includes the Borel-Weil Theorem as a special case, is a statement about the coho-
mology of holomorphic line bundles over a complex homogeneous space X = G/R,
where R is a centralizer of a torus in G. Kostant [Ko1] showed that this is equiva-
lent to the determination of how the subgroup R operates on the cohomology of a
certain nilpotent Lie algebra of an arbitrary irreducible representation of G. Upon
replacing the complex structure by a space S of spinors, the Bott—Borel-Weil Theo-
rem is equivalent to determining the Dirac cohomology of the irreducible G-module
V,. with highest weight A. Then the complex structure is eliminated and the setting
can be extended to any subgroup R. For the purpose of constructing all irreducible
finite-dimensional representations on vector bundles over G /R, it is necessary for R
to be of the same rank as G. A special case is when R is the centralizer of a torus;
then it yields a version of the Bott—Borel-Weil Theorem.

We assume that U, is an irreducible representation of R (or a two-fold cover R
of R) so that § ® U, is a representation of R. The Dirac operator acts on the smooth
and L2-sections on the twisted spinor bundles over G/R, if we let Z; € g act by
differentiating from the right. So we can extend D to a closed operator (still denoted
by D):

D: L*(G) ®& (S® Uy) — L*(G) ®r (S ® Uy).

‘We write this action in another form:

D: Hom z(U%, L*(G) ® S) — Hom z(U%, L*(G) ® S).

Then D is formally self-adjoint. By the Peter—Weyl theorem, one has L*(G) =
@,V ® Vi It follows that the closed subspace Ker D decomposes as
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Ker D = @ V, ® Ker {D: Hom (U}, Vi ® S) O).
1eG

The proved Vogan’s conjecture implies Ker D # 0 if and only if there is some A € G
such that A + p(g) is conjugate to u + p(tr) by the Weyl group. Further consideration
of the multiplicity results in

Theorem 4.5.1. In the above setting, one has Ker D = Vyuyp)—p(g) If there
exists aw € Wg so that w(u + p(v)) — p(g) is dominant, and Ker D is zero if no
such w exists.

This theorem can be viewed as a generalized Bott—Borel-Weil theorem . In the case
R = T, a maximal torus, this is a version of the Bott—Borel-Weil theorem.

Corollary 4.5.2. Consider

DT L*(G) ®r (ST®U,) — L*(G) ®r (S™ @ U,)
and the adjoint

D™: L*(G) ®& (S™ ® Uy) — L*(G) ®& (ST @ Uy).

One has Index D = dim Ker D™ — dim Ker D™ = (—1)!™) dim Viy(utp(0)—p(g)
if there exists aw € Wy so that w(iu + p(v)) — p(g) is dominant and Index D =0
if no such w exists.
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Cohomological Induction

5.1 Overview

In this chapter we review the basic constructions involved in cohomological induc-
tion, most notably the Zuckerman and Bernstein functors. Our definitions are slightly
different from the ones available in the literature. For example, we do not use Hecke
algebras which are basic ingredients in the definitions in [KV]. Also, we use a direct
description of derived functors, including the g-action; this approach has its roots
in [B], [W] and [DV], and it was fully developed in the setting of equivariant de-
rived categories by D. Mili¢i¢ and the second author, [MP1], [MP2], [MP3], [Pan1],
[Pan2]. In particular, this will provide for a very simple treatment of the duality re-
sults.

We will work in the setting of a connected real reductive group G with a maximal
compact subgroup K corresponding to a Cartan involution ®. Whenever convenient,
we will not mind assuming that G is connected. In fact, the reader may choose to
think only about connected semisimple G with finite center—these contain most of
the main examples. The connectedness assumption is not essential for all parts of the
theory, for example the definition of Zuckerman and Bernstein functors. However,
in many places it has to be present at least in some weaker form. The book [KV]
includes a lot of discussion about disconnected groups. We would like to empha-
size that avoiding the Hecke algebras mentioned above has nothing to do with the
connectivity assumptions.

The main idea of cohomological induction is to complement the better known and
older construction of real parabolic induction by inducing from the 9-stable parabolic
subalgebras (or from corresponding Levi subgroups). Let us first explain this setting.
As before, we will denote by go and £y the Lie algebras of G and K, and by g and
¢ their complexifications. The differentiated Cartan involution 6 induces the Cartan
decompositions go = to @ poand g =t D p.

5.1.1. 6-stable parabolic subalgebras. Let us fix a fundamental Cartan subalgebra
ho = to @ ap of go. In other words, ho is maximally compact, i.e., {y is a Cartan
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subalgebra of €y. Let & € ity. Then the eigenvalues of ad 4 on g are real. The corre-
sponding 6-stable parabolic subalgebra q is the sum of the nonnegative eigenspaces
of ad h. The Levi subalgebra | is the zero eigenspace of ad £, i.e., the centralizer
of i in g. The sum of positive eigenspaces is the nilradical u of q and the sum of
negative eigenspaces is the nilradical u of the opposite parabolic subalgebra q. All
these subalgebras are obviously 6 stable, since 4 is fixed by 6. In particular, they can
all be decomposed as sums of their intersections with € and p.

Clearly, [ contains h = t@® a. Note also that [ has a nontrivial center: /4 is a central
element of [. Furthermore, [ is the complexification of a subalgebra [y of go.

Some special cases: if & is a regular element, then [ = § and q is a Borel subal-
gebraof g. For h =0, [ = q = g. If (g, £) is a Hermitian pair with g simple, then for
h in the center of £ we are getting [ = €.

The Levi subgroup L of G corresponding to q is defined to be the normalizer of
qin G, ie, L ={g € G| Ad (g)q = q}.

One could get real parabolic subalgebras in an analogous fashion, but starting
from a maximally split Cartan subalgebra hy = to & ag, and choosing 4 to be in agp.

5.1.2. Definition of cohomologically induced modules. Suppose now that Z is an
(I, L N K)-module. The cohomologically induced modules are obtained from Z as
follows. First, for technical reasons one replaces Z by the twisted module Z# =
Z ® A\ P u, with the action on /\ P u being the adjoint action. This is just to make
some formulas later on look nicer, and can be ignored for the time being.

Now Z# can be viewed as a (¢, L N K)-module by letting u act as zero. Then one
constructs a produced (g, L N K)-module

LLNK
pro (Z*) = pro §'/\x (Z") = Hom y(q)(U (@), Z')rk,
where the subscript L N K means we are taking the L N K -finite vectors. Here g acts
by right translation of the argument, and L N K by conjugation:

X)) = aX); (ko) (u) = 7 (k) (@ Ad (k" Mu)),

fora € pro (Z"), X € g,k € LN K and u € U(g), with 7 (k) denoting the original
action on Z*.

Now one applies the (right) derived Zuckerman functors to the produced module
and obtains the (g, K)-modules cohomologically induced from Z:

R (Z) = R'T (pro §(Z")).

The Zuckerman functor I' roughly extracts the maximal (g, K) submodule, i.e., the
largest subspace where the action of £ C g exponentiates to a finite action of K. This
functor is left exact and usually zero on modules we are studying here. However, the
right derived functors will typically not all be 0. In good cases (under some positivity
assumptions), there will be exactly one nonzero module, the one obtained from the
S-th derived Zuckerman functor, where S = dim u N €. Also, if Z is an irreducible
unitary module, the induced one will be as well. These facts are however not at all
easy to see. We will study all the functors appearing above in detail. However, let us
say a few more words now about what the Zuckerman functors should be like.
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5.1.3. A rough description of Zuckerman functors. As we said, the Zuckerman
functor should (roughly) extract the largest (g, K)-submodule from a (g, 7')-module
V,where T = L N K. So the question is if V contains some copies of irreducible
(unitary, finite-dimensional) K-modules Vj, disguised as (€, 7')-submodules. For a
fixed Vs, 8 € I%, consider

Vs ® Hom (¢ 1)(Vs, V);
this is something like a “§-isotypic component of V.” Rewrite this as
Vs ® Hom c(Vs, V)7 = (Vi @ Vs @ V)T,

where now the (¢, T')-action with respect to which the invariants are taken is on V'
and on V, while the K-action is on Vs. We now sum this over § € K, and recall that

P v ® Vs = R(K),
sk

the space of regular (smooth, left and right finite) functions on K decomposed with
respect to the K x K action by the tensor product of left and right regular decompo-
sition.

So we have a candidate for the Zuckerman functor:

(V) = (R(K)® V)&,

We still have to define a g-action on this space and establish its various properties.
For the time being, let us just mention that seeing this definition it is not hard to
imagine that the derived functors will be given as (¢, 7)-cohomology of R(K) ® V.

5.1.4. Left cohomological induction. There is a “dual” (or “left” as opposed to
“right”) construction, usually leading to the same cohomologically induced mod-
ules, but having different homological properties, which is useful for proofs. Here
we extend Z* to a g-module by letting i act as zero, and then bring in a g-action by
setting
ind (z") = ind gﬂﬁ(z#) = U(g) Qu) 2"

This is a (g, L N K)-module (finiteness is automatic in this case). Here g acts by left
multiplication in the first factor, and L N K acts on both factors, on U (g) by Ad and
on Z" by the given action.

To get a (g, K)-module, we apply to ind (Z*) the Bernstein functor T, which
is roughly a substitute for taking the largest quotient which is a (g, K)-module. As
before, to get something nonzero we actually have to apply the (in this case left)
derived functors of the Bernstein functor: the (g, K)-modules left cohomologically
induced from Z are

L£i(Z) = L'TI(ind g(z#)).

The Bernstein functors are defined in a similar way as the Zuckerman functors: for
a (g, T)-module V, IT(V) is the space of (¥, T')-coinvariants of R(K) ® V. The left
derived functors are given by (€, 7)-homology.
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Example 5.1.5. To finish this introduction, let us see what the construction outlined
above looks like in case G = SL(2,R). This example is somewhat too small to
really show all the features mentioned above, but it is still going to give us some
ideas about what is going on.

For SL(2, R), there is up to conjugacy only one 6-stable parabolic subalgebra of
g,q=[®uwith [ =t =CW, and u = Cu where

0 —i 171
W‘[io]’ u_§|:i—1]

(note that u was denoted by X in 1.3.10). The opposite parabolic subalgebra is g~ =
q = [ & u, where u = Cui with 7} denoting the complex conjugation with respect to
go = sl(2, R) (u was denoted by Y in 1.3.10).

Let us start with a character Z” of K with W acting as k € Z. Form

pro (Z") = Hom y(q(U(9), Z")k

where u acts on Z” by 0. As mentioned above, the g-action on pro (Z*) is by right
multiplication in the first variable, and the L N K = K-action is by conjugation.
Since U(g) = U(q) ® U(u) by the Poincaré-Birkhoff—Witt theorem, we can
identify
pro (Z*) = Hom ¢ (U (%), Z*)) = Hom ¢ (C[i], Z*)).

Here the action of i will just raise the degree of the variable, but to see the action of
W and u, we have to commute them to the left. In particular,

Wa@@") = a@@" W) =a(Wu" — [W,u"]) = (k +2n)a(@").

We claim that the K -finite o are exactly those that are 0 on all but finitely many u"’s.
This is a special case of the well-known description of the K -finite dual. Here is an
argument: let « be nonzero on infinitely many u", say forn € A = {ny,na,...},
with n; increasing. Let o) = (k + 2n1)a — Wa. Then ¢ is 0 on ™! and nonzero
on all other u”", n € A. Now let ap = (k + 2np)a; — Way; this is 0 on #™!' and u"2,
and nonzero on all other &”, n € A. Continuing like this, we get a sequence o, in the
span of the W-orbit of «, with the property that o, is 0 on "', ..., u", and nonzero
on all other u", n € A.

It is now enough to see that «, are linearly independent, for this means that « is
not K -finite. Suppose that ¢, are linearly dependent and let

aoy, +--+co;, =0, i <---<ip

be the shortest linear dependence relation among them. Evaluating at "2 we get a
contradiction.

Using the pairing of u and u via the Killing form, which is K-invariant, we
can thus identify pro (Z*) with Clu] ® Z*. Since the weights of Clu] ® Z* are
k,k+2,k—+4,...,itis clear that for k > 0 we obtained the lowest weight discrete
series representation (or limit of discrete series if &k = 1). For k < 0, there is how-
ever also a finite-dimensional subquotient. This explains the need for a “positivity
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condition,” or rather compatibility of q and Z, if we expect to get irreducible unitary
representations. However, we may also note that for & < 0 we can exchange ¢ and q,
and get the highest weight discrete series.

The module ind (Z*) = U(g) ®ug Z" = Uw) ® Z" is obviously equal to
pro (Z*)yasa L N K = K-module—the weights are the same. If k > 0, it follows
that ind (Z%) = pro (Z") also as g-modules, simply because there is only one
module with this set of weights. If £ < 0, the two modules have the same irreducible
subquotients, but they are not isomorphic as g-modules.

In general, we will show in 6.2.8 below that there is a map

¢z : ind (Z") = U(g) ®u(g Z" — Hom yqU(g), Z") = pro (2",

given by ¢z (1 ® z)(v) = w(vu)z, where i : U(g) — U () is the Harish-Chandra
map. The map ¢z will be important in showing the vanishing of cohomologically
induced modules (see Corollary 6.2.10 and the discussion preceding it). The same
map is used for inducing Hermitian forms on cohomologically induced modules (see
the discussion below Theorem 6.3.2).

Note that one feature that makes the above example too simple is the fact that
L N K = K means that the produced module is already K -finite and there is no need
for Zuckerman functors. This will however happen rarely. In fact, whenever uN¢ # 0,
it acts freely and not finitely on pro (Z*) (and u N ¢ acts freely on ind (Z*)). So we
immediately see that there are no K -finite vectors, and the 0-th Zuckerman functor
is 0. The higher derived functors however save the situation.

5.2 Some generalities about adjoint functors

In this section we will review some well known and useful facts which are an essen-
tial prerequisite to understanding cohomological induction. A good source for the
general theory is [ML].

Definition 5.2.1. Let C and D be categories. Consider a pair of functors

F

C D
%

G
We say F is left adjoint to G (or G is right adjoint to F) if for any two objects X € C,
YeD

Hom p(FX,Y) = Hom ¢ (X, GY).

More precisely, there should exist mutually inverse isomorphisms

o
_—

Hom p(FX,Y) Hom (X, GY),

<«

B

natural in X and Y. What is meant by naturality in X is this: for any f : X’ — X,
let f* be the operation of composing with f,i.e., f*(g) = g o f. Then the diagram
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Hom (FX,Y) —*5 Hom (X, GY)

(Ff)*l f*l

Hom (FX',Y) — Hom (X', GY)
Oyl y

commutes. Naturality in Y is analogous.

In categories we are interested in, sets of morphisms will always be vector spaces,
and it is understood that all functors and natural transformations should respect this
linear structure.

Example 5.2.2. Consider an associative algebra A over C with unit 1. Let B be a
subalgebra of A. Then any (left) A-module is also a B-module, by forgetting part
of the action. So we have a forgetful functor from the category M(A) of A-modules
into the category M (B). We want to construct its adjoints, the well-known extension
of scalars functors.

Recall that the complexification of a real vector space V can be thought of as
C®p V, with C acting by multiplication in the first factor. Similarly, from a complex
vector space V we can concoct a (free) A-module

ARV =A®cYV,

with A acting by left multiplication. We can see a copy of V inside this module,
embeddedas 1 ® V.
Now if V was a B-module, this action is not at all reflected in the B-action on
A ® V. To glue together the two actions, we want to mod out all the elements of the
formb ® v — 1 ® bv. So we divide A ® V by the A-submodule generated by these
elements:
Z = span {ab ® v — a ® bv}.

What we got is of course the tensor product A ® g V. In this way we obtain a functor
Ve AQpV

from M(B) to M(A); it sends a morphism f : V — W of B-modules into the
morphism
df:AQpV > AQp W

of A-modules.

Lemma 5.2.3. The functor A @p e is left adjoint to the forgetful functor For
M(A) - M(B).

Proof. We have to produce natural isomorphisms

o
—_—

Hom 4 (A®p X,Y) Hom g (X, For Y),

B
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where X is a B-module and Y is an A-module.
If f: A®p X — Y is an A-morphism, we define a(f) : X — Y by

a(f)(x) = f(1Qx).

This is a B-morphism, as «¢(f)(bx) = f(1R@bx) = fbRx) = bf(1Qx) =
ba(f)(x).
If g: X — Y is a B-morphism, we define 8(g) : A®Qp X — Y by

B(g)a®x)=ag(x).

This is an A-morphism, as 8(g)(¢’'a ® x) = a’ag(x) = a’'B(g)(a ® x).
To see § and « are inverse to each other, we calculate

Bla(f))a®x) =aa(f)(x) =af(1®x) = fla®x),

using the fact that f is an A-morphism. Also,

a(B(g)x) = p(e)(1 ®x) = 1g(x) = g(x).

We are still not done, as we have to prove that « and 8 are natural. Let us prove
naturality of o with respect to X: let & : X’ — X be a B-morphism. We have to
prove that

a(fo(id @ h) =a(f)oh.

Letx € X'. Then a(f o (id ® h))(x) = f((id @ I)(1 @ x)) = f(1 ® h(x)) =
a(f)(h(x)) and we are done. Naturality in the other variable is similar.

5.2.4. Adjunction morphisms. In trying to understand why the above example
worked, one immediately sees that the main point was the existence of a B-morphism

x—>1®x
from any B-module X to (For )A ® p X, and an A-morphism
a®yr ay

from A @ (For )Y to any A-module Y.
We used these morphisms to define o and 8, and moreover the calculation that «
and B are inverse to each other actually came down to seeing that

X 1Qx—> lx=x

and
aRx>a®@1® x> a(l®¥x)=aQRx

are the identity morphisms.

The situation is completely analogous (and also more clear) in general. Assume
we have morphisms ®x : X — GF(X) and ¥y : FGY — Y forany X € C and
Y € D. Then we can get
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o : Hom p(FX,Y) - Hom ¢(X, GY)
which sends f : FX — Y into

alf): X =2 gro) 22 gy,

and B in the opposite direction which sends g : X — GY into

F v
B(g): FX ¥, rgy -2 v.
If X — ®x and Y — Wy are natural transformations, i.e., if forany map 4 : X —

X' the diagram

XLX’

o] Jox

FGX —— FGX’
FG(h)

commutes and the analogous property holds for W, then one easily proves « and j
are natural. Moreover, if for any object X of C, the composition

Fx 229 poroxy XX, Py (5.1)

is the identity morphism, and for any object Y of D, the composition

Gy -2, GgrGw) 2 gy (5.2)
is the identity morphism, then « and § are inverse to each other. Namely, Boa = id
follows from the naturality of W and (5.1), while ¢ o § = id follows from the
naturality of ® and (5.2).

The converse holds too: if we do have adjunction, then it comes as above from
adjunction morphisms. Namely, assume F is left adjoint to G. Then set ®x =
ax rx(id rx) for X € C, and Wy = Bgy,y(id gy) for Y € D. Using natural-
ity of @ and B and the fact that they are inverse to each other, one gets

Proposition 5.2.5. Let F : C — D and G : D — C be functors. Then F is left
adjoint to G if and only if there are natural transformations

®:d¢ —— GF, V:FG —— Idp,

such that for all objects X € C and Y € D, the compositions (5.1) and (5.2) are the
identity morphisms.

Example 5.2.6. We now get back to the situation of Example 5.2.2 and construct the
right adjoint of the forgetful functor. For a B-module V, consider the space

Hom (A, V),
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where the B-morphisms are taken with respect to the left multiplication in the first
variable. Make this space into an A-module by letting A act by right multiplication
in the first variable:

(af)(@) = f(da).

This is a left action and it is well defined because left and right multiplication com-
mute. To make Hom g (A, e) into a functor, we define it on morphisms: ¢ : V — W
gets transformed into the operation of composing with ¢, ¢, = ¢ o e. To show that
this functor is really right adjoint to For , we exhibit the adjunction morphisms.

For X € M(A), define an A-morphism ®x : X — Hom p(A, (For )X) by

dx(x)(a) = ax.
For Y € M(B), define a B-morphism Wy : (For ) Hom 5(A,Y) — Y by

Yy (f) = f (D).

Then ® and W are well defined and natural, and (5.1) and (5.2) are the identity
morphisms. Namely, (5.1) comes down to

X+ (a+— ax) — lx =x, x € X,
while (5.2) comes down to
fr— (a— af) — (ar—) (af)(l):f(a)), f € Hom (A, Y).

Remarks 5.2.7. We will often have a situation in which A is free as a B-module for
the left (right) multiplication. For example, if A = U(g) and B = U(g;) for a Lie
subalgebra g; of g, then A is free over B, for both left and right multiplication, by
the Poincaré—Birkhoff—Witt Theorem.

If A= B ® A for a vector space A, then Hom p(A, X) gets identified with
Hom ¢ (A, X). In particular, it is an exact functor. The A-action is however more
difficult to see in this description; to recover it we must know some commutation
relations. Analogously, if A = A ® B, then A ®p X can be identified with A ® X.

There is a generalization of the above construction, with B not necessarily a
subalgebra of A, but another algebra with an algebra map t : B — A. It is clear
that in the above discussion we never really needed B to be inside A; we needed
it to act on A-modules, which it does in the presence of t: b simply acts as 7(b).
Now every t can be decomposed as a surjection followed by an injection, so the new
situation is when A is a quotient of B (modulo a two-sided ideal). The extreme such
situation is a map B — C. Again, such a map exists for enveloping algebras; it is the
projection to constants along the ideal gU (g). For a g-module V, the corresponding
“extended” modules, C ®y (g V and Hom yg)(C, V) are nothing but coinvariants
and invariants of V with respect to g. Rather than “extension of scalars,” this could
be called “killing off the action of (most of) scalars.” More generally, if / is an ideal
of B, then extension of scalars with respect to the projection B — B/I is taking
coinvariants or invariants with respect to /.
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Finally, let us mention that we will often have extra structure on V compati-
ble with the structure of a B-module, which will get carried over to A ® 3 V and
Hom g (A, V). This extra structure can for example be an action of a group or an-
other algebra.

5.2.8. Properties of adjoint functors. There are many formal and completely gen-
eral properties of adjoint functors. It is good to know something about them in order
to avoid reproving the same things in the same way in many different situations,
without being aware they are actually true automatically, for free.

5.2.9. Uniqueness. Adjoint functors are unique: if F and F’ are left (right) adjoint
to G, then they are isomorphic. Namely, we would have

Hom (FX,Y) = Hom (X, GY) = Hom (F'X, Y),

for every Y, naturally, and then one gets FX = F’X by picking Y to be first F X,
and then F’X, etc. This is just the usual proof that objects defined by a universal
property are unique up to an isomorphism.

5.2.10. Compositions of adjoint functors. If

F F'

A B C
G G

are functors with F left adjoint to G and F’ left adjoint to G, then F'F is left adjoint
to GG’. Namely, we have natural isomorphisms

Hom ¢(F'FX,Y) = Hom g(FX,G'Y) = Hom 4(X, GG'Y).

This gives various “induction in stages” theorems, as induction functors are always
adjoint to some forgetful functors, and forgetting can obviously be done “in stages.”

5.2.11. Preservation of limits and colimits. If F is left adjoint to G, then G pre-
serves all (existing) “limits,” while F preserves all “colimits.” Examples of limits
are: products, kernels, fiber products and inverse limits. Examples of colimits are:
sums, cokernels, fibered sums and direct limits.

In particular, all categories we will study are abelian, so there are notions of exact
sequences and left/right exact functors. Now, since right adjoints preserve kernels,
they are left exact. Since left adjoints preserve cokernels, they are right exact. Here
for a functor G the notion of “preserving kernels” more precisely means taking the
kernel of any morphism f to the kernel of Gf; so Ker Gf = G(Ker f),i.e., G in
fact commutes with the functor Ker which attaches to each morphism its kernel.

Viewing things in this way actually takes us half way towards proving the above
“preservation statements.” Namely the mentioned limits are in fact right adjoint to
certain “constant functors,” while colimits are left adjoint to constant functors, and
hence one can use 5.2.10. See [ML], V.5.
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5.2.12. Preservation of projectivity and injectivity. Projective objects of an abelian
category A are objects P such that the functor

Hom 4 (P, e)

is exact. In general, this functor is easily seen to be left exact for any object P. Dually,
an object [ is injective if the (contravariant) functor

Hom 4(e, I)

is exact. Again, in general this functor is only left exact.
The point we want to make here is that if F : C — D is left adjoint to G and if
G is exact, then F sends projectives to projectives. This is obvious from

Hom p(F(P),e) = Hom ¢ (P, G(e))

and the fact that the composition of two exact functors is exact. Analogously, if G is
right adjoint to F and if F is exact, then G sends injectives to injectives.

This actually gives the main method of constructing projectives and injectives in
various categories. We will use it in 5.3.6 below. In the example of modules over
a complex algebra A, consider the (exact) forgetful functor For from M(A) into
the category M(C) of complex vector spaces. Since all short exact sequences in
M(C) are split, all objects are projective and injective. Thus for any V € M(A), the
adjunction morphism A ®c V — V exhibits V as a quotient of a projective module,
while the adjunction morphism V. — Hom (A, V) exhibits V as a submodule of
an injective module.

5.3 Homological algebra of Harish-Chandra modules

5.3.1. Pairs. We will work with pairs (s, C), where s is a complex Lie algebra and
C is a compact Lie group such that

e (C acts on s by automorphisms, i.e., by a Lie group morphism C — Aut s;
The complexified Lie algebra ¢ of C embeds into s, in such a way that the action
of C on s extends the adjoint action on c;

e The differentiated C-action on s agrees with the restriction of ad ¢ to c.

The pairs we are interested in are those that already showed up in Section 5.1: (g, K)
coming from a real reductive group G, ([, L N K) coming from a Levi subgroup, and
also (q, L N K) which explains why we do not want to assume s is reductive.

We denote the action of C on s by Ad; in the above examples, it really is the
(restricted) adjoint action.

5.3.2. (s, C)-modules These are defined in the same way as (g, K)-modules in 1.3.7.
An (s, C)-module is a complex vector space with an action of s and a (locally) fi-
nite smooth action of C, which agree on ¢ in the sense that by differentiating the
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C-action (and then complexifying) we get the same action of ¢ as the one obtained
by restriction from the s-action. Furthermore, the following equivariance condition
holds:

7(Ad (0)X) = n(c)n(X)n(c)fl, celC, Xes;

i.e., the action map s ® V — V is C-equivariant (where C acts both on s and on V).
If C is connected, then the equivariance condition holds automatically.

A morphism between two (s, C)-modules is a linear map which intertwines both
actions.

In many situations we shall impose various finiteness conditions on the modules
we want to study: for example, finite generation, admissibility, Z (s)-finiteness, finite
length. However, we will also need “big” modules—for example, injective modules
are always big.

5.3.3. Change of algebras. Suppose (s, C) and (r, C) are pairs, and assume there
is a C-equivariant map 7 : t — s whose restriction to ¢ is the identity. There is an
obvious forgetful functor For : M(s, C) — M(x, C) and we want to construct its
adjoints. They are analogous to the change of rings functors from Section 5.2. In fact,
let V be an (¢, C)-module. If we for a moment ignore the C-action, we can consider
the U (s)-modules

U(s) Quewy V' and  Hom gy (U(s), V)

from Section 5.2. Recall that U (s) acts by left multiplication on U (s) ®y () V and
by right multiplication of the argument on Hom g () (U (s), V). To turn these into
(s, C)-modules, we define

cu®v)= Ad (c)u®nay(c)v and ca=my(c)oao Ad (cfl)

forc e C,u € U(s),v € Vand o € Hom y)(U(s), V). Here my is the given
C-action on V. One easily checks that these actions are well defined; for example, if
z € U(v), then

c(uz®v) = Ad (c)u Ad (¢)z @ my(c)v = Ad (c)u ® wy (Ad (¢)z)my (c)v
= Ad (Qu @ y (c)my (2)v = c(u @ my (2)v),
so the C-action is well defined with respect to @y (x).

We have to show that these C-actions are compatible with the s-actions. For
X ecq,

adXu@v4+u@ayX)v=Xu —uX)Quv+u@nmy(X)v=Xu@u,

so the two actions of ¢ on U(s) ®y ) V agree. Similarly, the two actions of X also
agree on Hom y ) (U (5), V).
Equivariance is also true: for any X € s,

cXe 'u®v) = Ad (0)(X(Ad(cHu)) @ my ()my (¢ Hv
=({(Ad OX)u) @v = (Ad (0)X)(u ®v).
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The equivariance for Hom () (U (s), V) is similar.

Finally, the C-action on U(s) Q) V is obviously finite, so it is an (s, C)-
module. Hom ¢ (U (s), V) is not necessarily C-finite. Therefore, we will take the
C-finite part

Hom y ) (U(s), V)c,

consisting of all C-finite vectors. It is an (s, C)-module. We already know how to
transform morphisms under these two constructions: if f : V — W is an (t, C)-
morphism, we have s-morphisms

id®f:U@®)QuwV — Ul Quwy W

and
Jx o Hom gy (U(s), V) — Hom y)(U(s), W).

These are trivially checked to be also C-morphisms; in particular, f, sends the C-
finite vectors to C-finite vectors. We see that U (s) ®y () ® and Hom () (U (s), ®)¢
are functors from M(x, C) to M (s, C). To see that they are left, respectively right,
adjoint to the forgetful functor, we only need to show that the adjunction morphisms
from Section 5.2 respect also the C-action; everything else is already proved there.
This is however obvious if we recall what these were: v — 1 ® v and o +— (1)
are C morphisms since Ad (c¢)1 = 1, and the s-action map is C-equivariant on any
(s, C)-module by definition.

(Here one again uses the fact that any C-morphism sends C-finite vectors to C-
finite ones; so if V is an (s, C')-module and if W is a space with compatible actions of
s and C but not necessarily C-finite, then Hom (5 c)(V, W) = Hom (5,¢)(V, W¢).)

So we have proved

Proposition 5.3.4. Let (s, C) and (v, C) be pairs, and let T : vt — s be a C-
equivariant map whose restriction to c is the identity. Then For : M(s,C) —
M(x, C) has both adjoints. The left adjoint is the functor U (s) ®u ) ® and the right
adjoint is the functor Hom ) (U (s), ®)c.

In particular, when t is one-to-one, we get the (generalized) pro and ind
functors from Section 5.1. By the Poincaré—Birkhoff-Witt Theorem, we can write
U()=Ur®)® A =A®U(r), where A is spanned by monomials in a basis of a
C-invariant direct complement of v in s. It follows that we can write

ind(V)=A®cV and pro (V)= Homc(A, V)c.

It is therefore clear that ind is an exact functor; however, pro is also exact. Namely,
the C-module structure of Hom ¢ (A, V)¢ depends only on the C-module structure
of V, and exactness of a sequence can be checked on the level of C-modules. But
the category of (smooth finite) C-modules is semisimple and hence all functors from
this category are exact.

Corollary 5.3.5. If the above map t is one-to-one, then the adjoints of For
M(s,C) — M(x, C) are exact functors pro and ind. In particular, For sends
projectives to projectives and injectives to injectives.
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The last claim follows from 5.2.12. A typical example of this situation would be
v = [, aLevi subalgebra of g, s = q = [@u a parabolic subalgebra,and C = LNK —
so C preserves u. In this case, the above A can be taken to be U (u).

The other case we want to single out is the case when t is a projection along
an ideal i of t. In this case, U(s) Q) ® and Hom y)(U(s), ®)c are the functors
of coinvariants respectively invariants with respect to i, taking (¢, C)-modules into
(t/i, C)-modules. These functors are no longer exact, and we will study their derived
functors, i-homology respectively i-cohomology, functors. A typical case like this is
t = q = [ @ u, a parabolic subalgebra, with t : ¢ — [ the projection along u. Here
q/u can be identified with [, hence u-invariants and coinvariants (and u-cohomology
and homology) will be (I, C)-modules.

5.3.6. Construction of projectives and injectives. To construct enough projectives
and injectives for modules over any pair (s, C), one can use ind and pro from the
category of (¢, C)-modules. Namely, it follows from 5.3.5 and 5.2.12 that pro sends
injectives to injectives and ind sends projectives to projectives. On the other hand,
the category M(c, C) is semisimple, so all its objects are projective and injective.
This means that (s, C)-modules of the form U(s) ®y () V will be projective and
(s, C)-modules of the form Hom () (U (s), V)¢ will be injective. (These are called
standard projectives, respectively injectives.)

This is true for any (¢, C)-module V, but if we start with an (s, C)-module V,
then the adjunction morphism U (s) ®y ) V — V is onto, and the adjunction mor-
phism V. — Hom y(U(s), V)c is one-to-one, and we get that every (s, C)-
module is a quotient of a projective (s, C)-module and a submodule of an injective
(s, C)-module.

5.3.7. Koszul resolutions. It will be convenient to have at hand some very explicit
projective resolutions. They are provided by various Koszul complexes. These are
resolutions of the trivial module C in various categories; resolutions of other mod-
ules are then obtained simply by tensoring the module with the Koszul complex
(or taking Hom). One simple consequence will be that we can always find resolu-
tions that are not longer than the length of the Koszul complex, which is finite (for
(s, C)-modules, the length is dim s/c). In other words, our categories have finite
homological dimension.

We start with the simplest case, the polynomial algebra C[xy, ..., x,]. This al-
gebra can be identified with S(V), where V is the dual space of C". We have thus al-
ready studied the associated Koszul complex, S(V)® /\ (V), in Section 3.3. Namely,
the S(V)-modules S(V) ® /\i(V), with S(V) acting by multiplication in the first
factor, are obviously free. Furthermore, it follows from Proposition 3.3.5 that the
complex

0> SV A'(V) —s svye A" vy —4s

L SO N(V) —s C—0
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where n = dim V, e is the evaluation at 0, and d is the Koszul differential, is exact.
So the Koszul complex is a free (and hence projective) resolution of C.

5.3.8. Koszul complex for a Lie algebra. For a Lie algebra s, we claim that a reso-
lution of the trivial s-module C is given by

d

0— U(s) ® N\"(s) Us) @ \'(s) —— C — 0,

where n = dim s, € is the projection along sU (s) ® 1, and d is given by

-

dURXI AN+ AXp) = Z(—l)i_lux,- QXIA... X AXxp
i=1

+Z(—l)i+ju®[x,',xj]/\x1 A...)?,'...)?/'H-Axr.

i<j

It is a routine exercise to show that d> = 0; note how it is ensured exactly by the
introduction of commutators. Furthermore, let us filter U (s) by degree, grade /\'(s)
by degree, and consider the total degree on U(s) ® /\'(s). Let F; be the degree k
filtered piece of this filtration. It is clear from the formula for d that F is a subcom-
plex, and that Gry = Fy/Fy—1 is exactly the degree k part of the Koszul complex
of 5, S(s) ® /\'(s) considered in 5.3.7. In particular, Gry is exact for any k, and we
see from the long exact sequence of cohomology corresponding to the short exact
sequence
0— Fr_1 —> Fr—> Grpy — 0

of complexes that Fy and Fj_ have the same cohomology. But F_; = 0 has coho-
mology 0, hence all F, are exact. We conclude that their union, U (s) ® A’ (s) is also
exact.

This is the original Koszul’s proof, taken from [CE].

5.3.9. Koszul complex for a pair (s, C). Let p be a C-invariant direct complement
of cin s, and let w : s — p be the C-equivariant projection. The Koszul resolution
of the trivial (s, C)-module C is

0— U(s) Quo N\ (b) Us) Qu) A\°(p) —— C— 0,

where p = dim p, € is the projection along sU (s) ® 1, and d is given by

.

dU Qx| A AXp) = Z(—l)i_lux,- QXA ... X AXy
i=1

Y DU @i, x D Axy AR Ry A

i<j

Note that if ¢ is a symmetric subalgebra of s, as we have for the pair (g, K), then the
second (double) sum disappears.
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As usual, one checks that d> = 0 and we want to show this is a resolution (we
know the objects in question are projective—these are the standard projectives of
5.3.6.)

By taking a basis of ¢ together with a basis of p to form a basis of s, we can
use the Poincaré—Birkhoff-Witt theorem to define a filtration of U (s) by p-degree:
each PBW monomial gets a degree equal to the total number of elements of the p-
part of the basis in it. (Note that this does not define a grading, but it does define a
filtration.) Together with the grading of /\ (p) by degree, this gives a filtration Fj of
our complex. The graded object is

SP) U ®uwy N'(p) =SP) @ \'(h),

with the differential equal to the Koszul differential dp of the polynomials over the
vector space p. In particular, Gry is exact for any k, and hence we conclude that our
“relative Koszul complex” is also exact, by the same argument as in 5.3.8.

5.3.10. Resolving nontrivial modules. We are now going to use two constructions
inside the category M (s, C): for any two (s, C)-modules V and W we can construct
(s, C) modules VW and Hom ¢ (V, W)c. This construction is very familiar; both s
and C act on both factors. Moreover, by fixing one variable and varying the other we
get four functors from M(s, C) into itself. In fact we get three,as VW =W Q® V
in the obvious way. All these functors are exact. The following fact is standard and
easy to check:

Lemma 5.3.11. Forany V € M(s, C), the functor V ® e is left adjoint to the functor
Hom ¢(V, ¢)c.

In particular, this means that V ® e sends projectives to projectives and that
Hom ¢ (V, e)¢ sends injectives to injectives. Moreover, it follows from the noted
symmetry of the tensor product that the contravariant functor Hom ¢ (e, V)¢ sends
projectives to injectives. Namely, if W is projective, then the functor

Hom (5,cy(e, Hom ¢ (W, V)c) = Hom (5¢)(W ® o, V)
= Hom (5,c)(W, Hom ¢ (e, V)c)

is exact, so Hom ¢ (W, V)¢ is injective.
This implies the following proposition.

Proposition 5.3.12. For any (s, C) module V,
VeUs) Quw N\ K -V

is a projective resolution of V, while

V — Hom c(U(s) Qu /\' ), V)c

is an injective resolution of V. In particular, the homological dimension of M(s, C)
is at most dim p.
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An important special case of the above considerations is when V is finite-
dimensional. Then Hom ¢ (V, e)¢ is the same as V* ® e, where V* is contragredient
to V. As V** = V, this shows that for finite-dimensional V, tensoring with V is both
left and right adjoint to tensoring with V*, and in particular

Corollary 5.3.13. If V is a finite-dimensional (s, C)-module, then the functor V. Q e
sends projectives to projectives and injectives to injectives.

Another important functor arising in the above context is the C-finite duality,
which is defined by
V* = Hom ¢(V, C)c,

for an (s, C)-module V (the actions are contragredient). This functor is exact. The
double dual is the identity on admissible modules, i.e., those that contain every irre-
ducible C-module only finitely many times. The main general property is

Corollary 5.3.14. For any two (s, C)-modules V and W we have
Hom (5,c)(V, W*) = Hom s.0)(W, V.
Proof. We can write

Hom (s,¢)(V, Hom ¢(W, C)¢) = Hom (s.c)(W ® V, C)
= Hom (5,c)(W, Hom ¢ (V, C)¢).

Note that the above property is a kind of “self adjunction” of the duality func-
tor. More precisely, the duality understood as a functor from the opposite category
M(s, C)? into M(s, C) is right adjoint to its opposite functor, going from M(s, C)
to M(s, C)°. The contravariant functor Hom ¢ (e, V)¢ has an analogous property
for any V.

5.4 Zuckerman functors

The key idea of cohomological induction is to consider the Zuckerman functor I" and
its derived functors.

5.4.1. Definition of the functor I". Let (s, C) be a pair and let 7 be a closed subgroup
of C. Then (s, T') is obviously another pair. We are mainly interested in cases s = g
ors =8 C =K and T = L N K. We will therefore switch to the notation (g, K)
and (g, T), although nothing we do will depend on this particular case.

There is a forgetful functor For : M(g, K) — M(g, T). By definition, the
Zuckerman functor I' = I'k 7 is the right adjoint of this forgetful functor.

To construct I', recall that we have a good candidate from Section 5.1:

IV = (R(K)® V)&D),
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with (€, T')-invariants taken with respect to the left regular action L tensored with
the given action wy. K-action is given by the right regular action on R(K), which is
clearly well defined on invariants, as it commutes with L ® y. We have to define a
g-action and show that we get a (g, K)-module.

Note that we cannot simply take the g-action 7wy we have on V/, as this would not
be well defined on (¢, T')-invariants, and also it would commute with the K-action
R ® 1 instead of being K-equivariant. What is needed is some twist with respect to
the R(K) factor.

To describe and later handle the g-action it is useful to interpret R(K) ® V as the
space

R(K)@ V=R(K,V)

of finite range V -valued smooth finite functions on K; here f @ v gets identified with
the function k — f(k)v. The action of X € g is now givenon F € R(K, V) by

(XF)(k) =ny(Ad () X)F (k), keKk.

We can also write it in tensor notation: if X; € g and f; € R(K) are such that
Ad (k)X =" fi(k)X;, then

X(f®v) =) ffi®mv(Xiv.
i
To see that this g-action is well defined on (£, T')-invariants, we first note that the
action L @ my on F' € R(K, V) is given by
M@ F) (k) =7y () F (%), teT, keKk,

and
AMX)F =ny(X)oF + LxF, X et

where as usual Lx F (k) = % F(exp(—tX)k)!tZO. So we have
OXF)(k) = my ()(XF)(t™'k) = my ()my (Ad ¢ R X)F (e~ k)
=ny(Ad (k)X)nv(t)F(t_lk) = (XA(@)F) (k).

Similarly, the g-action commutes with the A-action of €. In particular, the g-action
is well defined on (¢, T')-invariants.
We show next that the g-action is K -equivariant:

kXK~ 'FYK) = (XkT'F)(K'k) = v (Ad (KK) X) (k™ F)(K'k)
=y (Ad (k) Ad (k) X)F (k') = ((Ad () X)F) (k).

Finally, the action Ry of X € & should agree with the action of X as an element of
g; this will be true on invariants. Namely, if F is (¢, T')-invariant, then

LxF = —my(X)oF.
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Using this, we see
d d .
(R F)(k) = - F(k exp(tX))|,_, = 5 Fkexp(tX)k B, _o

d
= o, Flexp(t Ad (0 X)), = —(L aa ox F) (k)
=y (Ad () X)F (k) = (XF) (k).

So, we have indeed constructed a (g, K)-module I'V. To make T into a functor, we
define it on morphisms, by

Fa:V—->W) =id a: (RK)®V)ED & (R(K)® V)ED,
One easily checks that this is a well defined (g, K)-morphism.

5.4.2. Adjunction. We now want to show that I is right adjoint to the forgetful func-
tor. For this we need to exhibit adjunction morphisms.
For a (g, K)-module V, let

Dy :V > RK,V)ED, Oy (v) (k) = my (k)v

be the “matrix coefficient map,” given by the action of K on V.
For a (g, T)-module W, define

Uy : R(K, W)ED 5w, Wy (F) = F(1).

Note the analogy with the change of ring functors.
To show that ®y does finish in the (¢, T)-invariants, we calculate

(AL Py () (k) = 7y (DY (V) (t™'k) = v Oy (1™ kv
= ny (k)v = Oy (v)(k),

i.e., @y (v) is T-invariant. By a similar calculation it is also £-invariant. Furthermore,
dy is a (g, K)-morphism: for X € g,

Qy (v (X)v) (k) = my (k)my (X)v = 7wy (Ad (k) X)7y (k)v = (X Py (v)) (k),

so @y is a g-morphism and similarly it is a K-morphism.
Wy is obviously well defined. It is a (g, 7')-morphism: for X € g

Yw(XF) = (XF)(1) = nw(Ad (DX)F(1) = mw (X)Ww (F),

so Wy is a g-morphism and similarly it is a 7-morphism.
To finish the proof of adjunction, we have to check that the maps (5.1) and (5.2)
from 5.2.4 are the identity maps. The map (5.1) is

v 2. rv v, ue ke mvu) — v (D = v
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so it is the identity map. The map (5.2) is the map

rw —, rrw S py,
given by F +— (k+— Ry F) > (k — (RxF)(1) = F(k)), and this is again the iden-
tity map. (Note that we have omitted the forgetful functors in the above calculations.)
So we have proved:

Theorem 5.4.3. The forgetful functor from M(g, K) to M(g, T), has a right adjoint,
the Zuckerman functor T'. It can be constructed as 'V = (R(K) ® V)(E’T).

5.4.4. Derived Zuckerman functors. Since the category M(g, T) has enough in-
jectives, the right derived functors [ = R'T are defined. To calculate I''(V), one
should take an injective resolution V — [, and take the cohomology of the complex
I"(I"). This is not so great, because injective modules are big and not easy to work
with.

However, the formula we used for I', I'(V) = (R(K) ® V)(E'T) suggests that we
could try to calculate ' as derived invariants functor, i.e., (€, T)-cohomology of the
(¢, T)-module R(K) ® V. We are going to show that this is indeed possible.

By definition, if X — [ is an injective resolution of X in M(g, K), then

I'(X) = H'(Hom (¢.7(C, R(K) ® I')).

Since the forgetful functor from M(g, K) to M(g, T') has an exact left adjoint ind 9
I/ are injective as (¥, T')-modules. Tensoring them with finite-dimensional (¢, T')-
modules again gives injectives, by Corollary 5.3.13. On the other hand, R(K) is a
direct sum of finite-dimensional K -modules. If we could show that R(K) ® I/ are
injective (€, T)-modules, we could conclude that Ii(X) is the (¢, T) cohomology
of the (¢, T)-module R(K) ® V. However, an infinite direct sum of injectives is
not necessarily injective. It is however acyclic for (¢, T')-cohomology, i.e., if J,,
n=1,2,... are injective (¢, T')-modules, then

H (¢, T:;®,J,) =0, i>0.

This follows at once from the fact that taking (¢, T)-cohomology commutes with
direct sums.

What we thus need to know is that we can calculate derived functors not only
from injective resolutions, but also from resolutions by objects acyclic for the functor
in question. This is a well-known and general fact from homological algebra; see for
example [T], Theorem 4.4.6. So we can identify I'' (V) with H' (¢, T; R(K) ® V),
which we can in turn get as the cohomology of the complex

Hom (¢ 7)(U(®) ®u /\'(0), R(K) ® V),

where we denote by o a T-invariant direct complement of t in €. In other words,
we can resolve the first variable, C, instead of the second in Hom (¢ 7)(C, R(K) ®
V). The (g, K)-action is given as before, on the second variable only; this follows
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from the functoriality of the whole construction. In particular, the cohomology of the
above complex is a (g, K)-module.

We can also use the adjunction of ind f and For to write Hom (¢ 7) (U (£) ®u (t
Z, W)= Hom 7(Z, W). So we have proved:

Theorem 5.4.5. The derived Zuckerman functors of a (g, T')-module V can be ex-
pressed as _ '
I'(V) = H'(Hom 7(/\"(0), R(K) ® V)),

with the (g, K) action coming from the one described earlier on R(K) ® V. Here o
is a T-invariant direct complement of t in €, and T acts by the adjoint action on o
and by the action . = L @ my on R(K) ® V.

5.4.6. Some SL(2) examples. As we saw in Example 5.1.5, while cohomologically
inducing from L = K in the SL(2) case, we did not need to apply Zuckerman
functors to get from (g, LN K )-modules to (g, K)-modules, simply because LNK =
K. We can however see what the above construction gives for T = {1} C K.

In this case, t = 0, and 0 = €. Recall the basis

0 —i 171 IR W O
W‘[io]’ M_E[i—l] “‘5[—i—1]

of g from Example 5.1.5 (and also 1.3.10). Since ¢ = CW is one-dimensional, the
complex C that calculates derived Zuckerman functors is

0 — Hom @(/\O(E),R(K)(X)V) 4, Hom @(/\]({?),R(K)@V)—)O.

Now both C? and C! can be identified with R (K)® V;for C 0 f ® v gets identified
with the linear map given by 1 — f ® v, and for C', f ® v gets identified with
the linear map given by W — f ® v. Since the Koszul differential for ¢ is given by
da@W)y=aWona®@ W eU(#)® /\I(E), in the above identifications we have

d(f@v)=(LQny)(W)(f ®v) =Lwf Qmy(W)v.
In particular, we see that
r’'v)y=@REK®V)" ad THV)=(REK) V),

the €-invariants and coinvariants of R(K) ® V.
Let us now consider some particular examples of V. The first is the trivial module
C; note that this already is a (g, K)-module. Now R(K) ® C = R(K). We can
decompose
R(K)=EDCf

nez

where f, is the character k +— k" of K = § I In particular, Ly f,, = —nf,. So
we see that both the invariants and the coinvariants of R(K) with respect to the left
regular action consist of the constants C = C fy. The (g, K)-action can only be
trivial, so we conclude
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r’‘c=c, rYo)=c.

Next, let us consider another module which already is a (g, K)-module: the dis-
rete series representation with lowest weight k, V = €p i>0 Cvg42i. Now

RKY®V= P Cluya,

nel,icly

and the action of W with respect to which we are taking invariants and coinvariants
is
W fo @ Vigoi = (—n+k +2i) f;, @ vkt

We see again that invariants and coinvariants are the same, and equal to

P Cferai ® virai.

i€Zy

The K-action on this space is the right regular action; so it is isomorphic to V as
a K-module. It is thus also isomorphic to V as a (g, K)-module, as V is the only
(g, K)-module with weights k, k + 2,k 4+ 4, .... So we again see

r'wy=v, r'w)=v.

In fact, one can show in a general situation that whenever V is already a (g, K)-
module, then TV (V) = H!(¢ T;R(K)) ® V. Moreover, for connected K,
Hi(e, T; R(K)) = H (¢, T; C).
We now turn our attention to modules V that are not (g, K)-modules, but only g-
modules. One such module is V = U(g), with g-action being the left multiplication.
The action of W on R(K) ® U (g) is

W:fi®uvi> —nf,®v+ f,, ® Wo.

Since the degree of W is greater than the degree of v, it is easy to see that there are
no E-invariants in R(K) ® U (g). The space of coinvariants can be identified with

R(K) Qu U(g),

where the right action of U (£) on R(K) is given by twisting the action Ly, so that
W acts as L_w. Incidentally, this is the same as Ry, but that is only because ¢ is
abelian. Since U(g) is free over U (), the space is quite large. It can actually be
turned into a convolution algebra. This is the Hecke algebra, studied extensively in
[KV].

5.5 Bernstein functors

5.5.1. Definition of IT. We keep the same setting as in the previous section: (g, K)
is a pair (most often the usual (g, K) coming from a real reductive group) and 7 is a
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closed subgroup of K (for example, L N K for L coming from a 6-stable parabolic
subalgebra of g).
We define the Bernstein functor 1 : M(g, T) — M(g, K) by

(V) = (R(K) @ V)e,1)-

The (¢, T')-coinvariants are taken with respect to the same (¢, T')-actionon R(K)®V
as in the last section: L ® y, the left regular action on R(K) tensored with the given
actionon V.

In the last section we defined actions of g and K on R(K) ® V, commuting
with the (¢, T')-action L ® my. So these actions descend to coinvariants, just like
they restricted to actions on invariants. Furthermore, the g-action, which was given
by twisted wy, was K-equivariant already on the level of R(K) ® V, so it stays
equivariant after passing to (€, 7')-coinvariants. (Recall that the K -action is the right
regular representation in the first factor.)

The proof that the two actions of £, one given by differentiating the K -action and
the other given by restricting the g-action, agree (so that TI(V) is a (g, K)-module),
is similar to the proof for the Zuckerman functor, but a little more complicated. Let
F € R(K,V),let X € tand suppose Ad (k)X =), fi(k)X;, k € K. Then

(XF — Ry F)(k) = 7ty (Ad (k) X)(F (k) + (L ad (oyx F) (k)
=Y fio)my (X)(F(K) + fi(k)Lx, F (k).

What we want is rather

> (wv(Xi) o (FF) + Ly, (fiF))(k);

i

this would obviously be zero after passing to coinvariants. The two expressions are
actually the same because of the following lemma and the fact that € is unimodular.

Lemma 5.5.2. Let X € ¢, and let Ad (k)X = YI_, fi(k)Xi, k € K. Then the

Jfunction
n
> Lxifi
i=1

is a constant function on K, with value tr ad X. In particular, if € is unimodular,
then this function is 0.

Proof. Let F € R(K, ) be given by F (k) = Ad (k)X; the corresponding element
of R(K) ® tisthen ) ; f; ® X;. Since

(L ® Ad)K)F)(K) = Ad (k)(F(k~'k')) = Ad (k) Ad (k"'k)X
= Ad (k)X = F)),

F is invariant for the action L ® Ad of K.
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Leta: R(K)®t — R(K)bedefinedby a(f®Y) = Ly f. This is actually the ¢-
action map for the (¢, K)-module R(K') with respect to the left regular representation
L. Thus, by the equivariance condition, a intertwines the action L ® Ad of K on
R(K) ® & with L. It follows that

ZLX,.ﬁ =a(Zfi ® Xi)

is in the K-invariants of R(K) with respect to L, i.e., it is a constant function on K.
To see the value of this function, we calculate it at ¢ € K. In writing

Ad ()X =" fitk)Xi, kek,
i=1

we can clearly assume that {X;} is a basis of ¢ (take any X;’s and write them in a
basis). Setting k = expX;, t € R, deriving with respect to ¢ and then setting r = 0,
we obtain

n d n
(Xj, X1= ) filexptXXi|, o=} (Lox; (&) Xi;
i=1 i=1
hence .
[X.X;1=) (Lx,; f)(©)Xi.
i=l1

In other words, the matrix of ad X is given by

(ad X)i; = (Lx, f)(e)
in the basis {X;}, and it follows that
n
D (Lx, fi)(e) = tr ad X.
i=1
So we see that IT(V) is a (g, K)-module. To make IT into a functor, we define it
on morphisms by
N :V—->W)y=1id @ f: (R(K)® V)e,r) = (R(K) @ W)
which is obviously well defined on (€, 7')-coinvariants.

Since taking coinvariants is right exact, we conclude that IT is also right exact.
So we will consider the left derived functors of I1. We are going to show that they
are given by (¢, 7)-homology.

5.5.3. Derived Bernstein functors. The proof that

(V) =L'TI(V) = H; (&, T; R(K) ® V)
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is analogous and even simpler than the proof in 5.4.4. Namely, by definition, IT; (V)
is the (—i)-th cohomology of the complex

n(P) = (R(K)® P)r), (5.3)

where P* — V — 0 is a projective resolution of the (g, 7)-module V. Since
For : M(g,T) — M(%, T) has an exact right adjoint pro, For sends projec-
tives to projectives, i.e., P! are projective (€, T')-modules. Furthermore, R(K) ® o
sends projectives to projectives by Lemma 5.3.11 and the remarks just after it. So
R(K) ® P’ is a projective resolution of the (¢, 7)-module R(K) ® V, and hence
(5.3) calculates the (€, T)-homology of R(K) ® V. Since (¥, T)-homology can be
calculated using the Koszul complex, we conclude

Theorem 5.5.4. The derived Bernstein functors of a (g, T)-module V can be ex-
pressed as

(V) = H' (\ (0) ®7 R(K) ® V),

with (g, K)-action coming from the one described earlier on R(K) ® V. Here o is
a T-invariant complement of t in ¢, T acts on /\'(0) by the adjoint action and on
R(K) ® V by the action ). = L ® wy, and the cohomology is taken with respect to
the Koszul differential.

5.5.5. Pseudoforgetful functors. Bernstein functors are not left adjoint to the for-
getful functors as one might suppose; in fact, one can show that For : M(g, K) —
M(g, T) usually does not have a left adjoint. There is however another functor simi-
lar to For which we denote by For ¥ and call the pseudoforgetful functor (following
[KVD.

Let V be a (g, K)-module. We consider the space

Hom g (R(K), V),

the K-morphisms being taken with respect to the left regular action of K in R(K)
and the given action on V.

On this vector space, we have a “surviving” action of K, by the contragredient
right regular action in the argument:

(ka)(f) = a(R,-1 f), € Hom g (R(K), V).

This K-action is not finite; we restrict it to 7 and take the T-finite part. Thus we
define
For V(V) = Hom g (R(K), V)7.

When we define a g-action on this space, and make For v into a functor from

M(g, K) into M (g, T), it will be automatic that this functor is exact. The argument
is the same as for pro; to check exactness we can forget about g and consider an
analogous functor from M (K) to M(T); but every such functor is exact as M(K) is
a semisimple category.
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The g-action on For Y (V) is the restriction of a g-action defined on all of
Hom g (R(K), V). We first interprete this last space in a different way. We are going
to use some analytic notation: for f € R(K), let wy (f) be the operator on V defined
by

ﬂv(f)v=/Kf(k)7Tv(k)vdk,

where dk denotes the Haar measure on K. In fact, whenever V is K -finite, this can
also be written in an algebraic way: if wy (k)v = Zi fi(k)v;, then the above integral
can be written as

> (/K f(k)ﬁ(k)dk) v =Y e(/fu

i
where € : R(K) — Cis the K x K -equivariant projection to the constants. However,

it is often easier to follow the integral notation. It is well known (and trivial to check)
that

mv(Lif) =mv®my(f)  and  wv(Ref) =mv(HrvkH. (54

We are going to identify the (non-locally finite) K-module Hom g (R(K), V)

with
[Tve.

sek

where for each (8, Vs) € K , V(8) = Hom g (Vs, V)® Vs is the §-isotypic component
of V. An abstract way to get this identification is

Hom g (R(K), V) = Hom (D Vs ® V", V) = [ | Hom & (Vs ® V5, V)
§

§
= l_[ Hom g (Vs, V) ® Vs = 1_[ V().
K3 §

More concretely, © = (vs) = ) 5 vs € [[5 V(8) defines a map
i f e Y mv(f)vs
B

from R(K) to V. Although the sum is over an infinite set, for each particular f there
are only finitely many nonzero terms, corresponding to those § for which f has a
nonzero component in R(K)(8). The map v is a K-morphism because of (5.4). (5.4)
also implies that the K-action we defined on Hom g (R(K), V) corresponds to the
obvious K-action on [[5 V (§).

The element o of [ [; V' (8) is determined by the map from R(K) to V it induces,
as vs can be recovered as the image of x;, the normalized character of §. It follows
that all K-morphisms are obtained in this way. (This can also be seen from the above
abstract description of the identification.)

We now define a g-action on [[; V (), by
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XQ v =) mv(X)vs, Xeg.
1) §

The §-component of this sum is finite for each &, as wy (X)vy can have nonzero §-
component only for finitely many §’. Namely, we can consider the lattice of highest
weights of all K-types; then the “finitely many §” are those with distance between
highest weights of 8’ and § smaller than a fixed constant determined by the weights
of the K-module g.

Hence the sum defines an element of [ [ V(8). The corresponding element of
Hom g (R(K), V) is given by

(XD)(f) = ; fK Fymy (kymy (X)vsdk
= ; /K FR)my (Ad (k) X)y (k)vsdk.
If we write Ad (k)X = Y, f;(k)X;, then this becomes
lZm(Xl-) ;fK Ji (k) f (yry (kyvsdk = va(xi)ﬁ(ﬁf).

This is the description of our action in terms of Hom g (R(K), V). One could work
with this as the definition, but the calculations are then a bit longer and less obvious.
Our g-action is obviously K -equivariant, as

(kXE"HOQ vs) =) mvR)my (X)my (ks = Y v (Ad () X)vs
$ ) )
= (Ad (X)) vs),
)

as the g-action on V is K-equivariant. In the same way, the two actions of £ agree
since they agree on V. It follows that For ¥ (V) is a (g, T)-module.
By definition of the actions, it is obvious that

jiV= @ V() — (]_[ V(8))r = For Y (V)
S S

given by the inclusion of the direct sum into the direct product is a natural morphism
of (g, T)-modules, i.e., a natural transformation of For into For ¥. The map j is
always one-to-one, but typically not onto.

5.5.6. Adjunction. We are now going to prove that the Bernstein functor IT is left
adjoint to For ¥ : M(g, K) — M(g, T). For a (g, T)-module V, we define

®y : V — For Y(I1(V)) = Hom g (R(K), (R(K) ® Ve )T

by
Oy ()(f)=f'®v,
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where fV is the function k — f(k~'). Here we identify f¥ ® v with its im-
age in the (¢, T)-coinvariants. Clearly, &y (v) is a well-defined K-morphism, as
Oy () (Lif) = (Le )Y ®v = RefY ® v = (R ® NPy (v)(f). Furthermore,
®y is a T-morphism as

Dy )(f) = PyW(R-1 /) = (R /)" ®v=L1f" ®v,

and in the (€, T')-coinvariants this is the same as fV ® 7y (£)v = Oy (wy )v)(f).
To check that ®y is a g-morphism, we use the interpretation of IT(V) as
R(K, V)@ ). Let X € gandlet Ad (k)X = }_ f;(k)X;. Then

XDy (K =Y (Xi(Dy @) (££:) k) = Zm(Ad ©) XD (f£) ()

i

=y (Ad (k)(Zﬁ(k_l)Xi))fv(k)v = fYK)my (X)v = @y (v (X)v)(£) (k).
The other adjunction morphism is

Wy : (R(K) ® Hom g (R(K), W)r)e.1) > W

given by
Ui (f @) =a(f") =Y mw(fIws,
8

where W is a (g, K)-module and o corresponds to (ws) € Ha W(5). It follows
immediately from (5.4) that Wy is well defined on coinvariants and a K-morphism.
It is also a g-morphism, as

V(X (f @) =) (Xie)(ff)" = Zaj /K (£1)Y Rymw (K)mw (X wsdk
= Zsj fK £ k) Z Jitk™Dmw (Ad (k) X)mw (k)ywsdk
= 7w (X) ; /K I Ry (kywsdk = mw (X)Ww (f @ a).
The compositions (5.1) and (5.2) are now easily checked to be the identity maps by

the usual calculation. This finishes the proof of adjunction.

5.5.7. Pseudoforgetful functor and duality. We will denote by * the linear space

duality, i.e., V* = Hom ¢ (V,C), and by *g and *r the K-finite, respectively

T -finite, duality operations. So V* = Hom ¢(V, C)k is the K-finite dual of a

(g, K)-module V (with contragredient actions of g and K), and analogously for 7.
We claim that for any (g, K)-module V, there is a natural isomorphism

For V(V*K) = (For V)*T.

This is obvious since if V = @, V(8), then V*& = ; V(8)*, and hence
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For Y (V) = ([ [V®)"r = vVHr = V7.
)

It is clear that all the above equalities are compatible with actions of g and T and
functorial.

We see now that if V is an admissible (g, K)-module, then upon writing V =
(V*K)*K we have

For ¥ (V) = For Y ((V*K)*K) = (For (V*K))*T

i.e., we can interpret For V as the T-finite dual of the K -finite dual.



6

Properties of Cohomologically Induced Modules

In this chapter we review the basic properties of the (g, K)-modules obtained by
cohomological induction. These properties are roughly as follows: let Z be an
(I, LN K)-module with infinitesimal character A. Then the cohomologically induced
modules have g-infinitesimal character A + p (1), where p (1) is the half sum of roots
corresponding to u. Under appropriate dominance conditions, they are:

e nonzero only in the middle degree S, and moreover RS (Z) = Lg(Z);
e irreducible if Z is irreducible;
e unitary if Z is unitary.

The proofs of these results are rather complicated and they are written in great detail
in [KV]. Hence we will omit most of the proofs and only give some general ideas
about them.

At the end we describe the results of Salamanca-Riba [SR] about unitary rep-
resentations with strongly regular infinitesimal character. We are going to use these
results in our analysis of the discrete series representations.

6.1 Duality theorems

6.1.1. Easy duality. We have by now constructed essentially two pairs of induction
functors. One pair is the change of algebras, by pro or ind, that is, by taking
Hom or tensoring. The other pair is the change of groups, by either Zuckerman
or Bernstein functors. In both cases the left and right variant are intertwined by the
duality operations on the two categories in question. This is a very formal and easy
consequence of adjunction and the corresponding property for forgetful functors.
Moreover, the extension to derived functors also comes basically for free. We start
with Zuckerman and Bernstein functors.

Proposition 6.1.2. Let (g, K) be a pair and let T be a closed subgroup of K . Denote
by W*K the K -finite dual of a (g, K)-module W, with contragredient (g, K)-action.
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Analogously, V*T denotes the T -finite dual of a (g, T)-module V. Then there is a
natural isomorphism of (g, K )-modules

I1;(V)* =T (V*T).

Proof. For i = 0, this immediately follows from 5.5.7 and the adjunctions by the
following series of natural isomorphisms:

Hom (g x)(X, [1(V)*) = Hom (g.5)TT(V), X*K)
= Hom (g7 (V, For ¥(X*¥)) = Hom (g 1)(V, (For X)*T)
= Hom (g 7y(For X, V*7) = Hom (g4 (X, T(V*T)),

where X is an arbitrary (g, K)-module. Here we used the “self-adjunction” of the
duality functors from Corollary 5.3.14. To get the statement for any i, we calculate
the (left) derived functors of the contravariant functor

(e)™ =T'((e)"").

Let P — V — 0 be a projective resolution of a (g, 7')-module V. By Lemma
5.3.11 and the remarks after it, 0 — V*7 — (P")*7 is an injective resolution of the
(g, T)-module V*7, Since both duality operations are exact, we see that

I1;(V)*K = L;(T1(e)**)(V) = H' (TI(P")*X)
= H (T((P)*T)) = RI(T((8)*T)(V) = T/ (V*T).

Now let (s, C) and (r, C) be pairs with a C-equivariant map 7 : t — s which is
the identity on c. Clearly, the forgetful functor For: M (s, C) — M(x, C) intertwines
the C-finite duality operations on the two categories. Thus exactly the same argument
as above applies to the adjoints of For. In case 7 is an embedding, these adjoints are
the exact functors ind and pro, and there are no higher derived functors. In the
other case we are interested in, that of projection T : v — s along an ideal ¢, the
derived functors are (-homology and cohomology. The case of main interest here is
the projection q — [ along u for a f-stable parabolic q = [@ u of g. We state the two
cases separately because of different notation.

Proposition 6.1.3. (i) Let (s, C) and (t, C) be pairs with v C s. Then there is a
natural isomorphism of (s, C) modules

ind (V)*¢ = pro (V*¢), Ve Mk,CO).

(ii) Let (q, C) and (I, C) be pairs, and let T : @ — | be the projection along an ideal
wof q. Then for any i > 0 there is a natural isomorphism of (I, C)-modules

H;(w; V)*¢ = H' (u; V¥*¢), Ve M(q, C).

Finally, there is a completely analogous property for the relative homology and
cohomology. Let (s, C) be a pair, and consider the “forgetful” functor from the cat-
egory of vector spaces to the category M(s, C), which attaches a trivial module V
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to the vector space V. This functor intertwines the C-finite duality on M (s, C) with
the full linear duality V +— V™ on the category of vector spaces. (This situation
corresponds to the map of pairs (s, C) — (0, 1).)

The adjoints are the functors of (s, C)-coinvariants and invariants, with derived
functors (s, C)-homology respectively cohomology. We conclude

Proposition 6.1.4. For any i > 0, there is a natural isomorphism of vector spaces
Hi(s,C; V)" = H'(s,C; V), Ve M(s,O).

Note that [KV] contains a common generalization of all these statements, re-
ferring to the more general “change of ring” functors P and I corresponding to a
general map of pairs (v, C) — (s, T). The above cases are however sufficient for
our purposes.

6.1.5. Hard duality. Unlike the above statements which involved duality operations,
hard duality in fact does not refer to the duality operations. Rather, it says that derived
Bernstein and Zuckerman functors are essentially the same (up to a modular twist in
the argument), but in complementary degrees. In particular, one could define the
Bernstein functor IT as the top derived Zuckerman functor of the twisted module.
In fact, the theorem we are about to prove is very closely related to the well-known
Poincaré duality.

Before we state the theorem, let us explain the “modular twist” mentioned above.
Let (g, K) be a pair and let T be a closed subgroup of K. Let o be a T-invariant
direct complement of t in ¢ and let n = dim o. Then T acts on the top exterior
power /\ ‘P o by the adjoint action. Let g act on A ‘P o0 by zero. This is certainly a
T -equivariant action, and in fact it makes /\ P o into a (g, T')-module. This means
that the adjoint action of t on A P o is zero, and hence the only nontrivial part
of the action can come from the component group of 7. This follows easily from
unimodularity of t and &; in the following lemma we prove a little more.

Lemma 6.1.6. Let ¢, t and o be as above. Define an action of ¢ on \ '°° o by
X-AAAdn=Y AMA X Ailo A dn,
i
where (-)o denotes the projection of € onto o along t. Then this t-action is zero. In
particular, for X € t, ad (X) is zero on \'P o.

Proof. Let L = A1 A --- A A, be a basis (i.e., nonzero) element of A\ P o and let x
be a basis element of A ‘P t. Clearly, A A w is a basis element of A *°P €. Since £ is
unimodular, ad (X)(A A u) =0 forany X € ¢.

Let X € t. Since o is t-invariant, X - A = ad (X)A. Since t is unimodular,
ad (X)u = 0. We conclude that

X- WA= ad (X)OAR —AA ad (X)p =0,

soX-A=0.
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If X € o, then each term of ad (X)u has a factor in o, hence A A ad (X)u = 0.
Also, each term of ad (X)A — X - A =) ; At A...[X, Ail¢- -+ A Ay has a factor in
t,hence (X - A) A u = (ad (X)A) A . We conclude that

X-DAp=adX)AAu) —AAad(X)u=0,
so X -A=0.

Theorem 6.1.7. Let (g, K) be a pair and let T be a closed subgroup of K. Then for
each p > 0 there is a natural isomorphism of (g, K )-modules

M,(V)=T"?(\'Po® V), VeM(,T).

Here /\ P o is a (g, T)-module with trivial action of g and adjoint action of T and
n = dim o.

Proof. Recall that we can use the Koszul resolutions to identify

I,(V)=H ?(N\o®r R(K,V))

e " P?(N\N'*Po®V)=H"P(Hom r(/\'o, AP0 ® R(K, V))).
We define a map

¢p: NPo® R(K,V)— Hom (A" "o, A'P0o® R(K, V))
for each p by

$p(AQ F)(W) =AApQ®F.

Clearly, ¢, is a T-morphism and hence restricts to a map between T '-invariants, i.e.,
amap from A”o ®7 R(K, V) into Hom 7(A" 70, AP 0 ® R(K, V)). Also, ¢,,
is a linear isomorphism, as the pairing (A, ) — A A u is nondegenerate for A and u
in complementary degrees. Furthermore, it is obvious that ¢, is a (g, K)-morphism,
as both g and K act only on F' € R(K, V) on each of the sides. To finish the proof
of the theorem, we must prove that ¢, descends to cohomology.

This is actually exactly what is proved in the standard proof of Poincaré duality
for relative (€, T) homology and cohomology; see, e.g., [Kn2], proofs of Theorem
7.31 and Theorem 6.10. In other words, from now on we are just retelling the stan-
dard proof of that well-known result.

We will prove that

pp—10d+ (=) 'dog, =0.

(We could thus easily turn ¢ into a chain map: put ¢, = (—1)” (P+D/2¢, p-) Actually,
we will show that the above expression is equal to the expression for d(A A £ @ F).
But since A A pisin A" 0 =0, we see that d(A A u ® F) = 0.

Letd = A A---Akpand p = (1A - -Aplp— p41. By definition of the differentials
and the map ¢, we see that
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p . A
$p- 1 dA® FN() =¢p1(Y (=DM A hic o Ak ® (—A)F
i=1
+ Z(-l)"*/’[xi,xj]0 AMA kb Ay ® F) (1)

i<j

P
:Z(—l)’klA...ki---AkpA/L®kiF
i=1

A

+Z(-1)"+4/[Ai,xj]0m\1 Aiihivihj AAp A®F.

i<j
On the other hand,
(—DP7 (¢, (A ® F))(w)
n—p+1 )
= D D" ig,00@ FYGu A e A ftnepi1)
j=1
+ Y (DP9, 0@ F)([ptis pjlo At A fli e A e pr)
i<j
n—p+1 ]
= D> DI ARUA e A e pr1 ® F)
j=1
+ Y DT A i plo A A i A e p1 ® F
i<j
n—p+1 )
= > DPHRAUIA i A e p1 © @ F
j=1
n—p+1 )
+ Z (=DP i AARIA o A1) ® F
j=1
+Z(_1)p+i)\/\l/«lA---lli---[Mj’l/«i]o"'Alan—p+1®F~
i<j

Although we know that p; - (A A g AL i+ A pp—pt1) = 0, we will still write
it out as it fits nicely into the formulas. It is equal to

P

Zkl/\~--[//Lj»)\i]0"'/\)¥pAM"*‘Z)‘/\MIA-n[/’«ja/f’vi]a-”/lj"'/\Mn—p+l

i=1 i<
+Z/\/\M1A~-~/1j~~-[uj,ui]o---/\Mn—p+1.

i>j

Substituting this into the above expression for (—1)” -lg (¢p(A® F)) (1), we see that
the sum with i > j cancels the last sum of that expression (upon exchanging i and
J)- Hence we see that
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n—p+1
(=D d@pA @ F)N(w) = Y (=DPYAApI Al A e pt @ @i F
j=1
n—p+1 r
+ ) EDPY A Ao Adp A
j=1 i=1

F DI A A g o e A e

i<j

n—p+1 )
= Z (=DPHAApy A A i @ i F
j=1

F Y DD e AR A R A Al A

i
+ Y DO g ARA B

i<j

This now exactly fits with the expression for ¢, (d(A ® F))(i) to give the expres-
sion for d(A A u ® F), and this finishes the proof.

In case T is connected, for example 7 = L N K, the twist A *°P o disappears, as
it is then also trivial as a 7-module. Also, for T = L N K we can take uN&@un e for
0. The dimension of this space is 25, where S = dim uN £. The degree of particular
interest is the middle degree S, and we see that ITg and I'S are the same.

The proof of the theorem also proves the classical Poincaré duality for relative
(s, C)-homology and cohomology, which includes the case of ordinary Lie algebra
homology and cohomology (set C = 1). Moreover, the version with u-homology and
cohomology with additional (I, C)-module structure is also included; one only needs
to check that the map ¢ from the above proof respects the (I, C) action, and this
is obvious from the definitions. The action on the top wedge is no longer trivial in
general, but it is again determined by the identification AP 0 ® AP ¢ = AP s.
Note that the above proof did not use triviality of the action on the top wedge.

To conclude:

Corollary 6.1.8. (i) For any i > 0, there is a natural isomorphism of vector spaces
Hi(s,C; V) =H""(5,C; N"Po® V), V e M(s, C),

where o is a C-invariant complement of ¢ in s and n = dim o.
(ii) Let (q, C) and (I, C) be pairs, and let T : q — | be the projection along an
ideal u of q. Then for any i > O there is a natural isomorphism of (I, C)-modules

H; (u; V):H”fi(u;/\mpu@) V), VeM(@,C),

where n = dim u.
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One can now combine easy and hard duality in the obvious way. Let us state the
result only for Zuckerman functors; this is the Zuckerman duality, conjectured in [Z]
and first proved by Enright and Wallach [EW].

Corollary 6.1.9. For any (g, T)-module V and for any i > 0, there is a natural
isomorphism of (g, K)-modules

Fi(V*T) — Fl’l—i (/\ top 0 ® V)*K

6.2 Infinitesimal character, K -types and vanishing

Let us first show that Zuckerman and Bernstein functors preserve infinitesimal char-
acters. As usual, we will identify infinitesimal characters A : Z(g) — C with ele-
ments A € h*. (More precisely, an infinitesimal character is a W-orbit of A in h*,
where W is the Weyl group of g with respect to h; see 1.4.7 and 1.4.8.)

Proposition 6.2.1. Let T be a closed subgroup of K . Assume that the adjoint action
of K on Z(g) is trivial; this is for example true if K is connected.

Let V be a (g, T)-module with infinitesimal character \. Then T'(V) and T1; (V)
have infinitesimal character A for anyi.

Proof. Recall that the action of X € gon F € R(K, V) is given by (XF)(k) =
vy (Ad (k) X)(F (k)). This formula works also for X € U(g). For z € Z(g), we have
Ad (k)z = z, and so

(zF)(k) =y (Ad (K)2)(F (k) = 7y () (F (k)) = A(yu(2) F (k).
This then also holds after passing to (£, 7')-cohomology or homology.

Since b is a Cartan subalgebra of both g and [, both [-infinitesimal characters and
g-infinitesimal characters are described by elements A € h*. We will choose positive
roots for g and [ with respect to f in a compatible way; so b = bN[@u. In particular,
p(m) = p(nNID) + p(u), where p(u) is the half sum of roots corresponding to u.
We will use the notation from 1.4.7: let M% and M%m be the Harish-Chandra projec-
tions from Z(g), respectively Z(I), to U (h) = P(h™) corresponding to the opposite
Borel subalgebras b and b N [. The corresponding Harish-Chandra isomorphisms are

We will also use the Harish-Chandra projection

pg:U(@ — U, along ulU(g) + U(gu;

it is constructed analogously to ,ug . Clearly, p.g = M%m (© K- Using this and p(n) =
p(mNID+ pu), we get

yif =5_pa O ygm o ug. 6.1)
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(The reason for switching to b and q is the fact that uU (g) and U (g)ut act trivially on
pro (z" respectively ind (z"), not uU(g) and U (g)u.)

Assuming that the module Z we start from has [-infinitesimal character A, we
want to determine the g-infinitesimal characters of R’ (Z) and £;(Z). By 6.2.1, we
only need to determine the infinitesimal characters of pro g(Z#) and ind %(Z#).

Clearly, the infinitesimal character of Z* is A + 2p(u).

For z € Z(g), we can write 7 = ug(z) + Xv = pg(z) +wY, where X e w, Y € u
and v, w € U(g).

Now z acts on f € pro (Z) = Hom y(q)(U(g), Z")nk by

@f)w) = fuz) = flzu) = f(png@u) + f(Xvu) = ug(2) f(u);

namely, since our Z” has zero action of u in the definition of pro (Z%), f(Xvu) =
X f(vu) = 0. Likewise, wY kills ind (Z*), and z acts on ind (Z*) again by the
action of 113(z) on Z*.

So z acts on both pro (Z*) and ind (Z*) by the scalar

O+ 20 W) (Y 13(D) = O+ pW) (] (D)),

with equality following from (6.1). In other words, the infinitesimal character of both
pro (Z*) and ind (Z%) is A + p(u). This proves the following proposition.

Proposition 6.2.2. Let Z be an (I, L N K)-module with infinitesimal character X.
Then the (g, K)-modules R'(Z) and L;(Z) have infinitesimal character ) + p (i)
foranyi.

6.2.3. K -types and vanishing above middle degree. There are two results to men-
tion here; the first gives an upper bound on the multiplicities of K -types of the coho-
mologically induced modules:

Theorem 6.2.4. (i) The multiplicity of the K -type Vs in R'(Z) is at most

Y dim Hom sk (Hi(uN & Vs), S/ (unp) @ Z%).
Jz0

In particular, R'(Z) =0 ifi > S = dimun¢.
(it) The multiplicity of the K -type Vs in L;(Z) is at most

> dim Hom 1k (S/(wnp) ® Z*, H (@ NE; Vy)).
=0

In particular, L;(Z) =0ifi > S = dimun¢.

Here we wrote an infinite sum over j, but only finitely many j actually produce
nonzero terms.
The other result concerns an Euler sum:
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Theorem 6.2.5. Let Z be an admissible (I, LN K) module in which h acts by a scalar
( this is automatic if Z has an infinitesimal character). Then (i) the (g, K)-modules
R'(Z) are admissible, and

S
Z(—l)" dim Hom g (Vs, R1(Z))
i=0

N
- Z(—l)" Z dim Hom ;nx (H;(uN & Vs), STunp) @ Z%).
i=0 j>0

(ii) the (g, K)-modules L;(Z) are admissible, and

S
Z(-l)" dim Hom g (£;(Z), Vs)
=0

S
=Y (=" dim Hom 1nx (S/(unp) @ Z*, H' @NE Vy)).
i=0 j=0

In both of the above sums, the summands are actually nonzero only for finitely
many j.

These Euler sum equalities will be especially concrete in the situations when we
know that the only possible degree in which R’(Z) and £;(Z) can be nonzero is
i = S. Then the above sums become explicit formulas for the K -types of RS (Z) and
Ls(Z). We will return to this point later on and see how to make the right-hand side
even more explicit in some special cases.

For the proofs of these results, see [KV], Sections V.4 and V.5, [V1], Theorem
6.3.12, or [W], Section 6.5.

To get some idea about these proofs, and also to make the reading of the above
references easier, let us make some comments about how certain formulas appearing
in the proofs can be obtained.

6.2.6. Deriving adjunction: the easy cases. In certain cases, one can interpret both
sides of
Hom p(FX,Y) = Hom ¢ (X, GY)

as composite functors of either of the variables, X or Y, and try to derive both sides
of the equality.

In general, this leads to a spectral sequence, and even this only when the appro-
priate conditions for deriving the composition are met. There are however the easy
cases when one only needs to derive one of the functors; we have met such situations
before.

The first case is when both F and G are exact functors. In case, it is also true that
F takes projectives to projectives, and G takes injectives to injectives. We can view
the adjunction as the equality of two functors of (say) the second variable. Then if
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0 — Y — [’ is an injective resolution, so is 0 — GY — GI’, and by taking
cohomology of

Hom p(FX, ') = Hom ¢(X, GI'), 6.2)

we get _ _
Exth(FX,Y) = Exth(X,GY), i>0.

The situation where we will apply this is when one of the functors is forgetful and
the other is pro or ind.

The other good case is when one of the Hom ’s is exact, i.e., one of the categories
is semisimple. In this case, the functor starting from that category will automatically
be exact. For example, if C is semisimple, then F is exact, and by taking cohomology
in (6.2) we obtain

Extih(FX,Y) = Hom ¢(X, R'G(Y)), i >0.
Analogously, if D is semisimple we get
Hom p(L; F(X),Y) = ExtL(X, GY), i >0.

Of course, among the categories we are interested in, the semisimple ones are the
categories M(K) = M(¢ K) and M(T) = M(t, T) of K-modules, respectively
T-modules. (T will usually be L N K.)

Here is a list of cases which actually get to be applied in the proofs of Theorems
6.2.4 and 6.2.5.

Corollary 6.2.7. (i) (Shapiro’s Lemma) Let (v, C) and (s, C) be pairs with vt C s.
Then for any i > 0,

Ext{, ¢y (ind X, ¥) = Ext{, (X, ),
and _ .
Ext’(t,c)(Y, X) = Ext’(ﬁ’c)(Y, pro X),

naturallyin X and Y .
(ii) Let Ty and T1¢ be the Zuckerman and Bernstein functors from M(¢, T) to
M, K), i.e., g is replaced by ¥ in the definition. Then for any i > 0,

Hom g (X, Ty(Y)) = Ext lée,r)(X’ Y),
and .
Hom g (M¥(Y), X) = Ext{y (¥, For ' X),

naturally in X and Y .
(iii) Let qN¥ — [N¥ be the projection along uNt and consider the corresponding
Jforgetful functor For . Then for any i > 0,

Extimmm(x, For Y) = Hom ;nx (H;(uN¥; X),Y),

and
i
EXt gne, Lnk)

naturallyin X and Y .

(For Y, X) = Hom png (Y, Hi(uﬂé; X)),
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We can now state the main idea for the proofs of Theorems 6.2.4 and 6.2.5. Let
us concentrate on the case of £;(Z).
The multiplicity of a K-type Vs in £;(Z) is

dim Hom g (T1; (ind gz#), Vs).

Since we are now interested only in the K -structure, we can replace I1; in the above
formula by l'[iE as in Corollary 6.2.7 (ii). Then the above multiplicity becomes

dim Hom g (IT; (ind gz#), Vs) = Ext l&umo( ind gz#, Vs): (6.3)

the equality follows from Corollary 6.2.7 (ii).
To analyze the last module above, one introduces a filtration of ind §Z# =
U ® Z* by (¢, L N K)-submodules, using the “p-degree” (we already used an
analogous filtration in 5.3.9.) This filtration comes from the filtration of U (u) given
by
FjU(u) = span c{uX;... X¢ |k < j,u e U(uN®), X; € unp}.

The associated graded modules are
Gr;ind 2" =U@N®® S/ @np) ® 2" = ind gmgsf(u Nnp) ® z*.

Thus the analogue of (6.3) for Gr ;ind gZ# is easy to calculate using Corollary 6.2.7
(1) and (iii) (part (iii) is applied to q instead of q):

Ext{g ;g (ind 5187 N p) ® 2%, Vs) = Extigny ) (S N p) @ Z*, Vs)
= Hom 1ok (/N p) ® Z", H'@NE: Vy).

One now obtains the statements of Theorem 6.2.4 and Theorem 6.2.5 by going back
to the setting of filtered modules, using an induction on the filtration degree.

6.2.8. Vanishing below middle degree. The main idea that enables one to obtain
vanishing below middle degree is using vanishing above middle degree from Theo-
rem 6.2.4, and Hard Duality Theorem 6.1.7 which in our present situation says

I;(V)=T*"/(V), VeM@ LNK). (6.4)

We are assuming that K (and hence also L N K) is connected, so the twist /\ top 4
disappears.

We are interested in £;(Z) = I1;(ind gZ#) and R/(Z) = '/ (pro gZ#). If we
could show that

ind gZ# = pro SZ#,

naturally in Z, then we would immediately get from (6.4) vanishing of both £;(Z)
and R/ (Z) for j < S, and also L5(Z) = R5(Z).

It is not always true that the above ind and pro modules are isomorphic. In
fact, we know from Example 5.1.5 that for SL(2) this was true (precisely) when
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Z satisfied an appropriate positivity condition. We are now going to formulate an
analogous result in general.

First, there is a map from ind to pro that was already mentioned in Example
5.1.5. Let ug : U(g) — U() be the projection along uU(g) + U(g)ii, as in the
discussion after Proposition 6.2.1. We define

¢z : ind 37" = U(g) ®u g 2" — pro 42" = Hom y(q(U(9), Z") 10k

by
¢z (u® 2)(v) = w(ng(vu))z,

where 7 denotes the representation of (I, L N K) on Z*. To see that this is well
defined with respect to QU @)» let X € q. Then

¢zwX ® 2)(v) = m(ug(vuX))z = 7 (ug(vu))m(X)z = ¢z (u & 7(X)2)(v),

since ug(vuX) = pug(vu)ug(X) and w(ug(X)) = w(X) by triviality of the u-action
on Z*. Similarly, ¢ (u ® z) is a g-morphism.

~ S0 ¢z is a linear map from  ind gZ# to pro §Z*. Itis a (g, L N K)-morphism
since

¢z(Xu ® 2)(v) = m(ug(vXu))z = ¢z (u ® 2)(vX), Xeg

Furthermore, it is natural in Z. Finally, it is nonzero, since ¢z (1 ® z)(1) = z.

One can actually obtain this map from general adjunction principles, as is done
in [KV]; we have chosen a more direct approach here.

Call A € b* real if it has real values on ity @ ap. Any A € h* can be written as
A = Re A +iIm A, with Re A and Im A real. Note that all roots are real in this
sense.

One now proves the following (see [KV], Section V.7).

Proposition 6.2.9. Suppose Z is admissible for LNK and has infinitesimal character
A € b* such that

(Re A+ p(u),a) >0, forall o e A(u). (6.5)
Then the above map ¢z is an isomorphism.

By the above remarks, this immediately implies

Corollary 6.2.10. Under the conditions of Proposition 6.2.9, L j(Z) and RI(Z) van-
ishfor j # S, and Ls(Z) = R5(Z).

To prove Proposition 6.2.9, one first sees that whenever Z is admissible for L N
K, ind 2Z% and pro g 7" are isomorphic as L N K-modules (the isomorphism is
not necessarily given by ¢z). Namely, U (u) and U (u) are both easily seen to be
admissible for L N K, and moreover U (u) is the L N K-finite dual of U (u). Hence



6.3 Irreducibility and unitarity 127
pro §Z* = Hom ¢ (U (@), Z")1nk = U®* ¥ ® 2! = U(w) ® Z* = ind gz#

as L N K-modules.

It follows that if ¢z is one-to-one, then it is actually an isomorphism, as it then
induces a one-to-one linear map on each (finite-dimensional!) L N K -isotypic com-
ponent. One furthermore proves that any nonzero (g, L N K)-submodule of ind g z*

has nonzero intersection with 1 ® Z*. Since ¢z is one-to-one on 1 ® Z". it follows
that it is one-to-one on ind 377,

A representation Z, or its infinitesimal character A satisfying (6.5) are called
weakly good. They are called good if they satisfy the same condition but with strict
inequality. It is also said that X is in the (weakly) good range. We will meet these and
similar conditions again when we study irreducibility and unitarity.

6.3 Irreducibility and unitarity

Under appropriate conditions, the cohomologically induced modules are irreducible
if the module we start with is irreducible. One such possible condition is the weakly
good range assumption (6.5).

Theorem 6.3.1. (Irreducibility Theorem) Ler q = [ & u be a 6-stable parabolic
subalgebra of g. Let Z be an irreducible admissible (I, L N K )-module with infinites-
imal character A in the weakly good range, i.e., (6.5) holds. Then Ls(Z) = RS (Z)
is irreducible or zero. If A is good, i.e., the inequality in (6.5) is strict for all «, then
Ls(Z) = R3(Z) is irreducible and nonzero.

For a proof of this theorem, see [KV], Section VIIL.2 or [W], Section 6.6. We
will only give some very general remarks about the main idea.
Since the question of irreducibility is about understanding submodules, one is
led to consider
Hom (g (X, R*(2)),

where X is an irreducible (g, K)-module. The idea is to understand this Hom — space
using adjunction. However, to derive for example

Hom (g,K)(X7 I'(V)) = Hom (g,LﬂK)(X, V) (6.6)

is not as easy as in the cases we considered in 6.2.6. Namely, on the left-hand side
there is not just one non-exact functor; both Hom (4 k) and I' are only left exact.
This situation is handled by spectral sequences; under appropriate conditions, one
can (roughly) obtain derived functors of a composition G o F from the composi-
tions of derived functors of G and F by a certain inductive procedure. Since the
derived functors of the right-hand side of (6.6) are Ext (@.LN K)(X , V), this means

that one gets Ext f B+Zm K) (X, V) as the limit of a spectral sequence which starts from

Ext fg &)X, T4(V)). For V.= pro Z" with Z in the weakly good range, this sim-
plifies greatly because of vanishing for g # S: the spectral sequence “collapses” and
one actually obtains an equality.
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One then similarly works on the adjunction
Hom (g, .nk) (X, pro z") = Hom (q.LnK) (X, z") = Hom a,Lnk) (Xu, z").

Deriving this produces another spectral sequence, which does not collapse, but one
is eventually able to conclude

Hom (g x)(X, R%(Z)) = Hom ( .nk)(Hs(u; X), Z"). (6.7)

After obtaining this, one relates the right-hand side to similar expressions involving
u N £-homology instead of u-homology; the two kinds of cohomology are related
by the Hochschild—Serre spectral sequence, which thus also has to be studied. This
relationship is then tied with the analysis of the so-called bottom layer K -types. The
outcome is that if there is a sufficiently dominant K-type in the bottom layer, then
it survives through all the spectral sequences and X has to contain it. This then de-
termines X as the submodule of R5(Z) generated by this K -type; thus R5(Z) has
a unique irreducible sub. A dual argument shows that RS(Z) also has a unique irre-
ducible quotient, generated by the same K -type. It follows that RS (Z) is irreducible.

The situations when there is no such sufficiently dominant K -type as needed for
this argument are handled by using translations functors.

Finally, let us remark that the dominance condition for Z with infinitesimal char-
acter A to be in the weakly good range can be weakened to require only

20+ p(u), )
||

This is enough to get vanishing of R/(Z) and £;(Z) for j # S, and also R5(Z) =
Ls(Z). Once this is proved, irreducibility follows just as with ordinary dominance,
since the needed results about translation functors only require this weaker, integral
dominance. For details, see [KV], Section VIII.3.

We now consider unitarity of cohomologically induced modules. Recall that a
(g, K)-module V is called unitary (or more precisely unitarizable, or infinitesimally
unitary) if there is an invariant Hermitian positive definite form (, ) on V. Invariance
means that the operators X € go are skew-Hermitian, while k € K are unitary with
respect to (, ). Operators X € g satisfy

(Xv, w) = —(v, Xw),

¢{—-1,-2,-3,...}, a e Au). (6.8)

where the bar denotes conjugation with respect to go.

The main result about unitarity roughly says that if Z is unitary for (I, LN K) and
weakly good, then Lg(Z) is unitary for (g, K). In fact, the condition in the following
theorem is weaker than the weakly good condition (6.5), but stronger than (6.8).

Theorem 6.3.2. (Unitarizability Theorem) Let ¢ = [ @ u be a 6-stable parabolic
subalgebra, let b C | be a Cartan subalgebra, and choose A" (g, h) D A(u). Let Z
be an irreducible unitary (I, L N K)-module with infinitesimal character A satisfying
20+ pw), @)

|2

Then the (g, K)-module Ls(Z) is unitary.

¢ (—oo, —1], Ya € A(u).
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The Hermitian form one can define on Lg(Z) is the Shapovalov form (,)g,
which is induced from the given form (, ); on Z as follows. Recall first that Lg(Z)
is the S-th cohomology of the complex

RN /\S+10 ®rnk R(K)® ind Z" — /\SO Qrnk R(K)® ind Z¥ — ...

with the Koszul differential. Here ® ;g can be identified with the L N K -invariants
in ®c. The Shapovalov form on the level of this complex is given as the pairing of
the components of degree j and 25 — j, via

ERfRueLERf@ue)c="=c /\5’)(/[( FI g wz, 2,

where € is a suitably chosen element of (/\ P 5)*, and g is the same map we used
in 6.2.8. Here & and &’ are elements of /\" o of degrees j and 25 — j, respectively,
fifeREK)andu®z,u' ®7 € ind Z¥ = U(g) ®u g Z".

One now proves that the above pairing descends to the level of cohomology and
hence in particular defines a form on Lg(Z). For this, it is convenient to reformulate
the pairing in terms of maps (using the notion of Hermitian dual), for then one can
use the Hard Duality Theorem 6.1.7. One further shows that if (, ), is Hermitian,
respectively nondegenerate, then so is (, )g.

To prove the Unitarizability Theorem, one still has to prove thatif (, ), is positive
definite, then so is (, )g. This can be done by considering the signature character
of an admissible Hermitian (g, K)-module V. The signature character is a formal
Z-linear combination of the K -isotypic components V (8) of V, each taken with the
multiplicity equal to the signature of the given form on V restricted to V (§). Clearly,
the form on V is positive definite if and only if the signature character is equal to the
K -character of V, that is, the formal sum of V (8) each taken with the multiplicity
with which it appears in V.

The point is that the signature character of Lg(Z) can be calculated explicitly,
and seen to indeed be equal to the K-character. This can be found in [KV], Section
IX.3-IX.5 or in [W], Section 6.7.

6.4 Ay(1) modules

By definition, Aq(A) is the (g, K)-module L5(C;,), where C; is the one-dimensional
(I, L N K)-module with weight 1. Here A € h* is L-integral and orthogonal to the
roots of [, as it has to be for C, to be well defined.

Since the [-infinitesimal character of C, is A + py, Proposition 6.2.2 implies that
the g-infinitesimal character of Aq(X) is A + oy + p(u) = A + p.

If A = A4+2p(uNp) is dominant for €, and if in addition A 42y is dominant for
A(unp), then A defines the unique lowest K -type of Agq()). Namely, by definition,
a K-type of highest weight p is a lowest (or minimal) K-type of a (g, K)-module
V if |u + 2p¢| is the smallest possible for all K-types of V. By the estimates of
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multiplicities of K-types (Theorem 6.2.4), if a K -type with highest weight A’ occurs
in Ag(1), then A’ can be written as A + Z/ B for some weights 8; of tinu N p.
It follows that '

A+ 206 = |A +2pe+ ) BjP = A+ 202
7

namely by the assumed dominance, (A + 2p¢, 8;) > 0 for any j. Also, the equality
in this inequality is possible only for A" = A. This means A indeed determines the
unique lowest K -type.

6.4.1. Improved vanishing results. Since C, has [-infinitesimal character A + py, the
weakly good assumption (6.5) for C, reads

(ReA+p,a) =0, forall a € A(u). (6.9)

If this holds, then by Corollary 6.2.10 £;(C;) and R/ (Cy) vanish for j # S, and
Ls(Cy) = R5(Cy).

For Aq(A) modules, one can however prove a stronger result, namely that the
same conclusions hold under the assumption that

(Re A+ p),a) >0, forall « € A(u). (6.10)

An L-weight A orthogonal to the roots of [ (so that C, is defined) is said to be in the
weakly fair range (or weakly fair) if (6.10) holds. If the inequality in (6.10) is strict,
then A is said to be in the fair range.

The assumption (6.10) of fair range is easily seen to be weaker than the assump-
tion (6.9) of good range, since A is orthogonal to the roots of [.

Theorem 6.4.2. Let Z = C, where ) € h* is integral for L and orthogonal to the
roots of . Assume that (6.10) holds. Then L;(C,;) and R/ (C,) vanish for j # S,
and L5(Cy) Z RS(C;).

The proof of this result is similar to the proof of the general result in the weakly
good range (Corollary 6.2.10). Essentially, one proved that ind g (Cf is irreducible.

6.4.3. A Blattner formula for K-types of Ag(A). In case of vanishing given by
Theorem 6.4.2, the Euler characteristic formula from Theorem 6.2.5 becomes an
explicit formula for multiplicities of the K-types of Aq(A) = Ls(C;) = R3(Cy).
By a calculation using Kostant’s formula for u N €-cohomology, one gets:

Theorem 6.4.4. With assumptions as in Theorem 6.4.2, the multiplicity of the K -type
Vs in Aq(A) is

Z det w P(w(S + pp) — (A + ,Og)),

weW!

where A = A +2p(uNp).
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Here W! c W (¢, t) is defined to be the set of those w for which & € AT (L, t),
wla < 0 implies & € A(uN €). P(v) denotes the multiplicity of the weight v €
b* in S(u N p)'"¥ " The algebra n corresponds to a choice of positive roots for g,
compatible with u and AT (g, t).

6.4.5. Unitarity of A;(1) modules. Let us first note that the proof of the Unitariz-
ability Theorem works for any irreducible unitary (I, L N K)-module Z such that
ind (Z ® (C,p(u))# is irreducible for all # > 0. Namely, the dominance assumption
of the theorem is used in the proof exactly to deduce irreducibility of ind Z¥. For
Z = C,, this is true, and it is proved in the same way as the irreducibility of ind (Cf
needed for Theorem 6.4.2. This implies the following improved unitarizability result
for Aq(A).

Proposition 6.4.6. Letr q = [ @ u be a 0-stable parabolic subalgebra of g, let hy =
to @ ag be a O-stable Cartan subalgebra of \y, and choose AV (g, §) D A(uw).

Suppose C,, is a one-dimensional unitary (I, L N K)-module, i.e., A is real on t
and imaginary on ag (and vanishes on [, []). Suppose also that A is in the weakly fair
range, range i.e., that (6.10) holds. Then Aq(}) is a unitary (g, K)-module.

6.4.7. Irreducibility of Ay(A) modules. Suppose A is in the weakly fair range,
i.e., (6.10) holds. From the proof of the Irreducibility Theorem, we know that
Aq(A + 2mp(u)) is irreducible for sufficiently large integers m > 0. However we
cannot conclude that Aq(}) is irreducible or zero by using the translation functor
from A + p + 2mp(u) to A + p. This approach worked for the weakly good range,
but not for X in the weakly fair range, as in the last case A + p need not be integrally
dominant.

However, what one can do in this case is to come up with a different version
of the main results about translation principle that works for Aq(A) modules. The
starting remark is that Aq(A) modules are obtained from generalized Verma modules
by applying Bernstein functors, which commute with translation.

The conclusion is that irreducibility can be proved in the weakly fair range, but
only with an additional assumption. Namely, let K’ be the maximal compact sub-
group of a complex connected Lie group with Lie algebra g. Let L’ be the (con-
nected) subgroup of K’ corresponding to the compact form of [. The (§, L")-map
S"(g) — S"(g/q) induced by the projection g — g/q corresponds under adjunction
to

®, : §"(g) > T/ pro §"(g/d).

Theorem 6.4.8. Assume that ®, defined above is onto for every n > 0. Suppose
A is in the weakly fair range, i.e., (6.10) holds. Then the (g, K)-module Aq(}) is
irreducible or zero.

The assumption is not easy to check in general; however it can be proved that it
holds for example if 1t is abelian (the result is due to Hesselink; see [KV], Proposition
8.75.)

See [KV], Section VIILS5 for a proof of Theorem 6.4.8, and also for some instruc-
tive examples.
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6.5 Unitary modules with strongly regular infinitesimal character

In this section we state the results of [SR] which will be needed in the next chapter.
As before, let h be the complexification of a fundamental Cartan subalgebra o of
go. Given any weight A € b*, fix a choice of positive roots AT (A, b) for A so that

AT(A,h) C{a e A(g,h) | Re (A, a) > 0}.

Set

p(A)=% B2

aeAt(A,p)

A weight A € h* is said to be real if
A € ity + ag.
For a general A € h*, one defines its real part Re A in the obvious way.
We say that A is strongly regular if it satisfies
Re (A — p(A),a) >0, Ya € AT(A,b).
Salamanca-Riba [SR] proved:

Theorem 6.5.1. (Salamanca-Riba) Suppose that X is an irreducible unitary (g, K)-
module with strongly regular infinitesimal character A € h*. Then there exist a 0-
stable parabolic subalgebra q = | + u and an admissible character ) of L such that
X is isomorphic to Aq()).

In fact, the above result is proved in [SR] only for real A. There is however a
remark there explaining how to generalize the result to an arbitrary strongly regular
A using the technique of reduction to a real infinitesimal character. We warn the
reader that instead of [K'V] this remark should actually quote [Kn1].
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Discrete Series

One of the greatest achievements of mathematics in the 20th century is Harish-
Chandra’s classification of discrete series representations of semisimple Lie groups.
Let G be a noncompact semisimple Lie group with a maximal compact subgroup
K. Discrete series representations are those irreducible unitary representations of
G which occur as subrepresentations in the Plancherel decomposition of L*(G).
Harish-Chandra proved that a necessary and sufficient condition for G to have a dis-
crete series is to have a compact Cartan subgroup. He constructed the characters of
all discrete series representations. Speaking of Harish-Chandra’s work on discrete se-
ries, we quote Varadarajan in his article “Harish-Chandra, His Work, and its Legacy”
[Va]: “In my opinion the character problem and the problem of constructing the dis-
crete series were the ones that defined him, by stretching his formidable powers to
their limit. The Harish-Chandra formula for the characters of discrete series is the
single most beautiful formula in the theory of infinite-dimensional unitary repre-
sentations.” Harish-Chandra “actually wrote down all the proofs in an extraordinary
sequence of 8 papers [1964a]-[1966b], totaling 461 journal pages constituting one
of the most remarkable series of papers in the annals of scientific research in our
times —remarkable because of how long it took him to reach his goal, remarkable
for how difficult the journey was and how it was punctuated by illness, remarkable
for how unaided his achievement was, and finally, remarkable for the beauty and
inevitability of his theorems.”

Harish-Chandra did not construct the discrete series representations explicitly.
The explicit construction was first accomplished by Schmid [S1, S2] using L>-
cohomology. Parathasarathy [Par] defined a Dirac operator in the appropriate setting
of Lie algebras and showed that most discrete series representations can be realized
as kernels of the Dirac operator acting on spinor bundles over the symmetric space
G/K. Atiyah—Schmid [AS] extended this construction to all discrete series repre-
sentations. Moreover, [AS] also gives an independent proof of the existence and
exhaustion of discrete series.

In this chapter we will explain how the use of Dirac cohomology simplifies the
proofs of some of the very deep theorems on discrete series representations. We
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follow essentially the same line as [AS]. With the new Dirac cohomology tool in
hand, some of the proofs are much shorter.

Finally, let us point out that there is a completely different geometric realization
of the discrete series representations using sheaves of D-modules on the flag variety
of g [HMSW]. This approach has many advantages, but it would take us too far from
our topic to discuss it here in any detail.

7.1 L2-index theorem

Throughout this chapter we let G be a noncompact connected semisimple Lie group
with finite center. Let K be a maximal compact subgroup of G. The analogue of the
Peter—Weyl Theorem for a noncompact semisimple Lie group G is the Plancherel
Theorem, which is concerned with decomposing the left and right regular represen-
tations, i.e., the action on L?(G) induced by left and right translations. Let G denote
the set of equivalence classes of irreducible unitary representations of G. Then the
Plancherel theorem asserts a direct integral decomposition

L*(G) = /aHj®HJ’-‘d,u(j), (7.1)

where ,u( j)isa pos1t1ve measure on G Hj is the irreducible representation indexed
by j e G, and H; ®H ¥ is the completed tensor product of the Hilbert space H; and
its dual HJ* The 1somorphlsm (7.1) is compatible with both the left and right actions
of G. We are concerned with the representations occurring in the discrete spectrum.

Definition 7.1.1. A representation H, in the decomposition (7.1) is said to be a dis-
crete series representation if jo € G has positive measure p({jo}).

If Hj, is a discrete series representation, then it occurs as a direct summand of the
left or right regular representation. A representation H, is a discrete series represen-
tation if and only if the matrix coefficients of H), are in L*>(G). Recall that a matrix
coefficient of a representation (7, H) is the function on G given by g — (7w (g)v, w)
for fixed v, w € H. We state this fact as a proposition.

Proposition 7.1.2. Let (7w, H) be an irreducible unitary representation of G. Then
the following three conditions are equivalent:

(i) Some nonzero K -finite matrix coefficient of 7 is in L*(G).

(ii) All matrix coefficients of w are in L*(G).

(iii) H is equivalent to a direct summand of the right regular representation of G
on L%(G).

For a proof of this proposition we refer to Proposition 9.6 of [Kn1].

If F is a finite-dimensional unitary K-module, then 7 = G xg F is a ho-
mogeneous vector bundle over the symmetric space G/K. Then the L2-sections
L*(G/K, F) of F can be identified with the space of right K -invariants in L*>(G) ®
F. 1t follows from (7.1) that
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L2G/K, F) = /a H; ® W du(j), (1.2)

where W; = Hom g (F*, HY) is the K-invariant part of Hj’.k ® F', which is finite-
dimensional by admissibility of irreducible unitary representations. Furthermore, it
follows from the general theory of von Neumann algebras that any closed G-invariant
subspace U C L*(G/K, F) has a compatible decomposition

U= /AH./' ® Ujdu(j), withU; C W;. (7.3)
G

‘We now assume that rank G is equal to rank K, i.e., that G has a compact Cartan
subgroup T. As a compact Cartan subgroup, 7 is unique up to conjugacy. Also it is
connected, hence is a torus. We fix a maximal compact subgroup K O T. This is
always possible, since any two maximal compact subgroups are conjugate. Let ty
and £y denote the Lie algebras of 7 and K, and let t and £ be their complexifications.

Let @ be the root system of (g, t). A root « € ® is a compact root if g, C € and
is a noncompact root if g4 is orthogonal to € with respect to the Killing form. Let ..
and ®,, be the sets of compact and noncompact roots, respectively. Also, ®. is the
root system of (£, t), hence is a root subsystem of ®. Let Wy and Wy be the Weyl
groups associated with the root systems ® and ®.. Thus W C Wy.

Let T be the character group of 7. Then T is isomorphic to the weight lattice A,

T=ACit

contained in ité, the real vector space of all those linear functions on t, which assume
purely imaginary values on {.

The equal rank condition implies that dim G/K is even, and so the space of
spinors S decomposes into a direct sum § = ST & S™. We write E,, for the irre-
ducible unitary representation of K, the twofold cover of K, with highest weight .
We note that £, may or may not descend to K. For the fixed positive root system
@ for which x is dominant, we choose a positive root system ®* so that @ > &F
and p+ p, is dominant. Here p, is the half sum of compact positive roots. We denote
by p, the half sum of noncompact positive roots. Then p = p. + py, is the half sum
of all positive roots. N

We assume that A = u — p, is a weight of K. Then the K-modules S ® E,
descend to K. The Plancherel decomposition in (7.2) applied to this special case
F=S*QE . implies the following decomposition

L*(G/K,S*® E,) = /6H,- ® Vidu()), (7.4)

where VjjE = Hom g (E*, HJ’.“ ® S¥) is the K -invariant part of H}“ ®St® E,.

The Dirac operator D acts on the smooth sections of the twisted spin bundle in
a similar way as described in Chapter 4, i.e., the differential part of D acts from the
right as left invariant vector fields. Since D switches the two factors ST and §~ in
the space of spinors S, one has



136 7 Discrete Series
Dii: C*(G/K,S*® E,) - C®(G/K, ST ® E,).

We extend the Dirac operators fo to closed operators (still denoted by D;f) on the
corresponding Hilbert spaces:

Df: L*(G/K,S* ® E,) > L*(G/K, ST ® E,).

Let Ker Dljf be the L? null spaces of the Dirac operators le. They are G-

invariant closed subspaces in L>(G/K, STE «)- The K-equivariant map, defined by
the Dirac operator
D*: Hf ® $* — H} ® ST,

induces a map
D?E(,u): Hom g (EF,, H;k ® S*) — Hom g (E*, , H;‘ ® ST).

It follows from (7.3) that one has the decomposition
Ker Dif = /GHJ ® Ker D;F(M)du(j).
The L?-index theorem calculates the following:
Index D} = /6( dim Ker D;L (w) — dim Ker D7 (1))d(j). (7.5)

Since ST and S~ are self-dual if g = % dim G/K is even and dual to each other if g
is odd, in the above formula

dim Ker Dj(u) — dim Ker Dj (1)

is equal to dim Hom g (E¥,, H;f ® ST) — dim Hom g (E*,, H]’f ® S7) and it is
in turn equal to

(—1)?(dim Hom g(E,,, Hj ® S*) — dim Hom g (E,,,, H; ® S7)).

Theorem 7.1.3. (Atiyah—Schmid [AS]) Let G be a connected noncompact semisim-
ple Lie group with finite center and a maximal compact subgroup K. Assume that a
Cartan subgroup T of K is also a Cartan subgroup of G. Let E,, be a K-module
with highest weight j so that E;, @ ST descend to K. Choose a system of positive
roots ®+ compatible with ®} and . + p is ®*-dominant. Then one has

[Toca+ (1 + o, o)

Index DT =
. naed>+ (/0, Ol)

(7.6)

Weset A = u — p, = (U + pc) — p and denote by d(X) = d(iu — p,) the right-
hand side of (7.6). If A happens to be g-integral, then d (1) gives the dimension of the
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irreducible finite-dimensional representation of g with highest weight A. In general
d(}) is a polynomial in A.

The calculation of this index was first done by Atiyah—Schmid by assuming there
is a torsion-free discrete subgroup I' of G so that I'\G is compact. In case such I"
exists, the index can be computed by the Hirzebruch proportionality principle by
reducing the problem to the well-known results for compact groups [AS]. We will
describe this calculation in the next chapter when we calculate the dimensions of
spaces of automorphic forms. Borel showed that for G-linear there exists a torsion
free discrete subgroup I of G so that '\G and X = I'\G/K are compact smooth
manifolds. However, the existence of such I" for nonlinear G is not guaranteed. Nev-
ertheless, for a nonlinear group G one can take I" to be the pullback of a torsion-free
discrete subgroup for the adjoint group Ad (G). Atiyah and Schmid showed that the
index theorem is still valid by considering the projective bundles over '\G/K [AS'].

An immediate consequence of the above L2-index theorem is the existence of
discrete series for equal rank groups. We address this in the next section.

7.2 Existence of discrete series

In this section we retain the notation in the previous section. So G is a connected
noncompact semisimple Lie group and G has a compact Cartan subgroup 7. The
L?-index theorem implies that Ker D,, is nonzero provided 1 + p, is regular. Since
Ker D, = Ker DI ® Ker D/, we can decompose it as

Ker D), = /GH,- ® Ker D;“(u)du(j) @/F;Hj ® Ker D (wdu(j). (1.7

Here D(u): Hom g (E7, H;k ® S) — Hom g (E*, H}k ® S)}. Since S is self-dual,
Hom g (E*, H;.‘ ® S) = Hom g(E,, H; ® ). It follows that H; occurs in the
decomposition of Ker D;—L if and only if E,, is in the Dirac cohomology Ker D:
H; ® S — H; ® S. By the proved conjecture of Vogan, the infinitesimal character
of Hj is i + p. A fundamental theorem of Harish-Chandra asserts that there are
only finitely many inequivalent irreducible admissible representations with a fixed
infinitesimal character. Thus, if Ker D), is nonzero, the corresponding H; in the
decomposition must be in the discrete spectrum, i.e., a discrete series representation.

As before, we choose a system of positive roots compatible with the given system
of positive compact roots so that u + p. is dominant. If A = u — p, = w4+ pc — p
is also dominant, then the infinitesimal character A + p of H; in Ker Di is strongly
regular in terminology of [SR] and therefore H; is an Aq(A)-module for some theta-
stable parabolic subalgebra g as was discussed in Section 6.5 (cf. Theorem 6.5.1). In
case A is regular with respect to the noncompact roots, g must be the 6-stable Borel
subalgebra and this Aq(A)-module is isomorphic to Ap(A) with the lowest K-type
A 4+ 2p,. This proves

Proposition 7.2.1. Let G be a connected noncompact semisimple Lie group having
finite center and a compact Cartan subgroup T . Let E,, be a K -module with highest
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weight (v so that E;, ® ST descent to K, i.e., » = ju — p, is in the weight lattice A.
Choose a system of positive roots ®+ compatible with the given system of positive
compact roots ®F so that u + p is ®*-dominant. If in addition

a) A = — p, is ®T-dominant and

b) . = u — p, is regular with respect to noncompact roots,
then Ker D;f is isomorphic to a discrete series representation Ay(A) for a 0-stable
Borel subalgebra b with Plancherel measure d(1) and Ker D, = 0. In particular,
this proves the existence of discrete series representations for G with a compact
Cartan subgroup T .

We will show in Section 7.4 that condition (b) in the above proposition can be
removed. Moreover, every discrete series representation is realized as Ker D:[ for
an appropriate ;. We will also show in the next section that the equal rank condition
is also necessary for G to have discrete series.

7.3 Global characters

Let (7, V) be an irreducible admissible representation of G. Then for each f €
C&(G),

w(h = [ s@meds
G
is a well-defined bounded linear operator on V. Moreover,  ( f) is of trace class, and

fun(f)

is a distribution on G. We denote this distribution by ®¢ (7), or simply ®, and name
it the global character of m, or simply the character of 7, when there is no confusion.
Harish-Chandra showed that the character ®, is an invariant eigendistribution on G.
That is, it is invariant under group conjugation, and every member of the center Z(g)
of the universal enveloping U (g) acts on it by a scalar. For an exposition of character
theory we refer to Chapter X of [Knl]. We only include the fundamental results here
without going into detailed proofs.

We now recall the definition of G’, the set of regular semisimple elements of
G. Let r denote the rank of G, which is the minimal possible multiplicity of the
eigenvalue one for the automorphisms Ad (g) of g, as g ranges over G. An element
g € G is regular semisimple if this minimal multiplicity is attained for g. We can
write

det A+ 1— Adg) =) Di(g)r .
k>0

Then one has
G' ={g € G|Dy(g) #0}.

According to a fundamental theorem of Harish-Chandra, an invariant distribution is a
locally L' function on G, which moreover is a real analytic function on G’. (A proof
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of this theorem for a linear group G can be found in [At]. One can also see [Knl]
Chapter X.) Therefore, it is meaningful to restrict an invariant eigendistribution to a
function on the set of regular elements of each Cartan subgroup of G. It follows that
each invariant eigendistribution is completely determined by restriction to the Cartan
subgroups, and it is enough to choose one Cartan subgroup from each of the finitely
many conjugacy classes.

Let H C G be a Cartan subgroup. Then relative to a positive system & =
®T (g, h) of roots, the Weyl denominator is formally the expression

A — l—[ (elx/z _e—(x/Z).

aedt

We can rewrite it as A = e” [[,cqo+ (1 —e™%). Since 2p is a weight, |A] is a well-
defined function on H, independent of the choice of a positive root system. Without
loss of generality, we may assume that p lies in the weight lattice. If it fails to be
s0, we may pass to a twofold cover of G. Then A is a well-defined function on H.
Harish-Chandra showed that every eigendistribution ® has the following properties:

1) The function ®| g A on each component of the regular set H’ is a linear combi-
nation of exponentials with polynomial coefficients (here exponentials, respectively
polynomial, means that they become such when pulled back to the Lie(H) via exp).

2) If H is maximally compact, then @y A extends to a C* function on all
of H.

3) The restrictions of ®A to two Cartan subgroups that are related by a simple
Cayley transform satisfy certain matching conditions due to Hirai and modeled on
the corresponding conditions in the Lie algebra case discovered by Harish-Chandra
(cf. [Kn1] §X1.7 for an exposition of the matching conditions).

4) If ® is an irreducible character, then the polynomial coefficients in 1) are all
constants.

5) Restricted to K, the Harish-Chandra V module of an admissible representation
of G decomposes into a direct sum of K -irreducibles

v=Ev.

iek

Then the series
Ok (V)= 0x(V)

iek
converges to a distribution on K; this K -character is real-analytic on K N G’, and
Ok (V) = O5(V) as functions on K N G’.

The proof of the above properties can be found in [Knl]. An invariant eigendis-

tribution ® is said to decay at oo if, for each Cartan subgroup H, the function ®|g A
tends to O outside of compact subsets of H.

Theorem 7.3.1. (Atiyah—Schmid [AS]) One has the following.

(a) The character ®y of a discrete series representation decays at infinity.

(b) A nonzero invariant eigendistribution which decays at infinity has a nontrivial
restriction on some compact Cartan subgroup.
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We refer to Section 7 of [AS] for a complete proof of this theorem. We note that
Atiyah and Schmid’s proof is different from Harish-Chandra’s original approach.
They showed that a discrete series character extends continuously from C{°(G) to
the n-th Sobolev space

$:(G) ={f € L*(G)|r(2) f € L*(G) ¥Z € Uy(g)}

for a sufficiently large integer n. Here r(Z) refers to infinitesimal right translation
by Z and U, (g) is the subspace of elements of order < n in U (g). Then they proved
that an invariant eigendistribution with such a property decays at infinity. As a conse-
quence of the above theorem, we obtain the following result due to Harish-Chandra.

Theorem 7.3.2. (Harish-Chandra) The character ®, of a discrete series represen-
tation decays at infinity and therefore O |t # 0 for some compact Cartan subgroup
T. In particular, if G has discrete series representations, then G has a compact Car-
tan subgroup.

Note that a nontrivial linear combination of discrete series characters with the
same infinitesimal character is a nonzero invariant eigendistribution which decays at
infinity. Note that all compact Cartan subgroups are conjugate. It follows that it has
a nontrivial restriction to compact Cartan subgroups. Hence, we obtain the following
lemma which is needed in the next section.

Lemma 7.3.3. The characters of discrete series representations with the same in-
finitesimal character are linearly independent on compact Cartan subgroups.

7.4 Exhaustion of discrete series

The combination of the theorems in the previous two sections shows that a connected
semisimple Lie group G with finite center has discrete series if and only if rank G
is equal to rank K. In this section we assume that G satisfies this condition, i.e., we
assume that a compact Cartan subgroup T of K is also a Cartan subgroup of G. The
goal in this section is to classify all discrete series representations.

Let ® be an invariant eigendistribution such that ®|7 # 0. First suppose that G
is acceptable, i.e., p is in the weight lattice of G. Then the property (1) of characters
described in the previous section implies that ®|7 A is a C-linear combination of
expressions e/ with u in the weight lattice A. If e# occurs with a nonzero coefficient,
then © has infinitesimal character p, i.e., any z € Z(g) acts on © by z® = x,,(2)0.
Let ®T be a system of positive roots for (g, t), and let p be half the sum of the
positive roots. Then we can write

Olre” [[A—e= ) awe”™

acdt weWgy

for some constants a,, € C. If G is not necessarily acceptable, we can make sense of
this expression by multiplying through by ¢~”, and we see that wu — p must be in
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A. Putting © = A + p, then for any G acceptable or not, we have A € A and O|r is
given by the well-defined expression

w(A+p)
ZweWg awe

Hae(b* (eoz/Z _ e—a/Z) :

The restriction ®|7 must be We-invariant, and the Weyl denominator is We-skew.
Thus we can rewrite the above expression as follows: Choose Ap, ..., Ar so that
{w(A + p) | w € Wy} is the disjoint union of {w(A; + p) | w € Wg}. Then there exist
constants ay, ... , ar such that

Olr =

ZweWg 6(w)ew()»iﬂ))

Olr = - .
|T IZal I—[ ea/2 _ eia/2)

ae¢+(

w®i+) vanishes, so a;

Moreover, if A; 4+ p happens to be ®.-singular, ZweWE e(w)e
can be chosen to be zero in that case.

To summarize, we have that any discrete series representation has infinitesimal
character x4, for some A € A. Note that 3,4+, = Xa,+p if andonly if w(A14+p) =
A2+ p for some w € Wy. By Lemma 7.3.3 the global characters of the discrete series
representations with the same infinitesimal character must be linearly independent on
T. Thus we obtain an upper bound on the number of discrete series representations

as follows.

Lemma 7.4.1. The infinitesimal character of a discrete series representation must be
Xotp for some A € A. There are at most |Wqy/ We| discrete series with infinitesimal
character x4 p.

For the moment, we let p be the half sum of the positive roots with respect to an
arbitrary system ®* of the positive roots. Then

Ap=A+p

does not depend on the particular ordering, since any two possible choices for p
differ by a sum of roots and hence an element of A.

We now show that there is no discrete series representation with infinitesimal
character x4, if A + p is singular. We enumerate the set of Wy-conjugates of A + p
in A, which are both ¢-regular and &, N ®*-dominant, as

AMtp=A+p,A2+p0,..., AN +p.

Every v + p € A, if it is ®.-nonsingular and Wg-conjugate to A + p, is then We-
conjugate to precisely one of A; + p. We can and will arrange A = A|. We define

@Hp = Zﬂ(j)@j;

the sum is over all discrete series representations with infinitesimal character x;.4,.
Then there exist constants ay, ... , ay such that
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~ e(w)ew*ite)
®k+p|T = Zai ZU)EWQ ( 2) .
= lacor (/2 —e%/2)

Like every A;, A lies in the interior of the positive Weyl chamber for ®¢ N ®* and
is @ -integral. For u = (A + p) — p. = A + py, one has that u — p, is in the
weight lattice A. Thus, the tensor products E, ® S* descend to K. It follows from
the remark after (7.5) that the K-character t; = ©|gng’ of a discrete series H
occurring in Ker D, satisfies the following condition: t_l(chS“' — chS7) is a finite
integral linear combination of irreducible characters of K, in which the character of
E,, occurs with coefficient

(=1)9(dim Ker Dj (u) — dim Ker Dj_ (n)).

Then the L2-index theorem in Section 7.1 implies that

Lemma 7.4.2. (a) If A + p is singular, then the restriction to T of ®;, is zero and
therefore there exist no discrete series representations with infinitesimal character

Xr+tp-
(b) If A + p is regular, then every A; + p is dominant with respect to a unique
positive root system <I>f, namely

O ={ae®|(Ai+p,a) >0}

Then the restriction of to T of @Aﬂ, equals

(7.8)

~ A s N we E(w)ew()‘i""/))
@A+p|T=(—1)q( 1—[ A+p Ol))z > We

wedt (o) "= Hoze(b?' (e%/?2 — e=@/2)’

where ¢ = & dim G/K.

Now we are ready to prove the celebrated theorem of Harish-Chandra on the
discrete series.

Theorem 7.4.3. (Harish-Chandra) Let G be a connected semisimple Lie group hav-
ing finite center and a compact Cartan subgroup T. For each .. € A with A + p
regular, there is a unique invariant eigendistribution ©,_, so that ®,_, decays at
00, and

Cuew, €)e 0+
n(xe<1>+ (ea/Z _ e—a/2)'

Moreover, every such ®;_, is a discrete series character, and conversely every dis-
crete series character is one of ©, 4, with A + p regular.

Ontplr = (=17

(7.9)

It follows from the theorem that the regular elements A 4 p € A, are parameters for
all discrete series representations. They are called Harish-Chandra parameters for
discrete series.
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Proof. We choose a compatible system of positive roots @ O &7 so that u =
A+ py is @ -dominant and A + p is @ -dominant. First, we assume that A is ®*-
dominant and ®,-regular. Then it is known from Section 7.2 that Ker D, contains a
single discrete series Ap(A) with Dirac cohomology Hp(Ap(A)) = E,, and infinites-
imal character y,,. It follows that

ApMWk (ST =87) = (=DIEy,

and therefore the K -character of Ap(A) restricted to T is equal to ®;4,|7. Thus, the
character of this discrete series Ap(1) is @4 ,. Secondly, we remove the conditions
that A is ®*-dominant and &, -regular. We need to use the following result of Zuck-
erman [Z], which is often referred to as the translation principle. Note that G need
not be linear, but we do need to assume that it is a finite cover of a linear group.
Since A + p is dominant, large positive multiples of (A + p) are integral and occur
as highest weights of finite-dimensional irreducible representations of G. Let t be
such a representation of highest weight (m — 1)(A + p) (m > 2) and let t* be the
contragredient representation of 7. We write ®; and ®.+ for the characters of T and
7*, respectively. Let C (A + p) denote the set of characters of irreducible admissible
representations with infinitesimal character ;4.

Lemma 7.4.4. (Zuckerman [Z]) The map
S: 0> (Or0)y, 4

is a bijection between C (A + p) and C(mA + mp), whose inverse is given by
T:0 (@t*®)m+p-

If ® decays at 0o, then so does S© and vice versa. Moreover, for a compact Cartan
subgroup T, if ® € C(mA + mp) satisfies

®|TA — Z awemw(k"rﬂ))’

weWy

then
ST'O)rA = ) aye”ttP.

weWy

We refer to (8.10) and (8.19) in [AS] for a proof of this lemma.

For a sufficiently large m > 2, let A’ = mA + (m — 1) p. Then A’ is ®*-dominant
and @, -regular. It follows that there exists a discrete series character ©,,(;+,), such
that

OnitplrAd = (=11 Y e)em™ *+0),
weWsg
Thus, the above lemma implies that ®;, is the character of an irreducible represen-
tation, and
Oriplr A= (=17 > e(w)e” ),

weWe
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Corollary 7.4.5. In the setting of the theorem one has the following

a) Choose a system of positive roots ®* = ®F U &} so that ) + p is -
dominant. Then Ag (M) is a discrete series representation with lowest K-type Ej 2,
and Dirac cohomology Ej 1, .

b) Every discrete series representation of G is exactly one of Ay()) as in (a).
Thus, any discrete series representation is determined completely by its Dirac coho-
mology E 4 p, .

Proof. We have already showed in Section 7.2 that the discrete series representation
with character ©; 4, is Ap(), provided A is ®*-dominant and ®; regular. It re-
mains to remove these conditions, i.e., to show that if A + p is dominant, then the
discrete series representation with character ©;,4, is still Ap(A) for a 6-stable Borel
subalgebra. This follows from the fact that the translation functor S~! in Lemma
7.4.4 carries Ap(A)-module to Ap(A)-module.

It follows from the above theorem and (7.8) that Ker D, contains at most one
discrete series. By L2-index theorem we know that the discrete series representation
occurs in Ker Dl‘f rather than Ker D, . As a consequence we obtain the following
theorem on the geometric construction of all discrete series representations due to
Atiyah and Schmid.

Theorem 7.4.6. (Atiyah—Schmid [AS]) Let G be a connected noncompact semisim-
ple Lie group with finite center. Let K be a maximal compact subgroup of G. Suppose
a Cartan subgroup T of K is also a Cartan subgroup of G. Let E,, be an irreducible
representation of the twofold cover K of K with highest weight . Suppose that
W — pp is in the weight lattice A so that E;; ® S* descend to K and therefore Dljf is
defined on the spinor bundles over G/ K . Then one has

a) Ker D,/ =0.

b) Ker D =0 if u+ p is singular.

c) For regular . + p. choose a system of positive roots ®* compatible with ®}
so that u + p. is dominant. Then Ker Dl‘i' is a discrete series representation and its
character © 4, restricted to T is equal to

ZweW{z e(w)ew(ﬂ+ﬁ)zr)

Outp.lr = (1)1 .
ptpe|T = ( )l—[aeq)Jr(ea/Z_efa/Z)

d) Every discrete series representation of G is isomorphic to Ker Dl'f in (c).
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Dimensions of Spaces of Automorphic Forms

In this chapter we prove a formula for dimensions of spaces of automorphic forms
which sharpens the result of Langlands and Hotta—Parthasarathy [L], [HoP2]. Let G
be a connected semisimple noncompact Lie group with finite center. Let K C G be a
maximal compact subgroup of G, and let I' C G be a discrete subgroup. Assume that
I'\G is compact and that I" acts freely on G/K. Then X = I'\G/K is a compact
smooth manifold. Furthermore, the action of G by right translation on the Hilbert
space L*(I'\G) is decomposed discretely with finite multiplicities:

L*(I'\G) = @m(r, ) Hx.

neG

Assume that rank G is equal to rank K. We calculate the multiplicity m(I", ) for a
discrete series representation .

Denote by X,; the Harish-Chandra module of H ;. Let F be a finite-dimensional
G-module. Understanding the above multiplicity m(I", ) together with the (g, K)-
cohomology H*(g, K, X, ® F) has topological applications. Borel and Wallach (cf.
[BW] Chapter VII, §6) showed the following formula for cohomology:

H*(', F) = P m(T, 1) H* (3, K, Xx ® F).

neG

We will also explain the relationship between Dirac cohomology and (g, K)-coho-
mology of a Harish-Chandra module.

8.1 Hirzebruch proportionality principle

To obtain the index of the Dirac operator on twisted spinor bundles on X, we use the
Hirzebruch proportionality principle and the result on the index of the Dirac operator
for compact Lie groups. _

Recall that in the previous chapter if any £, is K-module so that £, ® S decend
to K, then the Dirac operator D acts on the smooth sections of the twisted spin
bundle as described in the previous chapter:
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Dii: C*(G/K,S*® E,) - C®(G/K, ST ® E,).

Note that the above action of D commutes with the left action of G. So we can
consider an elliptic operator

Df(X): C®*("\G/K, St ® E,) — C¥(I'\G/K, S~ ® E,,).

The index of D;r (X) can be computed by the Atiyah—Singer Index Theorem

Index Df (X) = / f(©, ),
X

where © is the curvature of X and @ is the curvature of the twisted spinor bundle
over G/K. By homogeneity, f(®, ®) is a multiple of the volume form depending
only on w, i.e., f(®, ®) = c(u)dx. Thus

Index D (X) = c(u) vol (I'\G/K).

Let go = to + po be the Cartan decomposition of the Lie algebra of G. Then
up = €y + ipo is a compact real form of g = go @ C. Let G¢ be the connected and
simply connected complex group with Lie algebra g. Let U be the compact analytic
subgroup in the G¢ with Lie algebra ug. We assume for the moment that G is a real
form of G¢. Then K is a subgroup of U and Y = U/K is a compact homogeneous
space. We consider

Df(Y): C*(WU/K,ST®E,) - C*(U/K,S™ ® E,).

By Hirzebruch proportionality principle, the index of D;[ (Y) can be computed in the
same way and we obtain

Index D:{(Y) = (—=D%c(u) vol (U/K),
where ¢ = 1 dim G/K = 1 dim U/K. It follows that

vol (I\G/K)

+ — (—1\4
Index D;f (X) = (=1) T TGILS

Index D} (V).

If we normalize the Haar measure so that vol (U) = 1, then
Index Df (X) = (—1)? vol (I'\G) Index D (Y).

On the other hand, Index DI(Y ) has been calculated in Chapter 4. If as before
we choose a system of positive roots @ so that i + p. is dominant, then

[loeatgpn® + pe )

Index DT (Y) =
a n(xeA+(g,t)(p’a)

Thus, one has
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HQGA+(9¢) (u + pc, a)
na€A+(g,t)(p’ o)

Index D:[(X) = (=17 vol (T\G)

We now drop the requirement that the real form G of the simply connected G¢
coincides with G. The maximal compact subgroup K form G is locally isomorphic
to K. If u — p, is a weight of K, then our argument still goes through. If © — p,
is a weight of K, but not a weight of K, we first observe that c(u) is a polynomial
in p. This follows from the relations between characters and characteristic classes.
Therefore, the above formula continues to hold and we conclude the following

Theorem 8.1.1. Let G be a connected semisimple Lie group having finite center and
a maximal compact subgroup K. Let " be a cocompact discrete subgroup of G which
acts freely on G/K. If a Cartan subgroup of K is also a Cartan subgroup G, then
one has

l—[aeA‘*'(g,t) (1 + pc, @)
HaeA+(g,t)(p’ o)

Index D (X) = (—1)7 vol (I'\G)

8.2 Dimensions of spaces of automorphic forms

Recall the decomposition

L*(I'\G) = @m(r, ) Hox.

neG

We now calculate the multipliﬁity m (T, ) for each . Let X; be the Harish-Chandra
module of ‘H. For any u € K, it follows that

Index D (X) = Z m(T, ) Index Df (X),

neG

where D:(X,,) : Hom g(E%, Xz ® ST) — Hom z(E%, X; ® §7) is the linear
map defined by ¢ — D o ¢ for any ¢ € Hom g (E%, X, ® ST).

If Index D,J[(Xn) # 0, then the Dirac cohomology Hp(X,) contains E«. It
follows from the proved Vogan’s conjecture that the infinitesimal character of X is
given by u* 4+ p.. If we assume that A = w(u* + p.) — p is dominant for some
w € W, then X is isomorphic to Aq(A) for some 6-stable parabolic subalgebra
g. If in addition we assume that A is regular with respect to the noncompact roots
AT (p), then X, is uniquely determined as a discrete series representation Ap(A).
Since Index D} (Ap(2)) = dim D} (Ap(d)) — codim Df(Ap(2)) = (=17, we
obtain the following theorem.

Theorem 8.2.1. Let G be a connected semisimple Lie group have finite center and a
compact subgroup K satisfying rank K = rank G. Let E,, be an irreducible module
of K (a twofold cover of K) so that E;, ® S* decend to K. Choose a system of
positive roots compatible with the system of positive compact roots. If A = . — py,
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is dominant and regular with respect to noncompact roots, then the discrete series
representation w1 = Ay (\) occurs in L>(T'\G) with multiplicity

m(I', r) = vol (I'\G)dy,
where dy is the formal degree of 7w :

HQEAJr(g’t)()\ + p, a)
HaeM(g,t) (p, )

dp =

This sharpens the result of Langlands [L] and Hotta—Parthasarathy [HoP2], who
proved the above formula for discrete series representations whose K -finite matrix
coefficients are in L'!(G). Trombi—Varadarajan [TV] proved that if the K -finite ma-
trix coefficients of the discrete series Ay (L) are in L!(G), then for all @ € AT (p)
and all w € Wy

(A+p,a) > [(wo, a)l.

Hecht—Schmid [HS] proved this is also a sufficient condition. Our assumption on the
regularity of A with respect to the noncompact roots amounts to the condition that
foralla € AT (p)

A+ p,a) > [(p,a)l.

Therefore, our condition is weaker than that assumed by Langlands and Hotta—
Parthasarathy.

8.3 Dirac cohomology and (g, K)-cohomology

In this section we study the (g, K)-cohomology of (g, K)-modules, where as usual
g is the complexified Lie algebra of a connected semisimple Lie group G, and K is a
maximal compact subgroup of G. It is sometimes important to generalize this setting
(recall e.g., from Chapter 5 that one can use relative Lie algebra cohomology with
respect to a pair (¢, T') to describe derived Zuckerman functor).

8.3.1. Definition of (g, K)-cohomology
We recall the definition of (g, K)-cohomology. Consider the functor
Vis Ve = (v e V|Xv=0kv=v, forall X € g,k € K}

of taking (g, K)-invariants. It is a functor from the category M(g, K) of (g, K)-
modules into the category of complex vector spaces, which is left exact. The (g, K)-
cohomology functors V + Hi(g, K; V) are the right derived functors of V >
V8K As we saw in Chapter 5, (g, K) cohomology can be calculated by the Duflo—
Vergne formula. Namely, we can write

V&K = Hom (4 x)(C, V),
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and it follows that _ ‘
H'(g,K;V)= Ext’(g’K)((C, V).

Instead of resolving V by injectives, we use a projective resolution of the trivial
module C. This is the relative standard complex

U@ ®uw N\ (p) —— C 0;

Here p is a K-invariant direct complement of € in g. Recall that the differential d of
the above complex is

d(u®X1/\~-~/\Xk)=Z(—1)i_1uX[®X1/\...3(\5--~/\Xk.
i

For more general pairs than (g, K), we would have a second double sum, but in our
case this second sum vanishes, as [p, p] C € projects trivially to p. The map € is the
augmentation map, givenby 1 ® 1 — 1 and gU(g) ® 1 — 0.

Recall that we proved in Chapter 5 that the relative standard complex indeed
defines a projective resolution of C.

Using the above resolution, we can now identify H' (g, K; V) with the i" coho-
mology of the complex

Hom ( (U (8) ®ucey A'(p), V) = Hom i (A (), V),
with differential

df Xy A AX) =Y (=D 7TIX - fX AL X A X,

There is also a less often mentioned theory of (g, K)-homology. It is constructed by
deriving the functor of (g, K )-coinvariants; so

Hi(g. K; V) = Tor*)(C, V),
which is calculated using the same resolution of C as above.

8.3.2. Vogan-Zuckerman classification. The central result about (g, K )-cohomology
(for K a maximal compact subgroup of a semisimple Lie group G) is the classifica-
tion of irreducible unitary (g, K)-modules with nonzero (g, K)-cohomology due to
Vogan and Zuckerman in [VZ]. Here is their result:

Theorem 8.3.3. Let G be a semisimple Lie group with finite center and a maximal
compact subgroup K. Let V be the Harish-Chandra module of an irreducible unitary
representation of G. Let F be an irreducible finite-dimensional G-module and F* the
contragredient. Then V ® F has nonzero (g, K)-cohomology if and only if V has the
same infinitesimal character as F* and V is isomorphic to an Aq(\)-module. In case
V has nonzero (g, K)-cohomology, it is equal to

Hom 1nx (A"~ 4™ @ (1), ©),

where L is the Levi subgroup involved in the definition of Aq(A), | is the (complexi-
fied) Lie algebra of L and u is the nilradical of q.
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8.3.4. Dirac cohomology and (g, K )-cohomology. We now discuss the relationship
of Dirac cohomology and (g, K)-cohomology. It was proved in [HP1] that if X is
unitary and has (g, K)-cohomology, i.e.,

H*(g,K; X ® F) = H*(Hom  (\'p. X ® F)) #£0

for a finite-dimensional F' (X necessarily has the same infinitesimal character as F*),
then X also has nonzero Dirac cohomology.

In the following we assume that dim p is even. Then we can write p as a direct
sum of isotropic vector spaces u and 1t = u*. One considers the spinor spaces S =
/\'uwand §* = /\" ii; then

S®SF=ENudn) =Ap.
It follows that we can identify the (g, K)-cohomology of X ® F* with
H*(Hom f(F ®S,XR®Y9)).

There are several possible actions of the Dirac operator D on the above complex;
similarly as before, they can be related to the coboundary operator ¢ and the bound-
ary operator 9 for (g, K)-homology, which also acts on the same complex after ap-
propriate identifications.

Now if X is unitary, Wallach has proved that d = 0 (see [W], Proposition 9.4.3, or
[BW]). Using similar arguments one can analyze the above mentioned Dirac actions
and the actions of the corresponding “half-Diracs.” In particular, it follows that

H*(g, K; X ® F*) = Hom (Hp(F), Hp(X)).

This can be concluded from the fact that the eigenvalues of D? are of opposite signs
on F® Sand X ® S; see [W], 9.4.6.

We note that if dim p is odd, then as K-modules /\ p is isomorphic to two copies
of S ® §* where S is a spinor of the Clifford algebra C (p). It follows that in this case
H*(g, K; X ® F*) is isomorphic to two copies of Hom 'I%(HD(F), Hp(X)).

8.4 Cohomology of discrete subgroups

For the general definition of the cohomology space H*(T", F) of the discrete sub-
group I' of a Lie group G with finitely many connected components, with coeffi-
cients in a finite-dimensional complex I'-module (p, F') we refer to Chapter VII of
[BW]. This space can be described in terms of (g, K)-cohomology. It is proved in
[BW] that

H*(T, F) = H*(g, K, I®(F)),

where K is a maximal compact subgroup of G and
IP(F)={feC®G. F)|fy-g=p) f(g). vy €T, g €G}.
If (p, F) is in fact a G-module, then this takes the form
H*(I', F) = H*(g, K,C®(T'\G) ® F).
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Theorem 8.4.1. Let G be a connected semisimple Lie group with finite center and
no compact factor. Let F be an irreducible finite-dimensional G-module. One has

H"(I, F) = @ m. 71)H (3. K. Xz ® F) (n € N).

neG

This is Theorem 6.1 in Chapter VII of [BW].

We now assume that rank G is equal to rank K. Let t be a Cartan subalgebra of
t and g. Fix a system ®+ = ®7(g, t) of positive roots and a compatible system of
positive compact roots @ = O (¢, t). Let ®, be the set of noncompact roots so
that @+ = ®F U @, Let F be an irreducible finite-dimensional representation
of G with lowest weight —A. In other words, X is the the highest weight of the
contragredient F*. Recall that W! is the subset of W consisting of elements which
map the dominant g-chamber inside the £-chamber. The multiplication (7, w) — Tw
induces a bijection

w! x We — Wy.

Hence, |W!| = [Wyl/|Wel. Setg = 1/2dim G/K.

Theorem 8.4.2. Let G be a connected semisimple Lie group with finite center and
no compact factor. Assume that G has a compact Cartan subgroup. Let F be an
irreducible finite-dimensional G-module with lowest weight —A. If A is regular with
respect to the roots in @, then

|Wgl/IWe| vol (T\G) dim F, ifn = q,
0, ifn#gq.

Proof. For any Harish-Chandra module X, H*(g, K, X ® F) = 0 unless the in-
finitesimal character of X is the same as F*, which is A 4+ p. A unitary irreducible
Harish-Chandra module with infinitesimal character A + p is an Ag(A)-module. In
case that A is regular with respect to @', this is in fact a discrete series Ap(1). There
are exactly |W1| discrete series (i, Hy) with infinitesimal character A + p. By The-
orem 8.2.1,

dim H"(T, F) = {

HQGAJr(g’t)()\ +p,0)
naeM(g,t) (o, )

Hence, one has m(T", Ap(X)) = vol (I'\G) dim F* = vol (I'\G) dim F. Then it
follows from Theorem 8.4.1 and the fact

m(T, Ap(L)) = vol (T\G)

1, ifn=gq,

dim H" (g, K, Ap(M) = {0 ifn #q.

that one has

|W!| vol (T\G) dim F, ifn =g,

. n _
dim H (F,F)—{ 0. itnq.
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Dirac Operators and Nilpotent Lie Algebra
Cohomology

Let g be a complex reductive Lie algebra with an invariant symmetric bilinear form
B, equal to the Killing form on the semisimple part of g. In this chapter we consider a
parabolic subalgebra ¢ = [@u of g, with unipotent radical u and a Levi subalgebra [.
We will denote by q = [ 1l the opposite parabolic subalgebra. Here the bar notation
does not mean complex conjugation in general, but it will be a conjugation in the
cases we will study the most, so the notation is convenient.

If we denote s = u @ u, then

g=I[®s

is a decomposition, as in 2.3.3. In particular, the restrictions of B to [ and s are non-
degenerate, and the above decomposition is orthogonal. Clearly, u and u are isotropic
with respect to B, while B restricted to u x u is nondegenerate. This means we can
use B to identify u with u*. This identification is [-equivariant.

Let C(s) be the Clifford algebra of s. Since s is even-dimensional, C(s) has a
unique irreducible module, for which we take S = /\ (u). For a detailed description,
see 2.2.2. We denote the Kostant cubic Dirac operator corresponding to [ € g by D.
It is an element of U (g) ® C(s). See 4.1.1. Let us emphasize that we are continuing
to use the conventions from Chapter 2 in the definitions of C(s) and S. Therefore,
some of the signs differ from the ones in Kostant’s paper, as well as from the ones in
[HPR].

In this chapter we will show how in certain cases u-homology and u-cohomology
of a g-module V can be related to the Dirac cohomology of V with respect to D. In
fact, as usual, we will be primarily interested in (g, K)-modules. Thus we assume
right from the start that g is the complexified Lie algebra of a connected real re-
ductive group G with maximal compact subgroup K. As usual, 6 denotes the corre-
sponding Cartan involution and go = &y @ po and g = £ @ p are the corresponding
Cartan decompositions. This will however play no role in the first section, and only
an inessential role in the second section of this chapter.

The results we are going to present in this chapter are taken from [HPR].
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9.1 u-homology and ui-cohomology differentials

For any g-module V, one can define u-homology and ui-cohomology in the usual
way. We already studied analogous notions in Chapter 5, but let us briefly recall the
definition in the present case.

9.1.1. u-homology. By definition, the p-th u-homology of a u-module V, H,(u; V),
is the p-th left derived functor of the functor of u-coinvariants, which sends V into
the vector space V /uV. Since V/uV = C ®yy V where C denotes the trivial right
u-module V, we can calculate the derived functors by using the Koszul resolution of
the first variable in the tensor product, C. Since (U(w)®@ A" W)@y V = AP (W)@
V in the obvious way, we arrive at the space V ® /\(u). (We interchange the order
of factors in the tensor product, because we want to use the action of U(g) ® C(s)
onV® A).)

The differential on this space induced by the Koszul differential of U (1) ® /\ (1)
isd:V®APu— V® AP 'ugiven by the following formula.

)4
IWRYIA...AY) =D (DY v@YIA...ViA...AY,+
i=1
Z (DML YAAYI A AT A AT ALY,

I<i<j=<p

forv € Vand Yy,...,Y, € u. The p-th u-homology H,(u; V) is now the p-th
cohomology of the complex V ® A (u) with respect to 3.

In case we start from a g-module V, then it is clear that [ acts on V ® A (u)
(the action on /\ (1) being induced by the adjoint action), and that 9 is [-equivariant.
Consequently, the u-homology modules have a natural action of [.

9.1.2. u-cohomology. One similarly defines the u-cohomology modules H? (u; V)
of V. They are given by the right derived functors of the ti-invariants functor, which
sends a fi-module V to the vector space V* = Hom 5(C, V). By a similar analysis as
above, one can calculate H? (u; V) as the p-th cohomology of the complex C(u, V)
given by

C?(1i, V) = Hom (A1, V).

The differential of this complex, which is again induced by the Koszul differential
on U(11) ® A (), is given by the usual formula:

p+1
do) X1 Ao AXpi1) = Z(—n'—l Xi-oXi Ao AXi A A Xpit)
i=1
+ Y DT oXn XAAX AL AKX A AX AL A X ),
I<i<j=p+1

for any w € Hom (A’ V) and any X1, ..., X 41 € L.
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Since u can be identified with the dual of u via B, we have the following identi-
fications :

Hom (A1, V) = Hom (A?(u*), V) = Hom (A"w)*, V) =V ® Afu.

Let us fix abasis u; of u (i = 1,...,n), and let uj‘ denote the dual basis of u with
respect to B.

Lemma 9.1.3. Through the above identifications, the differential d : V ® N\ u —
V @ AP s given by

n

d(v®Y1A...AYp)=Zu*-v®uiAY1/\.../\Y,,

i
i=1

+ VQui AYIA. AU YW~ LAY,

n_p
=1

1
24 j
where [u}, Y1y denotes the projection of [u, Y;] on u.

Proof. This is a straightforward calculation, starting from the fact that the identifica-
tion AP (u*) = (A" w*isgivenvia (fi A+ A fp)(X1 A+ AX)p) = det fi(X)).

9.1.4. Decomposing the Dirac operator. We now turn to describing how the cu-
bic Dirac operator D from 4.1.1 fits into this picture. We will use the basis b;,
j=1,...,2n of 5, given by

* *
bl =Uui,... ,b,, = Uy, bn—H =Up, ... ,bzn =Uu,.
The dual basis is then
* k
di=uj,...,dy=u,, dyy1 =uy,...,doy = p.

Asin4.1.1, we write D as

2n
D=Zdj®bj+1®v’
=1

where v is Kostant’s cubic element
1
v=2 Z B(ld;, d;1, dy) bi Abj A by.
I<i<j<k<2n

Here by b; Abj A by € C(s) we mean the image of b; Abj A by under the Chevalley
map /\(s) - C(s) from 2.1.8.

The first sum in the expression for D can clearly be rewritten as Y i, u; ® u; +
Z?:l Ui ® uf To analyze the element v, first notice that for any i, j, k

B([u;, u;l, ux) = B([u}, u;‘.], uz) =0.
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It follows that v breaks up into two sums: one is
1
vt = EZZB([M?,M?],LU{) Ui AN A uy
i<j k
1
=1 Z B([u], uj-], up) ui ANuj A uy,
ij.k
while the other is
_ 1
v o= EZZB([uz,ui],uj)uk/\u?‘/\ujf
k i<j
1
=2 Z B([ui, ujl, up) uf A uj‘ A Ug.
i,j.k
An easy calculation shows that the Chevalley map sends u; A uj A uf into u;u juy +
Skju; — Siu j. Hence

1 1
vt =2 ) B W) wouinju + 7 Bl ) wiu,
i,j.k i,j

1
—ZZB([M;*,M’;],W)W.
i

By Lemma 9.1.5 below, ), i B([u;“, ujf], u;) uj is an l-invariant element of 1. Since
u clearly does not contain nonzero [-invariant elements, this sum must be zero. Anal-
ogously, Zi j B([u}, uj], uj)u; =0, and we conclude that

1
+ _ * * P
v _ZE B([ui,uj],uk)u,ujuk.
i,j,k

Since ), B([u}, u’j‘.], upuy = [uf, uj], we finally obtain

1
vt = Zzuiuj[u;‘,uj]. 9.1)
iJ
Analogously, one calculates
_ 1
v = ZZM?uj[ui,uj]. 9.2)
iJ

So we see that we decomposed D into a sum of two terms: D = C + C~, where
1
C = Zu;“ Qu; + 1 Zuiuj[u;", uj],
i L]

and |
C™ = Zui Quj + 1 Zu;‘uj[ui, ujl.
i ij
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Before going on to compare the actions of C and C~ on V ® S with the differ-
entials d and 0, let us formulate the lemma we needed above. This lemma will also
imply that all the parts of D we considered, Zi ul* ® u;, Zi ul* ® uj, vt and v~
are [-invariant and independent of the chosen basis ;. The lemma is a version of the
well-known principle of constructing invariants by contracting dual indices.

Lemma 9.1.5. Let
¥ 5% > Ug) @ Cls)

be a linear map which is l-equivariant with respect to the adjoint actions. For exam-
ple, ¥ can be composed of the obvious inclusions s <— g — U(g) and s — C(s),
products, commutators in g and the Killing form B. Then

D YV ®up) e U@ CeH)
1

is independent of the chosen basis u; and l-invariant. Here I = (i, ..., i) ranges
over all k-tuples of integersin {1, ...,n},u; = u; ®---Qu;,, and ujy = u;“l ® -
u*

ix"
Proof. The proof is quite easy and essentially reduces to the fact that under the iden-
tification Hom (u, u) = u* ® u, the identity map corresponds to the sum ) _; u} @ u;.

Proposition 9.1.6. Under the action of U(g) @ C(s) on V ® S, the operators C and
C~ actas d and?20, respectively. In particular, the cubic Dirac operator D = C+C~
actsas d + 29.

Proof. We use the description of the action of C(s) on S from 2.2.2. The first part of
Cc, Zi u; ® u?, acts on an element x @ ug, A--- A U, of V ® § by sending it to

P
Zuk_,x ®2(=Dugy A g - A g,
j=1

This is exactly twice the first sum in the expression for d(x ® ug, A -+ A ug,). On
the other hand, by a similar calculation as the one we used to find expressions for v
and v,

_ 1
v = 3 Z[ui, u,]ul*uj‘

i<j
Thus v~ acts on ug, A --- A ug, by sending it to
1 i j ~ ~
5 ZZ(—I) 2(=1) [y gy Ty ATy Tk A U
i<j

and this is twice the second sum in the expression for d(x ® ug, A --- A ug,). Thus
we checked that C ™ acts as 20.
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To check that C acts as d, we use the expression for d from Lemma 9.1.3. It is
obvious that the action of ), ul’.‘ ® u; coincides with the first (single) sum in the
expression for d. Finally, vt actson Y; A --- A Y, € S by sending it to

I r i
2 Dt 2;(—1)“13([14;*, VLYY A B A Y,
1] =

A

1
=-3 Z(—l)k+13([uf, Vel u$)ui Auj AYUA Vg A Y.
i,j.k

Now we sum Zj B([uf, Y], ujf) uj = [u}, Yi]y, and after commuting [}, Y]y into
its proper place, we get the second (double) sum in the expression for d.

Remark 9.1.7. To end this section, let us consider the [-actions under the identifica-
tions we have made. The natural action of [ on V ® S is the tensor product of the
restriction of the g-action on V and the spin action on S. On the other hand, the usual
[ action on ui-cohomology and u-homology is given by the adjoint action on A it
and /\" u. Thus, our identification of V ® /A u with V ® § is not an [-isomorphism.
However, as was proved in [Ko3], Proposition 3.6, the two actions differ only by a
twist with the one-dimensional [-module C,, of weight p(u1).

This means that if we consider C and C~ as operators on V ® S via the
above identification, then as an [-module, the cohomology of C gets identified with
H (11, V) ® C, sy, while the homology of C~ gets identified with H.(u, V) ® C, ).

9.2 Hodge decomposition in the finite-dimensional case

The results we present in this section are essentially contained in Kostant’s famous
paper [Ko1]. Namely, it is shown there that the ti-cohomology of a finite-dimensional
g-module V can be represented by harmonic elements, that is, elements which are
killed by the spin Laplacian. There is no mention of the Dirac operator there, but in
fact the spin Laplacean is nothing but —2D?, as follows from Kostant’s formula for
D? (see 4.1.1). This was noted in [Ko3]. Since D is skew self-adjoint (see Lemma
4.2.1), it follows that the kernel of the spin Laplacian also represents the Dirac co-
homology. Let us prove all this in detail, as we are going to consider some infinite-
dimensional analogues of these results in the subsequent sections.

9.2.1. Adjunction of C and —C~. Let V be a finite-dimensional g-module. Recall
that by Lemma 4.2.1, Kostant’s cubic Dirac operator D on V ® S is skew self-adjoint
with respect to the inner product (, ) defined in Section 4.2. In our present situation,
we will strengthen this result by showing that the operators C and C~ are minus
adjoints of each other with respect to (, ).

As in Section 4.2, let us choose a basis u; of u, such that the dual basis with
respect to B is u} = —0u;. Since the adjoint of any X € s on S is 6X, we see that
the adjoint of u; on S is —u}. On the other hand, the adjoint of any X € gon V is
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—0X, so in particular the adjoint of u; on V is u?. Hence u? ® u; and u; ® u; are
minus adjoints of each other on V ® S. It remains to see that v and v~ are minus
adjoints of each other on S. This follows immediately from the formulas (9.1) and
(9.2), since the adjoint of [u;, uj]ufujf is

(—uj)(—ui)Olui, u;l) = —ujuj[0i;, 0u ;] = —u;ujlu;, ujl.

We have proved

Proposition 9.2.2. Let V be a finite-dimensional g-module, and let (, ) be the inner
product on V ® § defined in Section 4.2. Then the operators C and C~ on V Q S are
minus adjoints of each other with respect to {, ).

The rest of this section repeats the well-known arguments leading to a Hodge de-
composition in the finite-dimensional case. See for example [W], Scholium 9.4.4.

Since D is skew self-adjoint (either by Proposition 9.2.2 or by Lemma 4.2.1),
it follows that Ker D = Ker D?. Namely, it is clear that Dx = 0 implies that
D?x = 0. On the other hand, if D?>x = 0, then 0 = (D?x, x) = —(Dx, Dx) shows
that Dx = 0. Furthermore, since C and C~ are differentials adding up to D, we see
that

D*=(C+C ) =CC +CC.

Hence D?x = 0 implies
0= (D%x,x)=(CC x,x)+ (C Cx,x)=—(C x,C"x) — (Cx, Cx),

and hence Cx = C~x = 0. Conversely, Cx = C~x = 0 implies D’x = (CC™ +
C~C)x =0. So we get

Lemma 9.2.3. For any finite-dimensional g-module V, the operators D, C and C~
onV ® S satisfy
Ker D = Ker D> = Ker C N Ker C™.

The next easy observation from linear algebra is the fact that for any linear operator
A on a finite-dimensional vector space X with an inner product, the kernel of A
equals the orthogonal of the image of the adjoint of A. Indeed, if Ax = 0, then
(x, A y) = (Ax,y) = 0,s0 Ker A L Im A% . Since the dimensions of these
two spaces add up to dim X, it follows that indeed X = Ker A@® Im A4 | Applied
to our setting, this gives

Lemma 9.2.4. For any finite-dimensional g-module V, the operators D, C and C~
on'V ® S satisfy

V®S=KerD® ImD = Ker D> ® Im D?
=KerC® ImC™ = KerC™ @ ImC.

All the direct sums in this equation are orthogonal with respect to (, ).
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We are now ready to prove a Hodge decomposition theorem in our setting. First, we
claim that

ImD=ImC® ImC™. 9.3)

Since Im C € Ker C, Im C is orthogonal to Im C~ by Lemma 9.2.4. Furthermore,
ImDC ImC+ Im C™ since D = C + C~. Finally, Im C € Im D. Namely,
since Ker D € Ker C~ by Lemma 9.2.3, Im C is orthogonal to Ker D because of
Lemma 9.2.4. So it follows that Im C € Im D since Im D = (Ker D)+ by Lemma
9.2.4. Analogously, Im C~ C Im D, and this finishes the proof of (9.3).

Using Lemma 9.2.4 again, we now immediately get (a) in the following theorem.

Theorem 9.2.5. For any finite-dimensional g-module V, the operators D, C and C~
on'V ® S satisfy

(a) VS=KerDG ImCP ImC~;
(b) KerC = KerD® Im C;
(c) KerCT = KerD® ImC™.

Proof. Tt remains to prove (b) and (c). They are both obtained by combining (a) with
Lemma 9.2.4. Namely, (a) says that ( Im C)t = Ker D ® Im C, while Lemma
9.2.4 says that (Im C )L = Ker C. This gives (b) and (c) is obtained analogously.

In view of Remark 9.1.7, the above theorem implies
Corollary 9.2.6. As [-modules,
Ker D=H (1; V) ®Cpi) = Huw; V) @ Cpyyy-

More precisely, (up to modular twists) the Dirac cohomology of V, Ker D, is the
space of harmonic representatives for both u-cohomology and u-homology of V.

9.3 Hodge decomposition for p~— - cohomology in the unitary case

We now want to obtain analogues of the results of Section 9.2 for unitary (g, K)-
modules V. The idea is to use the Hermitian inner product (, ) on V ® S constructed
by tensoring the unitary form on V with the same form (, ) on § as before.

There are several problems with repeating the proof of the Hodge decomposition
from Section 9.2 in this setting. The first is the fact that on the spin module S we
still have the same adjunction as in 9.2.1, i.e., u; is adjoint to Qu; = —u;", but on the
other hand the adjoint of any X € g with respect to the unitary form on V is — X, not
—6X as before. In particular, the adjoint of u; on V is —ii; = Ou;. Since typically u
intersects both £ and p, u;‘ ® u; will sometimes be the adjoint and sometimes minus
the adjoint of #; ® u}. So C can be neither the adjoint nor minus the adjoint of
C~. The other problems are related to the fact that we are dealing with an infinite-
dimensional space now, so the linear algebra can be far more complicated.
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A case when the problem with adjunction does not appear is when [ equals ¢ and
u and u are contained in p. In that case u and u are forced to be abelian, and as usual
we denote them by p*, respectively p~. Of course, the pair (g, £) must be Hermitian
symmetric in this case. It is also automatic that the parabolic subalgebrag = [P u
is O-stable. As we will see, the finite-dimensional proof of the Hodge decomposition
goes through in this case with almost no changes.

Note that for [ = &, the Dirac operator is the one studied in Chapter 3. In partic-
ular, there is no cubic term. With notation as before, we have C = )_ u;k ® u; and
C =) uQu’.

Lemma 9.3.1. Let (g, £) be a Hermitian symmetric pair and set | = €. Let V be a
unitary (g, K)-module and consider the above defined form {,) on V ® S. Then the
operators C and C~ are adjoints of each other.

Proof. Since all u; are in p, the adjoint of u; on V is —it; = Ou; = —uj. Since
the adjoint of u; on S is also —u}, we see that the operators C = ) u} ® u; and
C™ =) u; ®ufonV ® S are adjoints of each other.

It follows that the Dirac operator D = D(g,l) = D(g, ¥) is self-adjoint. In
particular, the operators D and D? have the same kernel on V ® S.

Since V is now infinite-dimensional, not all the statements from Lemma 9.2.3
and Lemma 9.2.4 are immediately obvious. The key fact we need to proceed is the
following lemma. The assumption we need on V is that the Casimir operator €24 acts
on V by a scalar. This is certainly true whenever V has infinitesimal character. Since
V is also unitary, we will not lose too much generality by assuming that V is in fact
irreducible.

Lemma 9.3.2. Let V be an irreducible unitary (g, K)-module. Then V ® S =
Ker (D?) @ Im (D?).

Proof. By Proposition 3.1.6 we know that
D*=—-Qg®1+Q, +C,

where Q4 and Qg, are the Casimir operators for g and diagonally embedded ¢, and
C is the constant || pg||> — || pg||%.

Since 4 acts on V by a constant, it follows that £2¢, is up to an additive constant
equal to D> on V ® S. Since Q2g, acts by a scalar on each I%-type in V® S, the same
is true for D2, (Recall that K is the spin double cover of K; see 3.2.1.)

So D?isa semisimple operator, i.e., V ® S is a direct sum of eigenspaces for D2
The lemma is now clear: the zero eigenspace is Ker D?, and the sum of the nonzero
eigenspaces is Im D?.

The following lemma contains analogues of some of the statements of Lemma
9.2.3 and Lemma 9.2.4. The proof is exactly the same as in the finite-dimensional
case.
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Lemma 9.3.3. For any unitary (g, K)-module V, the operators D, C and C~ on
V ® S satisfy

(a) Ker D= KerC N Ker C™;

(b) Im C~ is orthogonal to Ker C and Im C is orthogonal to Ker C~.

Combining Lemmas 9.3.2 and 9.3.3 with the fact Ker D = Ker D?, we can now
prove the following analogue of Theorem 9.2.5. The proof is a minor modification
of the proof we presented in the finite-dimensional case.

Theorem 9.3.4. Let (g, &) be a Hermitian symmetric pair and set | = € and u = p™.
Let V be an irreducible unitary (g, K)-module. Then:

(@A)VS=KerD® ImC&® ImC~;

(b) KerC = Ker D@ Im C;

(c) KerCT=KerD&® ImC™.
All the above sums are orthogonal with respect to {, ).

Proof. (a) By Lemma 9.3.2 and the fact Ker D = Ker D?, we only need to show
that Im D?> = Im C @ Im C~. The sum Im C @ Im C~ is orthogonal by Lemma
9.3.3.(b), since Im C C Ker C. It is clear that Im D? C Im C + Im C~, since
D? = CC~ + C~C. On the other hand, since Im C is orthogonal to Ker C~ by
Lemma 9.3.3.(b), Im C is also orthogonal to Ker D> = Ker D = Ker C N Ker C~.
Hence Im C C (Ker D?)*, and the latter is equal to Im D? by Lemma 9.3.2. So
Im C € Im D?. Analogously one sees that Im C~ C Im D? and this finishes the
proof of (a).

(b) By Lemma 9.3.3.(b) and (a), Ker C € (Im C)t = Ker D@ Im C.
Furthermore, Ker D € Ker C by Lemma 9.3.3.(a), and Im C € Ker C since C is
a differential.

(c) Analogous to (b).

Corollary 9.3.5. The Dirac cohomology of V is equal to p~-cohomology of V and
to pT-homology of V, up to modular twists:

Ker DEH (p7, V) ®Cppy EH(p", V) @ Cp(pry.

More precisely, (up to modular twists) the Dirac cohomology Ker D is the space of
harmonic representatives for both p~-cohomology and p™-homology.

Remark 9.3.6. If g is not simple, it is also possible that a Levi subalgebra [ strictly
contains €. For example, if g = g; X go, then with the obvious notation ¢ = £, x &,
and [ can be £; x g;. Since it is still true in this case that u and u are contained in p,
our arguments work without change, and we see that Theorem 9.3.4 and Corollary
9.3.5 generalize to this setting.

9.4 Calculating Dirac cohomology in stages

In this and the next section we will study some other cases where we can obtain a
Hodge decomposition for unitary modules similar to that of Theorem 9.3.4. These
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are the cases when (g, £) is Hermitian symmetric, [ is contained in ¢ and u contains
p™. We start by a more general situation and add the extra assumptions as necessary.

Let g be any complex reductive Lie algebra, with a fixed invariant nondegenerate
symmetric bilinear form B, and let ¢ be a quadratic subalgebra of g as in 2.3.3. Then
g = t@s, where s is the orthogonal of t with respect to B. Let t1 be another quadratic
subalgebra of g with orthogonal s;. We assume that r; C t, and hence s O s;. In
particular,

g=t1 P51 =11 Ds® (tNs1).

Later on we will specialize to the case when t is ¥, and then eventually t; will be a
Levi subalgebra of g contained in €.

To write down the Dirac operator D(g, t1), we form an orthonormal basis for s
from orthonormal bases Z; for s, respectively Z ; for v N s1. Identifying

U(g) ® C(s1) = U(9) ® C(5)QC(x Nsy), 9.4)
where ® denotes the Z,-graded tensor product, we can write

Dgw)=) Zi®Zi®l+) 7,017
i J

1
+3 D BUZZ) Z0® ZiZ;Z; ® )

i<j<k

1
+3 ZX/{: B(Zi,Z;1,Z)® ZiZ; ® Z,
i<j

1
+5 > B(Z.Z}).2) ® 1® Z]Z)Z. 9.5)

i<j<k

Note that while Kostant’s original definition (see 5.1.1) uses exterior multiplica-
tion to define the cubic term, in the present case we can use Clifford multiplication
instead. Namely, there is no difference between exterior and Clifford multiplication
for orthogonal vectors.

Note also that the terms with Z;, Z} and Z//{ do not appear in (9.5), because
B([Z;, Z;.], Z,) = B(Z;, [Z}, Z; ) =0,as [Z;, Z,] € vis orthogonal to s.

We consider U(g) ® C(s) as the subalgebra U(g) ® C(s) ® 1 of U(g) ®
C($)®C(r N 51). In view of this, we see that the first and third sum in (9.5) com-
bine to give D(g, t), the Kostant cubic Dirac operator corresponding to t C g.

The remaining three sums come from the cubic Dirac operator corresponding to
v C t. However, this is an element of the algebra U (r) ® C (tNs1), and this algebra
has to be embedded into U (g) ® C(s)®C (r N s;1) diagonally by

A:U@E)®C(Ns) = UEaA)RC(xNsy) C U ®C(5)RC(tNsy).

Here U (ra) is embedded into U(g) ® C(s) by a diagonal embedding analogous to
the embedding of 3.1.4, while the factor C (r N s1) remains unchanged.



164 9 Dirac Operators and Nilpotent Lie Algebra Cohomology

We will denote A(D(x, t1)) by Da(t, t1). In the case when there are several
subalgebras and confusion might arise, we will use the more precise notation Ag
instead of A and give up the notation Da(.). The above diagonal embedding has
already been used by Kostant and Alekseev—Meinrenken; in particular, decomposi-
tions like the following one can be found in [AM].

Theorem 9.4.1. With notation as above, D(g, t1) decomposes as D(g, t)+Da (t, t1).
Moreover, the summands D(g, t) and D (¢, t1) anticommute.

Proof. We need to describe the image under A of the element

1
D(r.v)=Y Z®Z + 3 > B(1Z.Z}). 2p) ® 277, (9.6)
i

i<j<k

of U(r) ® C(rNsy), and see that it matches the second, fourth and fifth sum in (9.5).
In fact, it is obvious that the image under A of the second sum in (9.6) equals the
fifth sum in (9.5), and it remains to show that

YAZI®Z)=) Z/®10Z +) 1®a(Z)® Z. 9.7)
i i i

matches the second and fourth sum in (9.5). Namely, A(ZQ Z) = ZQ1® Z' +
1Qa(Z2)®Z', where a : t — s0(s) <> C(s) is the map from 2.3.3. Thus we are left
with showing that the second sum in (9.7) equals the fourth sum in (9.5), i.e., that

1
1Qa(Z)®Z, == B(UZi,Zi1,Z)RZiZi ® Z,.
; (Z}) ® Z,, 2;2}(:« L ZD®ZiZ;® 7,

This is however true, since by (2.8)

1
a(Zp) =5 ) BUZi Zj), Z)ZiZ
1<j
for any k.
This proves that indeed D(g, t1) = D(g, v) + Da(x, t1). To prove that the sum-

mands D(g, t) and Dx (¢, 1) anticommute, we use the fact that D(g, t) commutes
with ta. It follows that the anticommutator

[D.v®1,(Z@1+10a(Z)®Z]=[D@.1).Z,®1+1Qa(Z)]® Z|

is zero for any i. Hence [D(g, VR LAQZ ® Zlf)] = 0. It remains to see that
also
1 / / / ! 7! /
[DEveL1®1® 3 > B(Z.2)). z})Z,Z}z;,] = .
i<j<k
This follows from the definition of ®, since all the C (s)-parts of the monomial terms
of D(g, t) and also all Z;Z//.Z,/( € C(tNsp) are odd.
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We now want to use Theorem 9.4.1 to relate the Dirac cohomology of the various
Dirac operators involved. We can do this only in special cases. Namely, we need to
develop some algebra of anticommuting operators. Our approach will require certain
assumptions.

We define the cohomology of any linear operator 7' on a vector space V to be the
vector space H(T) = Ker T/(Im T N Ker T). We call the operator T semisimple,
if V is the (algebraic) direct sum of eigenspaces of T.

Lemma 9.4.2. Let A and B be anticommuting linear operators on an arbitrary vec-
tor space V.

(i) Assume that A? is semisimple, and denote by V. the eigenspace of A® with
the eigenvalue . Then the cohomology H(A + B) of A+ B on V is the same as the
cohomology of the restriction of A + B to Vo = Ker A2.

(ii) Assume that A% is semisimple, and that Ker A> = Ker A = H(A); so
Ker AN Im A = 0. Then H(A + B) is equal to the cohomology of B restricted to
the cohomology (i.e., kernel) of A.

(iii) Assume that A* and B are semisimple. Then H(A + B) is the cohomology
(i.e., the kernel) of B acting on H(A).

Proof. (i) Since A + B commutes with A2, its kernel, image and cohomology de-
compose accordingly to eigenspaces V,. We thus have to prove that A + B has no
cohomology on Vj for A # 0. In other words, we are to prove that Ker (A + B) C
Im (A+ B)on V, if A # 0.

Let v € V), be such that (A + B)v =0, i.e., Av = —Bv. Then

(A+ B)Av = A>v + BAv = A%v — ABv = 2A%v = 2\,

and hence v = 5-(A + B) Av is in the image of A + B.

(i1) By (i), H(A + B) is the cohomology of A + B on Ker A. But on Ker A,
A+ B=B.

(iii) Applying (i), we can replace V by Ker AZ, i.e., assume A> = 0. On the
other hand, by (ii), H(A + B) is the cohomology of A acting on Ker B.

Since B is semisimple, we can decompose

V= KerBEB@VAEBV_A
A

into the (discrete) sum of eigenspaces for B. Here if both A and —A are eigenvalues,
we choose one of them to represent the pair. Since A anticommutes with B, it pre-
serves Ker B, and maps V) to V_, and vice versa. Therefore, H(A) decomposes into
aKer B-part and V), @V_,-parts. The Ker B-partis equal to H(A+ B) and we will be
done if we show that B has no kernel on H(Aly,gv_,).Letv =vi+vp € Vi @ V_,
be in Ker A, and assume that Bv € Im A. This implies Av; — Avp is in Im A, so
v] — vy € Im A. This however can only happen if both v; and v are in Im A, again
because A exchanges V, and V_,. But then also v = v; + vy is in Im A, so v is zero
in cohomology, and we are done.
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To apply the above lemma to Dirac cohomology, denote by Hp (g, t; V) the Dirac
cohomology of a (g, K)-module V with respect to D(g, t); analogous notation will
be used for other Dirac operators. The reader should bear in mind that Hp(g, t; V)
is in fact the cohomology of the operator D(g, t) on the space V ® S.

Proposition 9.4.3. Let v C ¢ be a quadratic subalgebra of g. As usual, let s be the
orthocomplement of v. Assume that either dim p is even, or dim s N € is even. Let V
be an irreducible unitary (g, K)-module. Then

Hp(g.v; V) = Hp(t, v; Hp(g, & V),

i.e., the Dirac cohomology can be calculated “in stages”, as the D (%, v)-cohomology
of the D(g, £)-cohomology.

Proof. Since V is unitary, we can consider the form (,) on V ® S introduced in
Section 9.3, where Sy, denotes the spin module for C(p). We can extend (, ) to all of
V ® S, by combining it with the form on the spin module S;n¢ for C (s NE) analogous
to the form (,) on Sy (see 2.3.9). Here we identify § = Sp ® Sgng, which can be
done by the assumption on dimensions. Let A = D(g, ¥) and B = D (€, v).

By Lemma 9.3.1, A is self-adjoint, and consequently the conditions of Lemma
9.4.2.(ii) are satisfied. So the cohomology with respect to D(g, t) is the cohomology
with respect to B of Ker A = Hp(g, ¢ V) ® Ssne.

Now Hp(g, &; V) CV®S, CV®Sisa I%—module, with Lie algebra € acting
through €. The Dirac cohomology of this module with respect to D(E, t) is thus
identified with the cohomology with respect to B = Da (g, ).

Let us now assume that v is the complexification of a reductive subalgebra tg of
go contained in &y. In this situation we can generalize Proposition 9.4.3 to nonunitary
modules. As in Proposition 9.4.3, we assume that either dim p is even or dim sN ¢ is
even, so that we can write the spin module as § = Sy ® Sgne. The idea is to reverse
the roles of D(g, £) and D (¢, v). Namely, for any admissible (g, K)-module V, we
can decompose V ® Sy, into a direct sum of finite-dimensional (unitary) modules for
the spin double cover K of K. Hence, using either Proposition 9.2.2 or Lemma 4.2.1,
we conclude that there is a positive definite form (,) on V ® § = V ® Sp ® Sgne,
such that D (&, v) is skew self-adjoint with respect to (, ).

It follows that B = D (&, t) is a semisimple operator, while for A = D(g, €)
we still have that A2 is semisimple. Therefore we can apply Lemma 9.4.2.(iii) and
obtain the following result.

Theorem 9.4.4. Let vy be a reductive subalgebra of go contained in ¥y. Let V be an
admissible (g, K)-module. Then the Dirac cohomology with respect to D(g, t) can
be calculated as the Dirac cohomology with respect to D (%, v) of the Dirac cohomol-
ogy with respect to D(g, €) of V. In other words:

Hp(g,v; V) = Hp(t,v; Hp(g, & V).
Also, we can reverse the order of taking the Dirac cohomology, i.e.,

HD(ga 'S V) = H(D(gv E)|HD(E,‘C;V))'
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Proof. The first formula follows from Lemma 9.4.2.(iii) as explained above. The
second formula is a direct application of Lemma 9.4.2.(ii), with A = Da (¢, t) and
B = D(g, &) (opposite from Proposition 9.4.3).

For the rest of this section we consider a f-stable parabolic subalgebra q = [ &
u of g, with the Levi subalgebra [ contained in €. In particular, there is a Cartan
subalgebra t of g contained in [ C ; so g and ¢ have equal rank. The opposite
parabolic subalgebra is g = [ @ u1. As before, we denote s =u @ u,sog =[P s.

We apply the above considerations to v = [. Since Hp(g, & V) is a finite-
dimensional K -module, and ¢ and [ have equal rank, Hp (¢, [; Hp(g, & V)) is given
by Theorem 4.2.2. This gives Hp(g,[; V) very explicitly, provided we know
Hp(g, & V) explicitly. For example, one can in this way calculate the Dirac co-
homology of the discrete series representations with respect to the (compact) Cartan
subalgebra t:

Example 9.4.5. Let V = Ay (}) be a discrete series representation; here b = t@n is
a Borel subalgebra of g containing a compact Cartan subalgebra t. The infinitesimal
character of V is A + p. Then the Dirac cohomology of V with respect to D(g, )
consists of a single K -type V(u), whose highest weight is © = A + p,, where
pn = p(uNp). This is obtained from the highest weight of the lowest K -type of V,
A+ 2pp, by shifting by —p,, (the lowest weight of ).

This result is contained in the work of Parthasarathy and Schmid. One can also
prove it as follows: it is shown in [HP1], Proposition 5.4, that this K -type is contained
in the Dirac cohomology. Since V has a unique lowest K -type, and since —pj, is the
lowest weight of the spin module, with multiplicity one, it follows that any other
K -type has strictly larger highest weight, and thus cannot contribute to the Dirac
cohomology.

We now apply the above mentioned Kostant formula (Theorem 4.2.2) to calculate
the Dirac cohomology with respect to D (£, t) (we again stress that £ and t have equal
rank):

Hp (e, t; V(1) = Ker D) = @) Cuguspp-

weWsg

It follows from w 4+ p¢ = A + p that

Hp(E 6 V(w) = @ Cuotp-

weWsg

Comparing with Schmid’s formula in Theorem 4.1 of [S2], we have
H*(n, Ap(L)) = Hp(g, t; A1) ® Cpiy.

(Note that Schmid’s n is our n, and his X is our A + p.)

In other words, n-cohomology of a discrete series representation coincides with
the Dirac cohomology up to a p-shift. This fact is however not covered by our results
in this chapter. This indicates that it should be possible to generalize our results.
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9.5 Hodge decomposition for u-cohomology in the unitary case

As before, let ¢ = [@u be a 0-stable parabolic subalgebra of g and assume that [ C ¢.
In the last section we decomposed the Dirac operator D(g, [) as D(g, &) + Da (£, 1),
and saw that we can use this decomposition to calculate the Dirac cohomology in
stages. We would now like to obtain similar results for the “half-Dirac” operators C
and C™.

Letuy, ..., uy beabasisforuntandletvy, ..., v, be abasis for uNp. These can
be taken to be the root vectors corresponding to compact, respectively noncompact
positive roots, with respect to some A (g, t) compatible with u. We normalize these
bases so that the dual bases for 1 N €, respectively u N p, with respect to the Killing
form are u} = —i; respectively v} = v;.

As before, D = D(g,l), C = C(g,l) and C~ = C~ (g, ) denote the Dirac
operator for the pair (g, [) and its parts. Recall that

C=) u@u+y vyeu+1evt,

where vt denotes a part of the cubic term v. Analogously, C~ = Y u; ®uf+>_ v; ®

v¥ + 1 ® v~. We can further decompose vt as

+ _ .+ + +
VT = +Ukp+vp,

where

1 1 1
v = g 2wl v =5 )l vfluivg ey =20 [ v,
i, L] LJ
In the following, we will consider the Clifford algebra C (s) as a subalgebra of U (g)®
C(s), embedded as 1 ® C(s). In particular, 1 ® vét gets identified with vét, 1® v?;

with v;; and so on.

Recall that by Theorem 9.4.1, D(g,[) = D(g,¥) + Da(E, ), where DA (%, 1)
is the image of D(¥, [) under the diagonal embedding A : U(¥) ® C(s N ¢) —
U(g) @ C(p)®C(sNE). Here A sends 1 ® C(sN¥) identically onto 1 ® 1® C(sN§),
and for X € ¢,

AX®D=XQIQ1+1®a(X)®1,

with o : £ — C(p) defined in 2.3.3. See 3.1.4.

Clearly, D(g,®) = > v} ® v; + )_v; ® v, while DA (¥, [) is the sum of all
the other parts of D(g, [). We want to make this more precise; namely, in the obvi-
ous notation, D(¢,[) = C(¢, ) + C~ (¢, [), and we want to identify the images of
the summands C (¢, [) and C~ (¢, [) under A. Denote these images by Ca (€, [) and
C, @& D.

To do this, we recall an expression for o : € — C(p) in terms of a basis and a
dual basis given in (2.11): if b; is a basis of p with dual basis d;, then

1
a(X) =g > " B(ldi, d;1, X)b;b,.
i
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If the basis b; is vy, ..., vy, v}, ..., v;, then the dual basis d; is v}, ..., v
vp, and we get

;avlv--'9

a(X) = ZB([vj,vk] X)vjve + = ZB([vj,vk] X)vhu
——ZB([UJ, JX) + - ZB([U,,vk] X)vivy

(we used v;ka = —vkv;f — 28 ).

Since C(E,1) = Y, uf @ui + 1 ® Y, ;[uf, w*luiu j, we see that A(C (&, ) =
iulQui + Y1 ®al) @u + v;. We need to calculate the middle term,
> ;i 1 ®a(u}) @ u;. Applying the above expression for o, we get four sums over i, j
and k.

We first notice that the first of these four sums is 0, since B is 0 on u. To calcu-
late the second sum, write B([v;, vi], u}) = B(v;, [vf, u}]), and observe that since
[, ufleuny, Zj B(vj, [vg, u?‘])v}f = [v}, u}]. Therefore the second of the four
sums is

1
— 2: * ok ot
> & - [vg, uj lvgu; = vkp.

The third sum is 0, since we can assume [v}, v;f] is in [ and hence orthogonal to u:‘
Namely, we can choose v; and v;f (and also u; and u?) to be root vectors with respect
to t.

Finally, the fourth sum is calculated by noting that since [v;, vx] € u N ¢,
> B([vj, vl, ul’.‘)ui = [v}, vg]. It follows that the fourth sum is

1 _
- Zv;‘fv;{k[vj,vk]zvp.
ok

A completely analogous calculation applies to C ™ (€, [), so we proved:

N

Proposition 9.5.1. Under the diagonal map
A:UBRC(sNE — Ug) ® CPRC(sNE),
C(t, D) and C™ (&, ) correspond to

Cat, ) =) uf @ui +vy +vf +vy
i

and

CAt D =D i ®@uf +vy +vy +vy.

i
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Note the unexpected feature of this result, the mixing of the positive and negative
parts under the diagonal embedding. Namely, vg and vy, have opposite positions
from those one would expect. So we do not have an analogue of Theorem 9.4.1 for C
and C~, unless vg = v, = 0. This last thing happens precisely when the pair (g, £)
is Hermitian symmetric. This is the reason why we are able to obtain results about u-
cohomology only in the Hermitian case. Maybe this peculiar behavior has something
to do with the fact that some of the most concrete results about n-cohomology, like
[E], [Co] or [A], are also obtained in the Hermitian situation only.

Let us also point out that although we can write D(g, £) = Y v Qv+ v; ®v},
in general the two summands here are not differentials and they are not K -invariant.

In the following we are assuming that the pair (g, £) is Hermitian symmetric. Let
V be a unitary (g, K)-module, and consider the form ( , ) on V & § introduced at the
beginning of Section 9.3. To apply the results of Section 9.3, we decompose

VeS=VRS$H®Sme=VeApt®@ Aunt,

andembed V ® A\ pt as V® A p" ® 1. The form ( , ) restricts to the analogous
definite formon V ® A" pt.

Denote as before by D = D(g, I) the Dirac operator for the pair (g, [) and by
C =C(g,l) and C~ = C™ (g, ) its parts coresponding to u and u. By Theorem
9.4.1 and Proposition 9.5.1,C = C(g, &) +Ca(t,) and C™ = C (g, &) + C, (£, D).
Moreover, by the same arguments that we used in the proof of Theorem 9.4.1 to see
that D(g, v) supercommutes with Dx (t, v1), one sees that Ci(g, £) supercommute
with CE (¢, 1).

By Proposition 9.2.2 and Lemma 9.3.1, the adjoints of C(g, €£) and Ca (£, [) are
respectively C™ (g, ) and —C, (€, [). So the adjoint of C is cY = C (g0 —
CL®&D.

The operator D? is not as good in the present situation as it was in Section 9.3.
Its role is to a large extent taken by the operator A = CC +Cc i ¢ =[C,Cc ],
where we denoted by [, ] the supercommutator of the superalgebra U (g) ® C(s).

Note first that A is positive semidefinite. Furthermore, by the above remarks we
have

A =1[C(g, &) +Ca(e,1),C (g, &) — Cx (¢, D]
=[C(g,8),C (g, )] — [Ca(t, 1), Cx (&, D] = D(g, &)> — Da(t, D%

Since we know that D(g, E)z and — D (€, [)2 are both positive semidefinite, it
follows that

Ker A = Ker DA (k1) N Ker D(g, £)°. 9.8)

Moreover, since D (&, [) is self-adjoint, Ker Da (€, [)2 = Ker Da(t, 1). Also, since
D(g, ®) is anti-self-adjoint, Ker D(g, £)2 = Ker D(g, £). Thus (9.8) implies

Ker A = Ker DA (%, ) N Ker D(g, ¥). 9.9)
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We know by Lemma 9.3.3 that Ker D(g, ) = Ker C(g, £) N Ker C™ (g, £). Anal-
ogously, by Lemma 9.2.3, Ker Da (£, 1) = Ker Ca(¢,1) N Ker C (£, D). So (9.9)
implies

Ker A = Ker Ca(8,) N Ker C (¢, ) N Ker C(g, £) N Ker C™ (g, ¥). (9.10)

On the other hand, we have the following analogue of Lemma 9.3.2 for A in place
of D2.

Lemma 9.5.2. V ® S is a direct sum of eigenspaces for A. In particular, V ® S =
Ker A @ Im A.

Proof. We know from Lemma 9.3.2 that V® A" p* decomposes into eigenspaces of
D(g, £)? for elgenvalues A > 0. Each eigenspace is K -invariant, and each K -isotypic
component of V ® /\"p™ is contained in an eigenspace. We assume V is admissible,
so the eigenspaces are finite-dimensional.

Passing from V ® /\'pt to V ® S is tensoring with the finite-dimensional I-
module /A u N € On this last space, there is no action of U(g) or U (€a). So every
eigenspace of D(g, £)> on V ® /\" p™ just gets tensored with /\" uN €, and this gives
the eigenspace of D(g, £)> on V ® S for the same eigenvalue.

Since D (&, [)2 commutes with D(g, {?)2 it preserves these eigenspaces. More-
over, the Levi subgroup L C K corresponding to [ is compact. So is then the spin
double cover L of L, which acts on V ® S. Since L commutes with D(g, E)z
it also preserves its eigenspaces and hence these eigenspaces decompose into L-
irreducibles. Since D (€, [)? is up to an additive constant equal to the Casimir ele-
ment of [A, it follows that D (€, [)2 diagonalizes on each eigenspace of D(g, E)z.

Now the arguments proving Lemma 9.3.3 and Theorem 9.3.4 work without
change, and we obtain

Ker A = Ker C N Ker C 24 ;
VRS=Ker A® ImC @ ImC*¥;
KerC = Ker A® Im C;
Ker C* = Ker A Im C . 9.11)

In other words, we have obtained a Hodge decomposition for the ii-cohomology.
To obtain a Hodge decomposition also for the u-homology, we note that
(CHM =C (g, 8)™ +(C5E ) =C(g, &) — Ca(t, 1), and so

[C7. (€)™ =1CT(g.5) + C5 (&1, C(g. &) — Ca(®, D]
=[C(g,8),C(@ O] —[CL (D, Cat, D] =A
The situation for C™ is exactly the same as for C and we conclude that
Ker A = Ker C™ N Ker (C7);
VeS=Ker A® ImC~ @ Im (C7)*;
KerC™ = Ker A® ImC™;
Ker (C7)™ = Ker A Im (C7) %, 9.12)
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In other words, Hodge decomposition also holds for u-homology. Moreover, we see
that u-cohomology and u-homology have the same set of harmonic representatives,
Ker A. In particular they are isomorphic.

To bring Dirac cohomology into the picture, we first combine (9.9) with Lemma
9.3.3 and Lemma 9.2.3 to obtain

Ker A = Ker C(g, £) N Ker C™ (g, £) N Ker Ca(E, ) N Ker C, (¢, 1).  (9.13)

Since Ker Ca (¢, [)NKer C (g, £) can be thought of as the kernel of Ca (¢, [) acting on
the kernel of C (g, £), and similarly for the C ~-operators, in view of Theorem 9.3.4
and Theorem 9.2.5 we can reinterprete (9.13) as follows:

Corollary 9.5.3. To calculate the u-cohomology of V, one can first calculate the p~ -
cohomology of V to obtain a K -module, and then calculate the i N t-cohomology of
this module. Analogously, to calculate the u-homology of V, one can first calculate
the p*-homology of V, and then the w N ¥-homology of the resulting K -module.

This is in fact the Hochschild—Serre spectral sequence for the ideal p~ of u re-
spectively the ideal p™ of u. What we have obtained is that these Hochschild—Serre
spectral sequences are always degenerate for a unitary (g, K)-module V.

We now turn our attention to the Dirac cohomology of D = D(g, [). In addi-
tion to the above considerations, we bring in Theorem 9.4.4, and note that for both
Da (%, ) and D(g, &) the cohomology is the same as the kernel or the kernel of the
square. Thus we obtain the main result of [HPR]:

Theorem 9.5.4. The Dirac cohomology Hp(g, ; V) of a unitary (g, K)-module V
is isomorphic to the u-cohomology of V and the u-homology of V up to appropriate
modular twists. Moreover, all three cohomologies have the same set of harmonic
representatives, Ker A.

9.6 Homological properties of Dirac cohomology

Let us start by showing that although we proved that in some cases Dirac coho-
mology of a unitary (g, K)-module with respect to D(g, [) can be identified with u-
cohomology or u-homology, one should by no means expect that these notions agree
for general (g, K)-modules. The reason for this is different behavior with respect to
extensions.

9.6.1. Long exact sequences of homology and cohomology. Let
0-U—-V->W-—=0

be a short exact sequence of (g, K)-modules. As is well known, there are long exact
sequences for u-homology and u-cohomology attached to this short exact sequence.
These long exact sequences are
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> Hhuw W) > HwU) > H V) > Hu W) —>
— Ho(uw; U) - Ho(u; V) — Hy(u; W) — 0

and

0> H'@U) > H' @ V) > H'@; w) —>
- H'@;U) > H'@; V) —> H' @ W) > H*@; U) — ...

This suggests that even if the u-cohomology equals u-homology for U and W, it will
not necessarily be so for their extension V. We are going to show that indeed this is
what happens even in relatively simple examples.

9.6.2. Six-term exact sequence of Dirac cohomology. Since Dirac cohomology is
not Z-graded in a natural way, one cannot expect existence of long exact sequences
as above for Dirac cohomology. If the spin module S used in the definition of Dirac
cohomology is Z;-graded, there is however a chance that there is a six-term exact
sequence, reminiscent of K-theory.

Let v be any quadratic subalgebra of g such that the orthocomplement s of ¢ is
even-dimensional. Then the spin module S for C(s) is indeed Z;-graded. In particu-
lar, this is true when v = [is a Levi subalgebra. Let

0>USVEAEWSo0

be a short exact sequence of (g, K)-modules. Let us tensor this sequence by S, and
denote the arrows still by i and p (they get tensored by the identity on S). Assuming
that D? is a semisimple operator for each of the three modules, we can construct a
six-term exact sequence

HY(U) —— HY(V) —— HY(W)

I |

HL(W) «—— H)(V) «—— H)U).

The horizontal arrows are induced by i and p. The vertical arrows are the connecting
homomorphisms, defined as follows. Let w € W ® S represent a Dirac cohomology
class, so Dw = 0. Choose v € V ® S such that pv = w. Since D? is semisimple,
we can assume D?v = 0. Since pDv = Dpv = Dw = 0, we see that Dv = iu
for some u € U. Since D?*v = 0, we see that Du = 0, so u defines a cohomology
class. This class is by definition the image of the class of v under the connecting
homomorphism. Clearly, we changed parity when we applied D, and this defines
both vertical arrows at once.

It is easy to see that this map is well defined, and that the resulting six-term
sequence is exact. To conclude:

Theorem 9.6.3. Let g = v @ s be an orthogonal decomposition, with t a reductive
subalgebra and s even-dimensional. Let 0 — U — V — W — 0 be a short ex-
act sequence of (g, K)-modules and assume that the square of the Dirac operator
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D(g, v) is a semisimple operator for U, V and W. Then there is a six-term exact
sequence of Dirac cohomology corresponding to this short exact sequence, as de-
scribed above.

9.6.4. Odd-dimensional case. In case s is odd-dimensional, we can instead of one of
the ordinary spin modules S1, S» from 2.2.7 consider the unique irreducible graded
module S of C(s) of 2.2.8. Recall that as a non-graded module, § decomposes as
S| @ S,. If we define Dirac cohomology using S in place of S| or S5, it becomes
larger, but we do get a Z,-grading. Then the above construction works also in the
odd case. Thus, this is probably a more natural definition of Dirac cohomology in
the odd case.
At present we do not know what to do when D? is not a semisimple operator.

9.6.5. Some s((2) examples. To illustrate the above facts, we study some examples
of (s[(2, C), SO(2))-modules.

Consider the module V which is a nontrivial extension of the discrete series
representation W of highest weight —k — 2 by the finite-dimensional module U of
highest weight k > 0. Thus

0—->U—->V—>W-=0.

(In other words, V is a dual Verma module.)

Let us recall some facts and notation from 1.3.10. The ¢-weights of any (s[(2, C),
S O(2))-module are determined by the eigenvalues of the basis element [? Bi ] of £.
These eigenvalues are k, k — 2,k —4,...,—kforU,—k -2, —k—4,—k —6,...
for W and the union of these two sets for V. We are considering the case [ = ¢,
u is spanned by u = 5[} ‘] and il is spanned by u* = 1[ ', ~']. Note that u,
respectively u*, were denoted by X, respectively Y, in 1.3.10.

In the following we ignore the [-actions which are of course easy to read off.
Thus all the equalities are equalities of vector spaces.

For any (s[(2, C), SO(2))-module X, we have
XR5=XQ®1 & XQu,

withd : X®1 > X Qugivenbydx®1) =u*xQu,d: X ®u - X ® 1 given
by d(x ®u) = —ux ® l,and D = d + 20.
It is thus clear that the ui-cohomology of X, i.e., the cohomology of the differen-
tial d, equals
Keru*®1 @ Cokeru™Q®u,

with the first summand being the 0-th u-cohomology of X, and the second summand
being the 1st u-cohomology of X. Let us fix a nonzero weight vector v; of V for each
weighti = k, k — 2,k — 4, .... The same symbol v; will denote the image of v; in
any subquotient of V. We see that

H@;V)=Coy®1; H'@WU)=Cuy®1; HOM W) =0;
H'@V)=Cuy Qu@dCv_j o Qu; H'(i;U) =Cu Qu;
H'(@i; W) = Cv__2 Qu.
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Similarly, the u-homology of an arbitrary (s[(2, C), SO(2))-module X, i.e., the
cohomology of the differential d, equals

Cokeru®1 @& Keru® u;

again the first summand is the Oth u-homology of X, while the second summand is
the 1st u-homology of X. For our modules U, V and W we get
Ho(w V) =0; HowU)=Cv®1; HywW)=0;
HuwV)=CwyyQu;, HMU)=CvyQu;, HuW)=Cv_rorQu.
Note how the u-homology and ii-cohomology agree for U and W, as predicted

by the results of Sections 9.2 and 9.3. They however do not agree for V. The long
exact sequence of u-homology correspondingto0 — U — V — W — O is

0—>(C1®u—>(Cvo®u—0>(Cv_2®u—>(C1®l—>0—>O—>0.

The long exact sequence of ti-cohomology corresponding to 0 — U — V —
W —0is

0—->Cl®l - Cyy®1l - 0—-> ClQu - Cv_r,udCvoQu — Cv_r,®Qu — 0.

In both sequences all arrows are the obvious ones except for the one labelled by 0.

Let us now calculate the Dirac cohomology of an (s[(2, C), SO(2))-module X.
Since the Dirac operator D agrees with d on X ® 1 and with 20 on X ® u, it follows
that the Dirac cohomology of X equals

Ker u*/(Imu N Ker u*) @& Keru/(Imu*™ N Ker u).

As before, the first summand is the 0-th Dirac cohomology of X, while the second
summand is the 1st Dirac cohomology of X. For our modules U, V and W we get
H)(V)=0; H)U)=Cv®1; HY(W)=0;
H})(V) = Cuvr Qu; H[IJ(U) = Cv @ u; Hb(W) =Cv_r_2Qu.
The six-term exact sequence of Dirac cohomology corresponding to 0 — U —
V> W-—=0is

Clel —— 0 — 0

1 |

Cvr®u PELE Cvo ® u — Cl®u.

Here all the maps are the obvious ones, except for the map labelled by 0.
Incidentally, in our example Dirac cohomology coincides with u-homology, not

only for U and W, but also for V. The above six-term sequence thus agrees with

the long exact sequence of u-homology. This is of course related to the presence of
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zeros. To see that nothing like this should be expected in general, the reader may
consider the full principal series module Z, fitting into a short exact sequence

0>V->Z—>W-=>0.

Here V is as above, and W’ is the lowest weight discrete series representation, with
weights k + 2,k + 4, k + 6, . ... Using the above formulas, one can easily see that

Hy(u; Z) = Cuy2 @ 1; Hi(u; Z) = Cu, ® u;
H(i; Z) = Cv_ ® 1; H'({1; Z) = Cv_j_r Qu;
HY(Z) = H)(Z) = 0.

Thus, all three types of cohomology are entirely different for Z.



10

Dirac Cohomology for Lie Superalgebras

The Dirac operators discussed so far were all associated to nondegenerate symmet-
ric bilinear forms on subspaces of reductive Lie algebras and the Clifford algebras
corresponding to these symmetric forms. The Dirac operator to be defined in this
chapter is associated to a symplectic form on the odd part of a Lie superalgebra and
the corresponding Weyl algebra. In [HP3] we obtain an analog of Vogan’s conjecture
for this Dirac operator. Our results build upon the results of [Ko6].

In this chapter we discuss the Dirac operator and Dirac cohomology for the Lie
superalgebras of Riemannian type and present the above mentioned results. We hope
that Dirac cohomology will prove to be a useful tool in the representation theory of
Lie superalgebras.

Many results in this section referring to a Lie superalgebra g = go @ g; are direct
analogs of our earlier results for an ordinary Lie algebra g = € @ p. We will not
be recalling these earlier results as we go along, as we feel this would interrupt the
reading of the present chapter. Also, we wish to emphasize that for the results in this
chapter we do not need to know their analogs in the g = € @ p setting. The interested
reader will identify the parallels easily.

10.1 Lie superalgebras of Riemannian type

A superalgebra is a Zj-graded algebra. In other words, it is an algebra A with a
vector space decomposition A = Ao @ Ay, such thatifa € Ay, b € Ag, a, B € Zs,
then ab € Ay yp.

A Lie superalgebra is a superalgebra

g=00Dg
with a bracket [-, -] satisfying the following axioms:

[X, Y]+ (—1)deeXdee Yy x]—0;
[X,[Y, Z]] = [[X, Y], Z] + (=) deXdee Y [y [x 7]].
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for all (homogoeneous) X, Y, Z € g. In other words, the operator ad X sending
Y € gto [X, Y] is a superderivation of g for any X € g. All Lie superalgebras we
are going to consider will be over C and finite-dimensional.

10.1.1. The form B. A Lie superalgebra is said to be of Riemannian type if there is a
nondegenerate supersymmetric invariant bilinear form B on g. A bilinear form B on
g is called supersymmetric if B is symmetric on go and skew-symmetric on g, and
B(go, 91) = 0. In particular, this implies that

B(X,Y) = (—1)deXdeY py x)

for any homogeneous X, Y € g. This explains the term supersymmetric.
The form B is invariant if

B([X.Y], Z) = B(X,[Y, Z]),

forall X, Y, Z € g.

In the following we assume that g is of Riemannian type, and fix a form B as
above. This form should be viewed as a sort of analog of the Killing form in the
super setting. In fact, there is also a notion of the Killing form for Lie superalgebras,
but it is often degenerate, even though a form B like above may exist. Of course, the
same is true for ordinary Lie algebras.

10.1.2. Universal enveloping algebra. Universal enveloping algebras of Lie super-
algebras are defined in an analagous manner as for ordinary Lie algebras. Namely,
any associative superalgebra A may be viewed as a Lie superalgebra, with the bracket
being the supercommutator

[a,b] = ab — (—1)deeadegby,

for homogeneous a,b € A. This defines a forgetful functor from the category of
associative superalgebras into the category of Lie superalgebras. This functor has
a left adjoint, which attaches to any Lie superalgebra g its universal enveloping al-
gebra U(g). In other words, U(g) is an associative superalgebra, with a canonical
morphism i : g — U(g) of Lie superalgebras, satisfying the following universal
property. For any morphism of Lie superalgebras from g into an associative super-
algebra A, there is a unique morphism of associative superalgebras ¢ : U(g) — A
such that ¢ o i = ¢.

To construct U (g), one makes the quotient of the tensor algebra 7' (g) by the ideal
generated by all elements of the form

XQY — (—1)deeXdeYy o x_ [X,Y]

for homogeneous X,Y € g. Let us also mention that there is an analog of the
Poincaré—Birkhoff—Witt theorem for U (g). In particular, the morphismi : g — U(g)
is an embedding. Moreover, there is a filtration on U (g) by degree, such that the as-
sociated graded algebra is S(go) ® /\(g1). For more details, see for example [Sch].
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10.1.3. The Casimir element. Having the form B on our Lie superalgebra g at hand,
we would like to define the associated Casimir of the universal enveloping algebra
Ul(g) of g.

For ordinary Lie algebras, the first step in defining the Casimir element would be
to take an orthonormal basis of g with respect to B. This cannot quite be done here,
as a symplectic form does not have an orthonormal basis. Namely, skew symmetry
of B on g; forces B(X, X) = 0 for every X € g;. On the other hand, instead of an
orthonormal basis it is possible to choose a basis of g and consider the dual basis
with respect to B. Namely, B is nondegenerate on g;. We choose a basis of a special
kind: recall that g1 has a maximal isotropic subspace, a so-called Lagrangian sub-
space, with dimension equal to half the dimension of g;. Moreover, we can choose a
pair of complementary Lagrangian subspaces, which are then necessarily nondegen-
erately paired under B. We choose bases 9;, x; in these Lagrangian subspaces, such
that

1
B, x)) = 58ij. (10.1)

We will see a little bit later why we choose this particular notation for the basis
elements, and why we wanted the factor 1/2 in (10.1). Note that if we take

31,...,8n,x1,...,x,,
for a basis of gj, then the dual basis (with respect to B) is
2X1, ..y 2Xp, =201, ..., —20,.

A little care is needed when talking about dual bases in the symplectic setting. We
say that a basis f; is dual to a basis e; if B(e;, f;) = J;;. Note that this does not mean
that the basis e; is dual to the basis f;; in fact, the basis dual to f; is —e;. The reason
for our choice in this definition is the fact that for super spaces it is the identification
V ® V* = Hom (V, V) that involves no signs (and not V* ® V = Hom (V, V)).

Since B is nondegenerate and symmetric on g, we can choose an orthonormal
basis Wy for go with respect to B. The Casimir element of g is now defined as

Qg=> W7+2) (xid —dixi). (10.2)
k i

It is easy to check that 24 is an element of the center Z(g) of the enveloping algebra
U (g) of g. Using the relation d;x; + x;9; = [9;, x;] in U(g), one can also write Qg4

as
Qo= WZ+4) x0—2) [3.x] (10.3)
k i i

(Note that 9; and x; are both odd, so it is their anticommutator in U (g) that equals
their bracket in g.)

It is also easy to check that 24 is independent of the choice of basis: if e; is any
basis of g, with dual basis f; with respect to B, then Q4 = fje;.
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10.1.4. The Weyl algebra. One way to define the Weyl algebra W (C") of C" is as
the algebra of differential operators in n variables, with polynomial coefficients. By
definition, these diferential operators act on polynomials C[xy, ..., x,]. It is clear
that W(C") is generated by the partials 9; = 9/dx; and the coordinate functions
x;, understood as multiplication operators. Moreover, the relations satisfied by these
generators are the following commutation relations:

XiXj — XjXi =0; 3i3j—3jai=0; 8,-xj—xj8i =5ij- (10.4)

This definition can be made slightly more abstract: let V be a vector space with a
symplectic form B. Then the Weyl algebra W (V) of V is the algebra generated by
vectors v € V, with relations

vw — wv = 2B(v, w), v,weV. (10.5)

In other words, W (V') can be constructed as the quotient of the tensor algebra 7' (V)
by the ideal generated by all elements of the form v ® w — w ® v — 2B (v, w) for
v, w € V. Note that this definition is formally very similar to the definition of the
Clifford algebra.

To get back to the above more concrete description, one can choose a pair of
complementary Lagrangian subspaces of V and bases 0;, x; in them satisfying (10.1).
The relations (10.5) then become the relations (10.4). This explains our choice of
notation for basis elements in 10.1.3. Namely, the Dirac operator we are going to
study in this chapter is an element of U(g) ® W(g;), which is the analog of the
algebra U (g) ® C (p) for an ordinary Lie algebra g = € @ p.

We will denote the commutators in W(g;) with [, Jw to distinguish them from
the (completely different) brackets in g.

10.1.5. Embedding sp(V) into W (V). One can embed the symplectic Lie algebra
sp(V) into the Weyl algebra W (V) as a Lie subalgebra consisting of quadratic ele-
ments.

To construct this embedding, we first note that the symmetrization map o :
S(V) — W(V) is a linear isomorphism. (The map o is obtained by first send-
ing an element of S(V) into the corresponding symmetric tensor in 7(V), and
then projecting to W(V).) Next, we can consider the action of o(S2(V)) onV C
W (V) by commutators in W (V). To describe this action, we first choose a basis
01, ..., 04, X1, ..., %, of V as before. Then x;x; fori < j, 9;0; fori < j and 9;x;
for all #, j form a basis for S?(V). Applying o to this basis we get the basis

o(xixj) =xixj, i <j;
O'(aiaj)Zaiaj, i <j;
1
O'(aix]') = aix]' — 581']', all i,j (10.6)

of o (S2(V)).
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Now a short calculation using the relations (10.4) shows that commuting with
o(x;xj), 0(9;0;) and o (9;x;) really defines operators on V C W(V), and that the
corresponding matrices in the basis a1, ..., d,, X1, ..., X, are

o(xixj) <= —Entij— Enyjis
0(0;0;) < Einyj+ Ejnyis

0(0ixj) <~— —Eijj+ Enijnti. (10.7)

(Here as usual Ey; is the matrix unit, having the &/ entry equal to 1 and other entries
equal to 0.)

Recall now that the matrices of the operators in sp(V) in the basis 91, .. ., 9y, X1,

..., X, are block matrices of the form

(e )

where A is an arbitrary n x n matrix and B and C are symmetric n X n matrices. Hence
the operators on V defined by commuting with o (x;x;), 0(9;9;) and o (9;x;) form
a basis for sp(V). It follows that o (S%(V))is aLie subalgebra of W (V') isomorphic
to sp(V) via the isomorphism described above.

10.1.6. Diagonal embedding of gy into U(g) ® W (g;). The action of gp on g; via
the bracket defines a map
v :igo —> sp(gn)-

On the other hand, as we saw above, sp(g;) embeds into W (g;). Composing this
embedding with the map v, we get a Lie algebra morphism

a:go — Wigr).

Compared to [Ko6], our « is his v, followed by the symmetrization map.
We need an explicit formula for «(X), X € go. To obtain this formula, note first
that the matrix coefficients of ad X in our basis 9y, ..., d,, X1, ..., X, are:

(ad X)i; =2B(X, [0;, x;]);  (ad X);nyj = 2B(X, [x;, x;])
(ad X)pyi j = —2B(X,[0;,9;]);  (ad X)ptintj = —2B(X, [0, 9;])

fori, j =1,...,n. To see this, first write

ad X(0) = [X, 91 =Y oxde + ) _ Bxx-

Then applying B(-, x;) to both sides we get (ad X);; = 2B([X, 9;],x;)
2B(X, [0;, x;]), and applying B(-,d;) to both sides we get (ad X),4+;; =
—2B(X, [0;, d;]). The rest is analogous.

In view of (10.7), we now conclude
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a(X) =Y 2B(X,[0;, 9o (xix;) + > B(X, [9;, 4o (x])
i<j i
+ > 2B(X. [xi. x; Do @;0,) + Y B(X. [xi, xi))o (37)
i<j i
— Y 2B(X. [8;, ;Do (3:x).
i
Since both sums over i < j have summands that are symmetric under exchanging i

and j, each of the first two rows of the above formula can be combined into one sum
over all i and j. Using (10.6), we finally obtain

a(X) = Z (B(X, [0;, 9;Dxix; + B(X, [xi, x;1)9;0; — 2B(X, [9;, 8./])3,')6./')

i,J

+3 " B(X. [9;. xi]). (10.8)

Using the map «, we define a diagonal embedding

go — U(g) ® W(g),

given by
X—>X®1+1®a(X).

We denote the image of this map by goa; this is a diagonal copy of go. We denote
by U(goa) and Z(goa) the corresponding images of U (go), respectively its center in
U (g)®@ W(g1). We will be particularly interested in the image of the Casimir element
of go, Qg, = Y_; W2. This image is equal to

Qgop = D (WE®1+2Wi @ a(Wi) + 1 ® ae(Wi)?). (10.9)
k

Kostant [Ko6] has shown that o (2g,)) = Zk oz(Wk)2 is a constant which we denote
by C. This constant is equal to 1/8 of the trace of g4, on gj.

Kostant actually proved the following result, analogous to a result about ordinary Lie
algebras from [Ko2].

Theorem 10.1.7. Let go be a Lie algebra, with a nonsingular invariant symmetric
bilinear form B. Let g1 be a vector space with nonsingular alternating bilinear form
B. Suppose g1 is a symplectic representation of go, i.e., there is a Lie algebra map
g0 — sp(g1). Then g = go D g1 has a structure of a Lie superalgebra of Riemannian
type compatible with the given data if and only if a(S2y,) is a constant. Here o is the
map from go into W(g1) defined above.

We can now write out the middle term 2 ) °, Wi ® a(Wy) in (10.9) using (10.8).
Notice that Zk B(Wy, [0;, 0;) Wy = [0;, 9], and that analogous facts are true for
other commutators that appear, since they are all in go. This implies the following
lemma, which will enable us to obtain a formula for the square of the Dirac operator.
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Lemma 10.1.8. The diagonal Casimir element from (10.9) can be written as

Qgos = Y WZR1+2) " (18:, 0;]1 @ xixj + [x1, x;1 ® 8;9; — 2[0;, x,] ® x;0))
k ij
-2 (3. x]® 1+ C.
i

Here Wy form an orthonormal basis of gy with respect to B, and 0; and x; form a
basis of g1, as in 10.1.3. The constant C is the same as above.

10.2 Dirac operator for (g, go)

We define the Dirac operator attached to the decomposition g = go @ g1 analogous to
the Dirac operator attached to the Cartan decomposition of a reductive Lie algebra.
The Dirac operator D is an element of U (g) ® W (g;) given by

D=ZZ(8,~ Rx; — X ® ). (10.10)
i
where 91, ..., d,, X1, ..., X, is a basis of g; introduced in 10.1.3.
As in the previous situations, we have the following lemma.

Lemma 10.2.1. D is independent of the choice of basis in the following sense. If
e; is any basis for g; with dual basis f; with respect to B, then D = Y ¢; ® f;.
Furthermore, D is go-invariant for the go-action on U(g) ® W (g1) induced by the
adjoint action in both factors.

Proof. The first claim is a routine calculation using the fact that if ¢; is a basis for g;
with dual basis f;, then any X € g; can be written as

X =3 B, fei == Bi(X, e fi.

(This is then applied for X = 9; and X = x;.)
The calculation also uses the following consequence of the above formula: for
any X, Y € g1,
B(X,Y) = — Z B(X, f;)B(Y, ¢;).
1

The second claim now follows from the first one. Namely, if X is in gg, then

[X.D]=2) (X.e]® fi +ei ®[X, fi])

=2) B(X.el, f)e; ® fi —2) e @ B(X, fil.¢)) ;-
i,j i,j

Exchanging i and j in the second sum, and noting that B([ X, e;1, f;) = B([X, fjl, ei),
we see that the result is 0.
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The following is a formula for D?.
Proposition 10.2.2. The Dirac operator D € U(g) ® W(g1) satisfies the equation
D?=—Qg® 1+ Qg, — C,

where Qg is the Casimir element of U (g), Qg,, is the Casimir element of U(goa),
and C is the constant described above Theorem 10.1.7.

Proof. We begin by squaring the equation (10.10):

D*=4) (0 ®x —x ®)(0; ®x; —x; ® D))
ij
=4 (0, @ xix; — 0x; ® x;0; — x;0; ® dx; + X x; ® ;). (10.11)
ij
Let us examine each of the four terms in (10.11) separately. Using x;x; = x;x; in
W(g1) and 9;0; + 9;0; = [9;, d;] in U (g), we can write

4281‘3]' ® xixj = 223,’8] ® xjx;j +223j3i ®xjx; = ZZ[ai, 8]’] ® xixj.
ij ij ij ij
In the same way we see that the fourth term in (10.11) equals

4Zx,-xj ®3,’3j = ZZ[Xi,xj] ®8i8j~
i,j i,j

We rewrite the third term in (10.11) using 9;x; = x;0; in W(gy) for i # j, while
0;x; = x;0; + 1. Thus the third term is

—42)61'8]' ®dix; = —42)6,‘3]' ® x;0; —42)6,‘31' ® 1.
i,j i,j i

Upon exchanging i and j, the first of these two sums combines with the second term
of (10.11) to produce
—4 10;, x,1® x;9;.
ij
Thus we have obtained
D? = 22 ([9;, 01 ® xixj + [xi, x;1 ® 89 — 2[9;, x;] ® x;9;) — 4296131 ® 1.
i,j i

Comparing with the expression (10.3) for Q24 and the expression for €24, from
Lemma 10.1.8, we get the statement of the proposition.



10.3 Analog of Vogan’s conjecture 185

10.3 Analog of Vogan’s conjecture

In this section, we assume that the Lie algebra go acts semisimply on the algebra
U(g) ® W(g) via the adjoint action in both factors. Since U (g) = S(go) ® A(g1)
and W(g;1) = S(g1) as go-modules for the adjoint action, go also acts semisimply on
the graded versions of U (g) ® W (g;) with respect to filtrations by degree in each of
the factors.

Our assumption is obviously satisfied if go is semisimple. It is also satisfied if gg
is reductive. In particular, g can be any one of the basic classical Lie superalgebras
described at the beginning of Section 10.4, so the assumption is not restrictive for
what we are about to do.

10.3.1. A differential on (U(g) ® W(g1))%. We define a Z,-grading on
U(g) ® W(gy) by using the Z,-grading of the superalgebra U(g). (So W(g1) is
considered all to be in degree 0.) In this way U (g) ® W (g1) becomes a superalgebra.
On this superalgebra we consider the operator of supercommuting with the Dirac

operator D:
d(a) =[D,a]l = Da — €,aD,

where €, is 1 if a is even and —1 if a is odd. Since D is odd, €p, = €,p = —¢, for
any homogeneous a € U(g) ® W(g1). So we see that

d*(a) = d(Da — €qaD) = D*a — €,DaD — epaDaD + €,e4paD?
= D%*a — aD?

for any homogoenous a. It follows that d induces a differential on the centralizer of
D?inU(g) ® W(g1). Since D? = —Qg ® 1 + Qg,, — C by Proposition 10.2.2, and
since —2¢g ® 1 — C is in the center of U (g) ® W (g1), we see thata € U(g) ® W(g1)
commutes with D? if and only if « commutes with Qg,, . In particular, this is true if a
commutes with all of U (goa), i.., if a is a go-invariant element of U (g) @ W (g1) with
respect to the adjoint action. So we see that d induces a differential on the algebra
(U(g) ® W(g1))% of go-invariants in U(g) ® W(g1). We denote this differential
again by d.

As D is gp-invariant and odd, the operator d on U (g) ® W (g1) is go-equivariant
and odd. To summarize, we have the following lemma.

Lemma 10.3.2. The operator d on U(g) ® W(g1) is go-equivariant and odd. It de-
fines a differential on the algebra (U(g) @ W(g1))% of go-invariants in U(g) ®
W(gn).

The fact that D is gp-invariant also implies that it commutes with U (goa). In
particular, it follows that Z(goa) = U (goa) N (U(g) @ W(g1))% is contained in the
kernel of the differential d on (U (g) @ W (g1))%. Furthermore, we have the following
result.
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Theorem 10.3.3. Let d be the differential on (U(g) ® W(g1))% introduced above.
Then
Kerd = Z(goa) @ Im d.

In particular, the cohomology of d is isomorphic to Z (goa)-

Proof. The proof is very similar to the proof of Theorem 3.3.2. We first introduce a
filtration on U (g) ® W (g1), using the filtration by degree in the first factor mentioned
at the end of 10.1.2. The associated graded superalgebra is then

Gr U(g) ® W(g1) = S(g0) ® /\(g1) ® W(gn).

This filtration is clearly compatible with the Z,-gradation and the action of go. In
particular, it induces a filtration of A = (U (g) ® W (g1))%.
Since d raises the filtration degree by 1, it induces an operator

d: GriU(g) @ W(g1) - Grit'U(g) ® W(g))

for any i. Let us calculate the action of d on a monomial of the form P @ A ® x787,
where P @ & € §! (go) ® /\k (g1), and x!97 is the usual multiindex notation for
xpt x99y Here x1, ..., Xy, 31, ..., Oy is the basis of g; from 10.1.3, used
in the definition of the Dirac operator. We denote the image of the Dirac operator D
in Gr'U(g) ® W(g;) again by D. It is again given by the same expression (10.10).

dPer@x'a"y=DPer®x"3)) - (—DfP@r®x'07)D

n
= 22(3,(1) QM Qxx1d) —x,(P®M) ® d,x'd7

r=1
— (=DFP @MY @x'87x + (—D* (P @ 1)x, ®xT873,)
=2(=D"Y (P @13, ® [xr, x 971w — P ® hx, ® [9,, x7 97 w).
r
Here we used 8, (P ® 1) = (—=D*(P @ 1)9, and x,(P ® A) = (=D (P ® M)x, in

S(go) ® A(g).
To calculate the commutators in W(g;) appearing in the above formula, let us

denote f, = (i1,...,ip —1,...,iy) (if i, > 0), and analogously fr = (Jlyues jr —
1, ..., ju). Then using (10.4) we get

o, x'0ylw = —jrx’07; [0, x107 1w = i,x" 8’

in W(g1). (Note that it does not matter that ir is defined only for ir > 0, as the
corresponding term is O in any case.) So we see thatd = —2id ® dy,, where

dg, : [\@) ® W(g) — /\(g1) & W(a1)

is given by
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dg @ x'87) =€, Z(j,xa, Qx1a% +iax, @ x07).
r

(As before, €, denotes the parity of X.)

From this expression we see that if we compose dg, with id ® o, where o is the
symmetrization map from S(g1) to W(g;), we are getting exactly the polynomial de
Rham differential for g}. This differential appeared as the homotopy / in the proof
of Proposition 3.3.5. As we remarked at the end of proof of Proposition 3.3.5, that
same proof proves the polynomial Poincaré lemma, i.e.,

Kerdg, =C1®1® Imdy,.

Knowing this immediately gives an analogous statement about the operator d on
S(go) ® A(g1) ® W(gi):

Kerd = S(go)® 1 ® 1 ® Imd. (10.12)

(Note that since d=-2id ® dg,, we see that d is actually a differential on the
whole algebra S(go) ® /\(g1) ® W(g1), it is not necessary to pass to go-invariants to
obtain a differential.)

Since d and the decomposition (10.12) are go-equivariant, and since we assumed
go-action on S(go) ® A(g1) ® W(g;) is semisimple, we can pass to go-invariants
and conclude that for d on (S(go) ® A(g1) ® W(g1))%® we have

Kerd = S(g)* ®1®1@ Imd.

The rest of the proof consists of going back to the filtered setting by induction on
degree. This part is identical to the corresponding part of the proof of Theorem 3.3.2.

Since any z € Z(g) is clearly in the kernel of the differential d on (U(g) ®
W(g1))%, we get the following result.

Corollary 10.3.4. For any z € Z(g), there is a unique {(z) € Z(goa) and a go-
invariant odd a € U(g) @ W(g1), such that

z2®1=2¢(z)+ Da+aD.

10.4 Dirac cohomology for Lie superalgebras

10.4.1. Basic classical Lie superalgebras. A Lie superalgebra g = go @ g is called
classical if gy is reductive. In that case one can show that the adjoint action of go on
g1 is completely reducible.

If a classical Lie superalgebra g is also of Riemannian type, i.e., it admits a non-
degenerate supersymmetric invariant bilinear form, then g is called a basic classical
Lie superalgebra . Kac classified all simple Lie superalgebras in [Kal]. Besides the
ordinary simple Lie algebras, the list of simple basic classical Lie superalgebras in
[Kal] includes A(m, n), B(m,n), C(n), D(m,n), D2, 1, @), F(4) and G(3).
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In order to apply our results about the Dirac operator to representation theory
of Lie superalgebras, we first recall some fundamental results of Kac [Ka2] about
structure and representations of basic classical Lie superalgebras.

10.4.2. Cartan subalgebras and roots. Let g = go @ g1 be a basic classical Lie
superalgebra. Let o be a Cartan subalgebra of go. Then hg is automatically a Cartan
subalgebra of g. In other words, the supersymmetric pair (g, go) is always of equal
rank; an analogous statement is not true for ordinary symmetric pairs.

As usual, roots of g with respect to hg are defined as functionals on by describing
the nonzero eigenvalues of the operators ad X, X € hp, on g. The set of all roots
A decomposes as Ag U Ay, where Ag and A denote the sets of all even roots,
respectively odd roots. Here of course a root & € A is even (respectively odd) if the
corresponding root space g, is contained in gg (respectively in g;). Clearly, A is the
root system of go with respect to ho.

We will fix a system of positive roots AT = Aa' U AT, The corresponding Borel
subalgebra of g will be denoted by b = bg @ by, and its nilradical by n™ = ng ® nf“.
The opposite Borel subalgebra and its nilradical will be denoted by b™, respectively
n~. Clearly, both n™ and n™ are invariant under the adjoint action of hy. Moreover,

g=nt@hdn, and b=bhoPn".

We will also use the notation

1 1
po=§Za, plzzza, and  p = po— pi.

aeAa' aEAT

10.4.3. Representations of Lie superalgebras. Let V = V, @& V| be a superspace,
i.e., a Zp-graded vector space over C. Then the space End V of all linear endomor-
phisms of V is an associative superalgebra in a natural way. Namely, we define a
Zo-grading

End (V) = End ¢(V) @ End {(V)

by letting End (V) consist of all linear endomorphisms which preserve Vy and Vi,
and letting End {(V) consist of all linear endomorphisms which exchange V and
V1. We can then also view End (V) as a Lie superalgebra as in 10.1.2.
A representation of a Lie superalgebra g is a superspace V together with a ho-
momorphism
w:g— End (V)

of Lie superalgebras. Such V will also be called a g-module. By 10.1.2, V is then
also a U (g)-module.

If g is a basic classical Lie superalgebra, then there is a good theory of highest
weight g-modules. The definitions and basic properties are parallel to the highest
weight theory over an ordinary Lie algebra. We will denote by V(A) the unique
irreducible g-module with highest weight A € bg.
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10.4.4. Infinitesimal characters. Any element z of the center Z(g) of the enveloping
superalgebra U (g) can be written in the form

z=1u;+ Zul_u?uj',
i

for some uniquely determined u, u? € U(ho) and uli e ntU(n*). The map z — u,
gives a monomorphism

B: Z(g) — U(ho) = S(ho).

Recall the p-shift automorphism s, of S(fp) from 1.4.8, given on the generators
X € ho by sp(X) = X — p(X) - 1. Then, as in the ordinary case, s,(B(Z(g))) is
contained in the algebra S(ho)" of W-invariants in S(ho). Here W is the (ordinary)
Weyl group of the pair (go, ho)-

The Harish-Chandra monomorphism is the composition

y =sp0B: Z(g) — Sho)".

In contrast with the ordinary case, y is typically not an isomorphism. In fact, the
algebra Z(g) is far more complicated than in the ordinary case. This is a source of
complications in the representation theory of g.

On the other hand, the subalgebra y (Z(g)) of S (ho)W is not too small: the fields
of fractions of ¥ (Z(g)) and S(ho)" coincide.

Any A € b defines a character

x: Z(g — G

for z € Z(g), x,(z) is equal to the evaluation of y (z) at A. We say that a g-module
V has infinitesimal character A if Z(g) acts on V via the character ;.

Clearly, x, = xw forany w € W. Moreover, as for ordinary Lie algebras, if V is
an irreducible highest weight g-module with highest weight A, then the infinitesimal
character of V is A + p (or any element in W - (A + p)).

10.4.5. The Weil representation. Since we want our Dirac operator D € U(g) ®
W (g1) to act, we need to tensor the g-module V with a module for the Weyl algebra
W (g1). This module should be an analog of the spin representation of the Clifford
algebra.

Unlike the Clifford algebra, the Weyl algebra W (g;) has a vast collection of
irreducible modules; they are the subject of the theory of D-modules on C". We
could in principal choose any one of these modules. The analog of the spin module,
with a similar (“‘dual”) definition is however the Weil (or metaplectic, or oscillator)
module M(g1).

To describe the module M (g1), recall first from 10.1.4 that W (g;) can be identi-
fied with the algebra of differential operators in the variables x1, ..., x, with poly-
nomial coefficients. The module M (g;) is then the space of all complex polynomials
in x1, ..., x,, with the natural action of differential operators.
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It is clear now that V ® M(g;) is a module over the algebra U(g) ® W(g1);
in particular, D acts on it. Moreover, if we write M+ (g;) and M~ (g;) for the sub-
modules of M(g;) spanned by homogeneous polynomials of even and odd degrees
respectively, we see that

D:VQM*(g) — V&MF(g).

Definition 10.4.6. Let V be a g-module. The Dirac cohomology Hp(V) of V is de-
fined to be the go-module

Ker D/Ker DN Im D.

We can now formulate and prove the following analog of the last part of Vogan’s
conjecture.

Theorem 10.4.7. The map ¢ : Z(g) — Z(goa) given by Corollary 10.3.4 is a ho-
momorphism of algebras, which fits into the following commutative diagram:

2@ —— Z(g0)
H.C. homl lH.C. isom
Stho)" — S(ho)".

Here the bottom horizontal map is the identity map while the two vertical maps are
the Harish-Chandra monomorphism and isomorphism respectively.

Proof. 1t is easy to see that the map ¢ is a homomorphism; this is analogous to
Lemma 3.4.1.

It remains to show that ¢ is determined by the above commuting diagram. It
suffices to test this for all irreducible highest weight g-modules. Let V(A) be an
irreducible highest weight g-module with highest weight A and a highest weight
vector va.

Then vy ® 1 is killed by D. Namely, recall that D = 2 Zi(a,- ®xi —x; ® ;).
Assuming we chose the positive root system so that 9; are the positive odd root
vectors, d; € U (g) kills the highest weight vector v, . On the other hand, 39; € W (g1)
kills the constant polynomial 1.

We claim that vp ® 1 generates a highest weight goa-module with highest weight
A — p1. To prove this claim we need to understand the image of hy under the map «
of 10.1.6.

Note first that for any /2 € b, the matrix of the operator ad (/) restricted to g is
the diagonal matrix

n
> ai(h)(Eii — Eignitn):
i=1

where oy, -+ ,a, € AT are all odd positive roots. In view of (10.7) and (10.6), it
follows that
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L 1 1 1
a(h) = X;ai<h)<—aixi +5) = 2%- () (=xid; = 2).
1= 1=

Hence «(h) acts on the constant polynomial 1 by —% ?:1 ;i (h) = —p1(h).

Moreover, note that the operators x;d; act by nonnegative constants on all mono-
mials in M (g ). It follows that the action of goa on vA ® 1 generates a highest weight
go-module of highest weight A — pj. It is clear that vA ® 1 cannot be in the image
of Don V(A) ® M~ (g1). Since D is goa-invariant, vpa ® 1 generates a gg-module
in Hp (V) with infinitesimal character

A=A —p)+po=A+(po—p1)=A+p,

which coincides with the infinitesimal character of the highest weight g-module
V(A).

Finally, we obtain the following corollary, analogous to Theorem 3.2.5. The proof
is the same as the proof of Theorem 3.2.5.

Corollary 10.4.8. Let g be a basic classical Lie superalgebra and let V be a g-
module with infinitesimal character x. If the Dirac cohomology Hp (V) contains a
nonzero go-module with infinitesimal character A € b, then x is determined by the
W-orbit of L. More precisely, for any z € Z(g), x(2) = x»(¢(2)).
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